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1 INTRODUCTION

Fluid Mechanics is a subject of science which
deals with basic concepts and principles in hydrostatics,
hydro kinematics and hydrodynamics and their
application in solving fluid flow problems. In the fluid
dynamics, Newtonian and non-Newtonian fluids are
expressively concerned great to interest in the literature.
The results of Newtonian and Non-Newtonian fluid
flow in  problems classically depend on different
properties of the flow of fluid, for example, velocity,
temperature, pressure and density, as functions related
with space and time. Fluid flow connected with porous
media proposes a systematic structure that lies under
realistic rules and that holds experiential and semi-
experiential laws which are obtained from of flow and
used to find the solution of practical problems. Flows of
Newtonian and non-Newtonian fluids related with some
essential investigation are prepared by way of Ariel
et al. (2006), Abel-Malek et al (2002), Chen et al.
(2006), Bird et al. (1987), Fetecau and Fetecau (2005.
2006), Rajagopal and Gupta (1984), Rajagopal and Na
(1985), and Wafo-(2005).

The research is to obtain a model that is as easy as
likely, relating the minimum number of variables
and parameters, and until now containing the facility to
find out the viscoelastic activities in compound fluid
flows investigated by Hulsen (1990) and Keunings
(2003). A general feature of viscoelastic ~ fluid is stress
rest later than an unexpected shearing displacement
where stress exceeds to a maximum  after that begins
lessening exponentially and ultimately
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reconciles to a value of steady state. A common consent
has appeared that the flow with porous media related
with viscoelastic fluids elastic effects should come up,
even if their accurate nature is unidentified or
contentious. Viscoelastic effects in porous media can be
imperative insure cases. Whilst in these, the genuine
pressure gradient will go beyond the simply viscous
gradient further than a serious flow rate, as looked at by
some researchers.

Oldroyd-B model is the nonlinear viscoelastic
model and is a second simplest model and it seems that
the most well-liked in fluid flow viscoelastic modeling.
Here viscoelastic behaviour will be modelled by the
Oldroyd-B (Oldroyd 1958) and Phan-thien/Tanner
(PTT) 1977) differential constitutive models and
simulation developed by van Os; Phillips. (2004),
Larson (1999 and Taha 2010) due to their large
applications. The result of problems concerned with
realistic fluid flow solved with Lie Group techniques
has obtained rising concentration during current years.
Lie-Group theory of ODE’s and PDE’s as a scientific
branch created from efforts of the exceptional
mathematician Lie of the nineteenth century (1842-
1899) and developed by Bluman and Kumei (1989),
Olver, (1986), Ibragimov, (1999) and others.and since
then it has existed the major constituent part of his most
significant creation of the continuous groups theory. For
PDE’s, Lie point symmetries allow the reduction of the
number of independent variables expanded by Abdel-
Malek, Badran and Hassan (2002), Basov’s. (2004),
Moran, and Gaggioli, (1968) and others.
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This paper is associated with the investigative
solutions of viscoelastic Fluid flow in a pipe using
Oldroyd-B constitutive model. Analytical solutions are
obtained in the way using symmetries of the system
through Lie Group method and results are given and the
physical interpretations of the solutions are prepared
through graphs, these graphs are discussed. Finally the
conclusions of this paper are given.

Section 2 is related with the problem formulation.
Section 3 connected with viscoelastic fluid flow
solution in circular pipes filled with porous media;
section 3.1 attached according to non-homogeneous
equation (4-i), section 3.2 concerns with symmetries of
the PDE’s (13-i & iii), Section 3.3 associated with
invariant solution of PDE’s (13-i & iii) corresponding to
X;-aX,, Section 3.3,1 related with solution of PDE’s

(13-ii). Section 4 is connected with analysis of Velocity.
Hence graph of invariant solution of velocity of
equation (36-i) are given and discussed in section
4.1and graph of steady-state solution of the velocity is
discussed in section 4.2. Also section 5 connected with
conclusions of these problems.
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2 PROBLEM FORMULATIONS

Suppose viscoelastic fluid flow through porous
media which is unsteady incompressible laminar flow
apprehended in a circular pipe drenched in radial
direction. A system of cylindrical polar coordinate is
applied with radius-axis vertically upward. The most
important equations system of flow contains of the
conservation of both mass and momentum transport
related with the Oldroyd-B constitutive model. In the
absence of body force adopting Darcy-Brinkman model
transfers a system of equations is used. The viscoelastic
fluid flow with porous medium is supposed to be
homogeneous and isotropic. As the flow in pipe is
supposed to exist unidirectional expressed within only
axial velocity as a function of redial direction along
hydro dynamically entirely expanded which velocity
does not hinge on the axial route of the pipe and the
pressure gradient is supposed to live constant. For
unidirectional flow velocity field is given as
0 =(u(r,),0,0); wherever the above meaning of
velocity mechanically satisfies the incompressibility
state. The continuity equation, generalized Darcy—
Brinkman model has been employed for the momentum
equation through porous media and the Oldroyd-B
equation define the stresses of viscoelastic in the fluid
flow in vectorial form can be written as under:

:—V([&rg]+r)—Vp—pLT.VLT—%U @)
o rd

The Oldroyd-B constitutive equation describes the viscoelastic stresses in the flow can be expressed as below:

or

Z,E=[2,ulg]—r—/’L{LT.VT—VLT.T—(VU)T.2'} @)

In the above equations, .U is the velocity vector field of flow, 7 is the extra stress tensor, d is the rate—of—strain

tensor, V is the spatial differential operator, p is the isotropic fluid pressure (per unit density) and t is the time. The
M.and L1, are respectively the viscoelastic solute and Newtonian solvent viscosities, fluid density is denoted by p,
whereas 4 is the relaxation time of the viscoelastic fluid and K is the intrinsic permeability of the porous medium,.
Total viscosity £ of the viscoelastic flow is t= 4 + (1, and is taken constant and ¢ is porosity of porous media.

The equations are derived which govern the unsteady unidirectional fluid flow through porous of viscoelastic fluid
media adopting Oldroyd-B constitutive model. For unidirectional flow the velocity field is U = (u(r,t),0,0); here the

description of velocity automatically gives pleasure to the incompressibility state. The derivation of such equations
by employing the momentum transport equation of viscoelastic fluid and Oldroyd-B constitutive equations
assuming constant pressure gradient and may be expressed in the absence of body force, the governing system of
equations is written in the dimensionless form as under

2
Rea—uzl+yza—g+&a—u+%+@—iu (i)
ot or r or or r Da
0 ou o 0 ou
We (;11 =2Wez, — — 7, (i) & We artﬁ e ()@
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Where u(r, t) and 7 (r,t) are dimensionless velocity in the axial direction and dimensionless stress tensor in axial,
shear and radial direction, r is radial coordinates, t is the time using for non-dimensional. Where the non-
dimensional Reynolds number (Re), Weissenberg number (We) and Darcy’s number (Da) are identified as

Re:w, We:’ll\?/C » Da= K2 and p; + py =1.

H R
As K is the adapted permeability concern with the porous medium using for non-dimensional. As R is a radius of the

2(_ @j
pipe and Vc is used for the feature velocity supposed since reference redial velocity /. _ ( oz

Initial and boundary conditions for completing the well posed problem are taken as

u(t,1)=0, and %”(t,O):O Whent>0 (5)
and initial conditions are taken as U (0, r): 7,,0,r)=7,(0,r)=0 When 0<r<1 (6)\
1. Viscoelastic fluid flow Solutions in Circular Pipes filled with Porous Media

The PDE’s system (4) subject to initial and boundary conditions (5 & 6) is solved by finding the firstly steady state
solution according to non-homogenous equation (4-i)

3.1 According to Non homogenous Equation (4-i)

A few problems involving non—homogeneous equations or boundary conditions can be determined by means of the
change of dependent variable, U= V +{/

The basic idea to determiney , a function of one variable, in such a manner that v, a function of two variables, is

made to satisfy a homogeneous PDE or homogeneous conditions of boundary. For the non—homogeneous governing
Equation (4-i), a change of dependent variables and to find the steady state solution, hence, consider

u(t, r)=vi(t, r)+y(r), 7, (6 r) = v, (4, 1) +y,(r) andz, (8, r)=v, (t, r)+p,(r) @)
Substituting above values in Equation (4), gives the two systems of equations which are
ws(r)

oy (D) + 20y () +y 5 (N)+ 27 =gy (N +1=0 @)y, (r)=2We yy(r) wi(r) (i)
and (1) = wi(r) (iif) ®)
Subject to boundary conditionsy, (1) =0 and y,(0) =0 )

For solving the system of equations (8), put the ¥/, (r) from (8-iii) in to (8-i), it gives,
pi(r)+1yi() -5y (n)+1=0 (10)

Integrating the above ODE by using power series solution and applying the boundary conditions, so obtained the
result as under

. ir o

Jo(——) (4Da)™ (n)~2r?"
y,(r)y=Da|1-—22 |=Da|1-=% | W

Jo(ﬁ) EO( a)~" (n))

Here ‘]o(ﬁ I’) is Bessel function of order zero of first kind, respectively.

Substitute this value of y, (r) in equation (8-iii), theny, () is obtained. After substituting the values of w7 ()

andy/,(r) in equation (8-ii), theny, (r)is obtained. Then the following solution of system of equations (8) is
achieved

Jo (it (i 2 _ I (A
w,(r)=Da 1—@ v w,(r)=—2Wey, Da M ,l//3(r)=l,u1\/D_a M (12)
Jo() Jo() Jo( )

Thus to determinev, (t, r),v, (t, r) &v,(t, r) , the new boundary value problem is given as

_ 1 Vi 1 .
Re Vi, =4, Vi + 55V, +V3 +3 =53V (i)

r
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We vy =2We {(Vy + 5 (N) Vo, + WiV, ) We g =V, —Vy G (13)
Subject to initial and boundary conditions are,

v (0,r)= =y, (r) ) V,(0,1r)==w,(r) (i) v5(0,r)==w,(r) (i) o<r<1 (14)

v, (t,1) =0, () Vv, (0) =0 (i) t>0 (15)
Wherev, = aa\il y Vi, = % Vi, Vays Vs, 6LC, .are partial derivatives.

3.2 Symmetries Analysis of the PDE’s (13-i & 13- iii)

Once symmetry Lie algebra of the differential equation is known, it can be used in the investigation of
transformations that will reduce the equation to simpler form and it is powerful method in obtaining analytical
solutions of differential equations. In this section, symmetry conditions and method for finding the Lie point
symmetries of the equations (13-i &13-iii) (because derivatives of these equations are connected each other) are
introduced. The operator.

0 0 0 0
X =¢(t, r,vl,va)a+§(t, r,vl,v3)§+771(t, r1V1,V3)§1+772 (t, r,vl,v3)53 (16)
is the Lie point symmetry generator for governed system of partial differentials equations (13-i &13-iii) iffy,
v

X (u, V1rr+&vlr +V3r+73_Diavl_Re Vi) =0

r r (13-i & iii)

(11 _ =
X (We vy — 14 Vg, +V3) ‘ (13- &iil) 0

Where first and second extended infinitesimal generator of X are
Asxt—x s O pun O o O om0y _ym e 9 17)

aut aVlr aVSt aV3r aVlrr

In the operator X, according to Lie’s theory, the unknown functions ¢, &, 771, 772 are taken independent of the
derivatives of the primitive variables v, and v, and established from the determining equations derived from the
invariance condition.

1[1]’ 77:[1]’ 772[1], 77r2[1]1 77:r[2]
7 =D vy Dig—v,, D& ¥ =Dyt v, Dg-V,, DS

77352] D7 - vy, D,¢—Vy,, D,&;

77t = Dt77 —Vy D=V, DS 77r2[l] Dr772 —Vz, D,¢—v;, D, & (18)
Where D, and D, are the total derivative operators given as

In which 77, are written by

A

0 0 0
7+V3”7+V3“7+ """"" !

avStr aVSl aVar

0 0 0 0 0 0 0
D :ai{'vlry{'vltri{'v 7+V3r 7+V3( 7+V3”7+V3”7+ """"
[

J
Vy —+V

0 0 0
D=y —Hy —HVy —+
o, ov, 0y

ot

3r

r Irr
oy It I Ny Ny Ny, %

=0

2 ﬂz V3 oy
As X (,uz Vigp 7=V +V5 4 " Da wh- Re Vlt)
r r (13-i& i

Hy

1 1,
> —;(ﬂzvh Hy)é- L4 s n —Re il +72 - R AT

(13 i) =0 (19)

1

1
X[](\NeVBt_rulV 3)‘(13 i) =0 =7,

+We 5t =0 (20).

(13- &iii)
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X 12 1] 10

Where X%, I and (70 77" ,ntz[l ' 1, [1]) are expressed in the relations (18). In the above equations

(19 and 20), the unknown functions ¢, &, 7 Land 77% are independent for the differentials of V, and V5. Thus
equating and separating them by the derivatives of V, and Vg and powers of the derivatives of V, and V deals to
the two simplified over resolved systems of PDE’s and after solving these two over determined systems of linear
PDE’s gives rise to the values of the unidentified functions ¢, &, 77l and 772 as

¢ =Cyq, =0, gp'=c,v,+g(t,r)and 7°=c,v,+h(t,r) (21)

Here g (t,r) and h(t,r) are arbitrary functions of r of the following partial differential equations.

ReDd_, 09 100 N D 1y @ad  wel-pDoh ) @

at#ar r or 8era

In (22), C;andC, are constants of integration. Thus the symmetry Lie algebra of the PDEs (13-i and 13-iii) is

two—dimensional and defined by the following generators:

0 0 0 0 o
xlza, xzzvlg+v3_& X, =g(t,r) E+ h(t,r)g (23)

1 3 1 3
Where m is any natural number

3.3 Invariant Solution of the PDEs (13-i &iii) corresponding to Operator X1 - a X2
The form of invariant result related in the generator X = X, — X, is given as

Vi(t,r)=€7 g (r) and v, (t,r) =€ 7 ¢,(r) (24)
For bounded function, we must take exponential function in negative sign.
After putting the values of (25) into PDEs (13-i &13 iii) which gives the reduced ODEs system

My ¢1 (r) +H2 ¢1 (r) +¢3 (N+= ¢3(f) +(B Re-f) 4()=0 @ g, (r)= ﬂ ¢1 (r) (b) (25
Put the value of ¢, (') from (25-b) into (25-a), then we have,

" 1. 2 (BRe—5;)(1— SWe)

—_— = h 2 = Da 26
1(r)+r¢l(r)+/1 ¢ (r)=0 Where 2 (@ 11 We) (26)
Subject to boundary conditions $ (@) =0 and ¢;(0)=0 27)

The above ordinary differential equation (33) is the Bessel’s differential equation whose order is zero and similarly
equation have been solved as in section 3.1 and then the general solution of Bessel’s differential equation is

¢1(r) =G ‘]o(i r)+ C, Yo (A1) (28)
Where J,(Ar) and Y, (A r)are Bessel function of order zero of first and second kind respectively, i-e.

Joan=3-ED" (i and Yo<r)=3[y2(r) £ (7 + 1) Jo (A7)

" (n)? 27"
i oc _1 n+1 n
v (D =In() o0+ S0 (2 N 29)
n=1
Where ¥ is the co-efficient of combination and ¢(n)= [1+;+;+ 1 o, +E] for n=1, 2, 3, 4....... Hence
4 n

Y,(Ar)> -0 whenr=0, so it is neglected, Therefore, the result is in one bounded solution is given as

¢1(I’) =C ‘]o(l r)
After applying the boundary conditions from (28), so ¢;(0) = O is identically satisfied and

¢ (r)=c,J,;(1)=0=c, #0,50J,(4) =0, This has infinite number of roots 4, (N =1,2,3,......., ) .
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Hence applying the superposition principle, we obtain the solution @, (r) :icn Jo(4, 1) (30-i)

. . . . > A, C ..

and Substitute this value of ¢, (r) in equation (25-b), then r e ~J, (A, r (30-ii)
¢.(r) $s(r) = ;(1 We) 1(4, 1)

Re— L)(1— SWe 1 22 J 2 4(Da 72 +1)

As /12 = (ﬂ Da)( ﬁ ) jﬂ:_(WLe_{_ﬂ +Da1Re)i%\/(WAe+ﬂ +DalRe)2_4(Da/12n+1)

(L 3 1, We)
As results are obtained after joint two equations and have same boundary positions, so for the time function, suppose
12 : 1 4(Dat+1
fimrl yeg bty Ly HEBALY,
We Re Da Re We Re DaRe DaReWe
1.1 2o /12 1 4(DaX+1
ﬂ225(7+ﬂ2 +7)_7 (7 )2_ ( ) (31)
We Re DaRe We Re Da Re DaReWe
Therefore, equation (25) expands into as under:

vy (t,r) i(c e’ +c, 07 )J (4,1) and v, (tr) Z ! €™ | € (A1) (32
)= n1 n2 n VoL, r)=) = 4, + r
= ’ TR AW (- We)
For the constants, applying the initial conditions (14-i) and (14-iii), so we obtain
- 2Da (1—,/31vx£e)ﬂ2 and . = -2Da (1—ﬂ2\2/ve)ﬂ1 (33)
(ﬂl _ﬂz)/q*n (Da A n +1)‘]1(/1n) (ﬁl _ﬂz)in (Da A n +1) Jl(/ln)
331 Solution of PDE (13-ii)
As PDE is (13-ii), we have Wev,, =2We{(V3 mall % (I’)) vy, + i (NVs}—v,
i ) i vDa Jy( i )

J (7 r) ] , _ 2i 0 F
AS . (r)=iu, ~Da % . Consider  J, (=) =ch J,(1,r)=>C, _Wl)h(za) When

Jo(ﬁ) n=1
‘]0(/1n ) = O

© 2i+/Da Jy(——

— \/Di

So J, (\/_) Zl (Da A2 +1) .Jl(/la) J. (4, 1)

After setting the value of i/, (r)and according to the solutions (32), solution of PDE (13-ii) is agreed as
2

1
o [pa-pwe e PPt pra-pwe P p - pwe e it )2 y
n Da@We 1)’ | (BB A-24We)  (f-foY A-28We)  ((B—fo) (- AWe)

V,(t,n=| x . J. ) | +eWe Q(r)
n=1 P24 +DLI 5 o pweye Pt pp(2- pwe- g we) e A .
(ﬂl_ﬁz)(l_ﬂzwe) (ﬁl—ﬂz)z(l—ﬁ1WE—ﬂ2WE)
Now applying the initial condition (14-ii), then we obtain,
2
1
) [ sra-pwe €Y oy € g o pwge A2 (34)
(0(r)=2We/11 Da \/Dia _ ; Da (8zwe /11)2 (ﬁ1_ﬂz) (1_2ﬂ1we) (ﬂl_ﬂz) (1—2ﬁ2We) ((ﬂi—ﬂz)(l—ﬂ1W9) Jl(/?'nr)
)| (O g pwn e g p (o pwe- e e AR
(B,-B,) (L- B, We) (B~ o) (L~ B We - B, We)
Hence the final result of the system (4 to 6) admit the following solutions
. e e 3ol ) (35-i)
Len-3 2Da ((kﬁlw'e)ﬂze 7t @A-BWe)p€e” JJM r)+Da|1_ . vDa_
n=1 /’Ln(Da/’Lnfl):h(/’Ln) (ﬁ17/82) (1817/82)

1
Jo (ﬁ)
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NS

(B1— 5> )2 @-28,We)

1
©  Da (8We u,)?

: 1
s 22(1_18 lwe)(eizﬁlt—e_m[) _._/812(1—,8 2 We) (efzﬂZI_e_%t)

1
—(B1+B )t _e*@t)

_ PLB(2—p We—p5 ,We) (e

(B1=52) z (1-2 8, We)

T, t,r)=
utn n=1 (Da A7 +1)3,(4,)

-t Jl(L)
+ 2We g, Da |eWe_1 _1vba®

(ﬁl_ﬁz)z -8 ,We-p ,We) 1
ot ppt it (35-ii)
B2 (-p1We) (' —e V) i (2-f;We) (e —e )
(B1—B2) -, We) (B1=B2) =5, We)
905D
(35-iii)

- —24Da pe”  pert
. _
ZPACHY Z:; (Da/1§+1)J1(/1n)[(ﬁrﬁz) B-5)

As we have ] (4,) =0, the graph of this equation is

Fig.1: Graph of the relation J,(4,) =0

Hence (Fig. 1) shows the different values of
A, =12.40482555 £5.52007812+8.6537279,+11.7915344 ............. , 00

These values satisfy the equationJ (4,)=0, hence we

choose the one value A =2.4048255E%for the graph.
These values satisfy the equationJ,(4,)=0, so we

select the one value a = A =2.4048255E for the graphs.

2. ANALYSIS OF VELOCITY
4.1 Graph of Invariant Solution of Velocity of
Equation (36-i)

The analytical solutions of velocity have been
obtained by Lie group method and are written in the
equation (36-i) and plotted in (Fig. 2) for several

parameters with Re =1, We =1, Da =10, £ :%,

U, =2, p and f3, and at different values of time t.

L - . 03, 04, 0.5, .5,

10, 100

020

0.15 "

010 =
005 |

0.00 - - - - - -
0.0 02 0.4 0.6 0.8 1o

Fig.2: Analytical solution of the velocity u of (36-i) with Re = 1,

&L
]Jl(znr)ﬂ;ﬁ\/Fa _JDa®

1
G
_8 . -
H, =75, Da=10 and at different values of time t.

The result of analytical solution of the velocity u of
time dependent equation (36-i) is presented in figure—2
respectively. (Fig. 2) shows if time continues from rest,
then pipe velocity profile enlarges and attained at
maximum value of u = 0.261 and then some level
decreases from the value of u = 0.261. At high level of
time, flow become steady state at a value which is equal
to 0.24555 and no further change in velocity profile.

4.2 Graphs of Study State Solution of Velocity.
The invariant solution related with X, is the steady-

state solution of the velocity u which is already solved
in the section (3.1). The result of steady state solution of
system of ODEs (8) with the boundary conditions (9) is
obtained in the relation (12) and steady-state solution of
the velocity u is given as

i)
u(t,r)=y,(r)=Da|1-—2 |=Da|1-=

|7 -0 -2
Il Jﬁ) H§U(4Da) (n)

5 (4Da) ™ (a2

@37)

The graphs of steady state solutions of the velocity
u are plotted in (Fig. 3) at different values of Darcy’s

number Da.
Dal101,

0.25

0.20

0.15

u

010

0.05

0.00 A
0.0 02 04 0.6 0.8 1.0

r
Fig.3: Steady state solution of the velocity u (37) at different
values of Da.
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The steady state velocity is displayed in fig.3
respectively. The (Fig. 3) shows that in the steady state,
if pipe flows having small Darcy’s numbers Da, then
steady velocity u have small values that if permeability
decreases i-e Darcy’s number (porosity) of porous
media decreases then resistance increases and hence
velocity decreases in the steady state.

5 CONCLUSIONS

In this research paper, the activities of transient
hydrodynamics relative with flow of the viscoelastic
fluid in pipes filled with porous medium in conjunction
of the constant viscosity Oldroyd-B constitutive model
are researched. Hence the analysis is lectured interested
to solve the problem of PDE’s system for the analysis of
velocity in analytical solution of velocity and Lie group
technique has been applied successfully for solving
PDEs of viscoelastic fluid flow and also numerical. The
transformation group is a theoretic approach which is
used to find the solutions of the problem. The one
number of independent variables has been reduced
through one-parameter group transformation and the
PDE’s system reduces to an ODE’s system and the
analytical solutions are obtained. The purpose of the
current research is to obtain the exact analytical result of
velocity adopting Lie group technique. We hope that the
results may be useful for other workers in the field. Our
advices for the future work are developing and putting
into practice other steady-state and transient viscoelastic
Algorithms.
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