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Abstract ’
The use of series expansion in estimation problems for
distributions involving more than one parameter is illustarted in
this paper. Unbiased minimum variance estimates are derived for
the probabilities p, , p, of obtaining heads with two coins 1, 2 in
two " Markov" binomial sampling problems.

1. INTRODUCTION

. We cousider the problem of biased minimum variance
(UMY) estimaticn in binomial sampling with two coin 1, 2 with
probabilities p, , p, of obtaining heads respectively (p, # p,).
Such problems have been considered by Naryana (1970),
Naryana Sathe and Chroneyko (1980) and the use of series
expansions in UMV estimation problems has been discussed by
DeGroot (1969), Guttman (1968). In Section 2, we consider an
example of estimation in an inverse binomial sampling problem,
which though artificial, illustrates these principles and
generalises previous results. The generating function (g.f) for this
problem is given explicity in section 3 following methods given
by Feller (1975). The rest of the paper deals with the application
of similar combinatorial methods and the use of g.f.'s in related
problems. (Narayana and ladouceur)

2. UMV ESTIMATION IN MARKOV INVERSE
BINOMIAL SAMPLING

Consider the game NT played with two coins 1,2 with
probabilities p, , p, for head

. (0,<p|<l;pl¢pz’p1*(h=l'P::)
according to the following rules:
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i) The first trial is made with coin 1.

ii)  The n-th wial is made with coin 1 or 2 according as
the (a-1)-st trial is tail or head (n > 1).

ili) We stop the sequence of trials at that trial where
the total number of heads equals r for the first time r being a
positive integer.

In what follows x and o stand for head and tail
respectively.

The game N' can end at the (n+1)-th trial =0, 1, 2, ...) of
a sequence of no's and r x's, the last trial being, of course x.
Consider the sequences ending at the (n, + 1)-th trial which (a)
either begin with an - x and have K-1 changes of types ox or (b)
begin with a ) and have K changes of type ox.

The probability associated with such sequences is p,* p,”™
q, q*? and therefore (n,k), by and appropriate choice of k for
each n, can be considered a minimal sufficient statistic for the
distribution. For given n,k varies between 1 and min (r, n+1). The
number of sequences of type (a) i.e. stating with x and having k
-1 changes ox are in one to one cormrespondence with different
possible arguments of r-2x's and no's with k-1 runs of o's. The
number of (a) sequences is thus

no-k+l

[n- k] [r-1] 2.1)
Lk- 2] k- 1]
Similarly the number of sequences (b) starting with exactly v o's
(v=1,...,n-k+1):
’ [n-1-v] [r-11

[ k-2 | Lk-1] (2.2)
As the number of sequences in (2.1) is the same as

substituting v = 0 in (2.2), the total number of sequences with
probability
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o ok S I S I
91L pz'x QIH* q 18
n-k+1

= [n-1- ] r n .]
W) 2 SIO psal

= [r-1] a1
lk- 1] lk- 1] 2.3)

e« min(r,n+1) LR s
Hance Y % N;'(k.n) p,* p,"9,"""'q.

n=0 k=1
e min(r,n+1)
=Y Y N'&,n)o}k 9 m(e,,e) =1 2.4)
n=0 k=1
P Q
Where 61 = ---------, 0,=q; and m(8,,6,)
P-q
P, q; (1:6,+6,8,)"
q.’. 91 (l 54 e:)r-l

The form (2.4) indicates that the statistic (k, n) is complete.
Therefore the unique UMV estimates of p, , p, are

[n-11 [r- 2]

A lk-1] k1 A k-1 r-1

p, = iD= B 2.5)
[ n 'I n ft-11 -k

lk- 1] lk- 1]
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3. THE GENERATING FUNCTION OF N ' (s)
Consider the game N, which is played with the same rules

as N, except that at the first trial coin 2 is used instead of coin 1
(of (1), Section 2). Let N/, N, (s) denote the g.f of these games
ie.

oo min(r,n+1)
N@Ee=2X X N&nx

n=0 k=1

n+2:

R G.1)
A method similar to section 2 gives

o min(r,n+1) o2

Nrs) T X [n 1 Tr 'I pfp,*q,™ g, 32
n=0 k=0 Llk-1] Lk]

wher we make the convention that the coefficient

[—1]-1 [ ] =0 -for all positive n.

Setting Ni(s) =N',(s) =1 we have the relarions
CN(s) =p,* N, (s)+q,*N'(s)
NG =p,* N, (8) +q," N, (5) (33)

25 2
1<s)— 5 and Nys) =p;° + 2% (34)

g
Using (3.3) and (3 4) we see easily. ‘
N,(s) = [N, (s) I and N’ (s) = N',(s) [N, & (3.5)

a telation, which we expect to old from the definitions of the
games. Writing equations (3.1), (3.2) as power series in s, the
relations (3.3) are valid. Inversely (3.4), (3.5) yield in turn (3.1),(
3.2)) and the UMV unbiased estimates for p, , p, . Differentiation
of (3.5) using (3.4) gives the means and variance of the number
of trials required to terminate N, , N

'(P1+‘12) E(N'

E(N)- ) Pl'*qz

p_n
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4. GENERATING FUNCTIONS FOR RELATED
PROBLEMS _
Consider the games G, , G, and their gf's G, (s), G(s)

defined analogously to N, , N, except that the stopping rule

specifies that the total number of heads exceeds the total number
of tails by r for the first time Narayana (1970); Narayana, Sathe
and Chorneyko (1980). In order that the-games G,, G| termainate
with probability I it is necessary and sufficient that p+ p, >
q,+q,. We assume this condition holds. As

G =p.* G (5) +8,% G,y (9

GI.—(S) = Pls G,..] (S) + q] g G’n-l (S)'~

Where G, (s) = G'; (s) = 1, we see as before

G, (=[G, (), G, () =G, (5) [ G, (I @“.n

G, (s), G, (s) are in fact the negative roots of the equations
2 2 -
{‘hs -x{l+p,q,° g’ P 2} +p,° =0
9’ xX-x{l+p,q,* -pg’ }+p =0 “42)

Differentiating (4.2) we have means and variances of the number
of trials required to ferminate G, G'. These results generalise
Narayana’(1967). The expected values are

EG)=1(p,+q.) (P, - q)

'y — (e1y 21HE2) | (Patqy)
BiG)= 1) B ¥ o

Their connection with Feller (1975) and the replacement of the

twqo; coins in G, by a single coin with probabilities p_1+lq_z’
Pi+q; for the heads and tails is clear. The problem of obtaining
unbiased estimates for P,, P, in G_, G', has been treated by

Narayana, Sathe and Chorneyko (1980) and these results in tirn
imply the identity '
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Jl +u2+v2=2u=-2v—=2uv = l-uv2x

oo o0
3y [”ﬁ'l][“f'l] oy 43)
s+t-1

s=1t=1

We are investigating and independent proof of (4.3) by
analytic methods. We finally remarks that (4.3) and the use of
gfs simplifies similar problems in unbiased estimation of
(Narayana and ladoceur))
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