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| Abstract: The Reboucas spacetime is considered to study curvature, Ricci and Matter collineations. The curvature collineations are
1 investigated by using the rank of the 6x6 Riemann matrix where as Ricci and Matter collineations are discussed by vanishing Lie derivative
! of Ricci and energy momentum tensors respectively. Studying all these collineations in the above space time, it has been shown that Ricci
1 collineations coincides with matter collineations. Further it has also been observed that curvature and Ricci collineations of the above
1
1
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1
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spacetime form an infinite dimensional vector space.
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1. INTRODUCTION

Collineations are the geometric assumptions which
concern the “symmetries” of the metric defined by the
Lie symmetries of either the metric itself or the tensors
defined from the metric (Sharif and Sehar, 2003). This
paper is an attempt to investigate the existence of proper
curvature collineations (CCs), Ricci collineations (RCs)
and Matter collineations (MCs) in the Reboucas
spacetime. The curvature collineations which preserve
the curvature structure of a spacetimes carry significant
information and play an important role in Einstein’s
theory of general relativity and gravitation. The theory of
general relativity, which is actually a field theory of
gravitation and is described in terms of geometry and
physics, is highly nonlinear (Katzin, et al., 1969). Due to
this non-linearity it becomes very difficult to solve the
gravitational field equations unless certain symmetry
restrictions are imposed on the spacetimes. These
symmetry restrictions may be expressed in terms of
Killing vector fields (KVF), Homothetic vector fields
(HVF), Ricci collineations (RCs) Curvature collineations
(CCs) and matter collineations (MCs).
Riemann curvature tensor may also provide some extra
understandings which are not provided by (KVF) and
(HVF) (Katzin, et al., 1972). 1t is, therefore, important to
study CCs.For the classification of spacetime Ricci
collineations give many invariant bases. Ricci and matter
collineations have a significant role to obtain the exact
solution of EFE,s.The Matter collineations provide the
information that in the certain region of spacetime, how
the physical fields give the reflection of the symmetries
of metric (Tsamparlis,2007).

Here an approach, which is given in (Hall and da
Costa, 1991), is adopted to study curvature collineations
in the said spacetime by using the rank of the 6x6

Riemann matrix. Here, the non linear coupled partial
differential equations are solved by direct integration
method. By vanishing Lie derivative of Ricci and energy
momentum tensors, Ricci and matter collineations are
discussed respectively.

Throughout M represents a four dimensional,
connected, Hausdorff spacetime manifold with Lorentz
metric g of signature (—, +, +, +). The curvature, Ricci
and energy tensors associated with ga,, through the Levi-
Civita connection, is denoted in component form by

Rabcd R Raband Tab respectively. usual covariant, partial

and Lie derivatives are denoted by a semicolon, a comma
and the symbol L, respectively.

2. MAIN RESULTS FOR CURVATURE
COLLINEATIONS
The curvature collineation equation is defined as

a
Lx Ry =0 2.1)
or equivalently,
a c a e a e
Rbcd;ex +Recdx;b+RbedX~ +

ic
RAXE —RE,X2=0.

bce

The vector field X is said to be proper CC if it is not
affine (Hall and da Costa, 1991) on M. One can expand
the above equation in a set of 22 coupled CC equations
which can be seen in (Shabbir, et al., 2003).

Consider a Reboucas spacetime with coordinate
(t,r,0,2) labeled by (XO, X', X2X3) respectively with
line element (Krori, et al., 1988)

ds®> =-dt*> +dr’-(1+3cosh2r)d@’ +

dz? + 4 cosh 2rdtd 4.

2.2)
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The above space-time admits three linearly
independent Killing vector fields which are (Stephni, et
al., 2003).

0z (2.3)

The non-zero independent components of the
Riemann tensor are

a, =Ry, =4. a, =R,,, =4sinh’2r,
a,=R,,,, =8cosh2r,
= —(8—24cosh”2r).

Writing the curvature tensor with components Rabcd

a, =Ry,

at p as a 6x6 symmetric matrix (Hall and da costa,1991)

a 0 0 a, 0 0
0 a, 0 0 0 0

0 0 0 0 0
a . 0 0 a, 0 0
0 0 0 0 0 0
0 0 0 0 0 0

If the rank of 6x6 Riemann matrix is greater than
three there exists no proper CCS (Hall and da.Costa,
1991). Here only one case of rank three is survived for
which

o#0, o,#0, o#0, a,#0.

Substituting the above information in equation (2.2),

the line element is
ds® = -dt> +dr’-(1+3cosh2r)d&* +
dz* + 4 cosh 2rdtd .

The above spacetime is 1+3 decomposable and
belongs to curvature class C. The CCS in this case are
(Hall and, da.Costa., 1991)

0
So, X =f(z)=+X/,

oz (2.4)
where f(z) is arbitrary function and X isa

Homothetic vector field in the induced geometry on each
of the three dimensional sub manifold of constant z, The

induced metric §,, (where a,b=0,1,2) with non-zero

components is given by
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Jw =-10,,=10,, =-(1+3cosh2r),

Jy, = 0,, =2cosh2r. (2.5)

The homothetic vector field X ' is given by the relation

LX'gab :2agab;.V0¢eR, (2.6)
One can write (2.6) explicitly using (2.5) as (Shabbir and
Ramzan, 2007), we have following system of nonlinear
coupled partial differential equations .

X} —2cosh2rX =a. .7)
X=X —2cosh2rX'? =0. 2.8)
4sinh2rX" = X7 +2cosh 2rX ]
2.9
—(1+3cosh’ 2r)X,’O2 +ZCOSh2I’Xﬂ'22 =4 cosh2r. 9)
o
Xi=a. (2.10)

2c0sh2rX '’ + X, =(1+3cosh® 2r)X? =0. (5 11y
6cosh 2rsinh 2rX" —2cosh 2rX”;

+(1+3cosh’ 2r)X7 = ar(1+3cosh® 2r).
From the equations (2.7), (2.8) and (2.10) we get

X" = at +%coth 2rA (1,0)+ A (1,0)

(2.12)

X" =ar+A(t,0)

12 1 1 2
= t,0)+ A o
4sinh2rA(’ )+ A (r.0) 2.13)

Here, AYA? and A3 are functions of integration to be

determined. If one proceeds further, after a straight
forward calculation in remaining equations , one can find
that the proper homothetic vector fields do not exist
because equation (2.9) gives that o = 0. So, the only
homothetic vector fields in the induced geometry are the

Killing vector fields which are
X" =2 cosech2r(—c, sin 28 +c, cos 20) +C,
X" =c¢, cos26+c, sin26 :
X"? = coth 2r (—c, sin 26 + ¢, cos 260) + ¢,

where ¢3,¢5,¢6,¢7 € R.

CCS in this case are
X = (X", X", X", 1 (2)),
where f(z) is an arbitrary function of z. One can write the
above equation after subtracting Killing vector fields as:

(2.14)
given by
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X =(0,0,0, f(2)) (2.15)

CCs clearly form an infinite dimensional vector space.

3.MAIN RESULTS FOR RICCI COLLINEATIONS
The Ricci tensor is usually defined as

_ c
Rab - Racb'

3.1)

The non zero components of Ricci tensor are

Rpw =8 R, =4 R, =R,, =—16cosh2r
R,, =36cosh’2r -4,

The vector field X is said to be Ricci collineations if it
satisfies the relation

L R, =0.
Equivalently,
Ry X°+R, X5+R, X5 =0,
where a,b,c=0,1, 2,3.

3.2)

The explicit form of the above equation (3.2) can be
written as set of non linear coupled partial differential
equations:

X§—2cosh2rX; =0.

(3.3)
0 1 2

2X;+ X, —4cosh2rX; =0. (3.4)

8sinh 2rX' —2X,°2 +4cosh2rX

—(9cosh? 2r —1)X 3 +4cosh 2rX? =0. 3-3)
0 2 _

X3—2cosh2rX; =0. (3.6
L

X, =0. 3.7

4cosh2rX! — X', —(9cosh’ 2r 1) X7 =0. (3.8)
1 _

X3 =0 (3.9)

18cosh 2rsinh 2rX ' —4cosh2rX$

+9cosh? 2r ~1)X3 =0. (3.10)

0 2 2
4cosh2rX 5 —(9cosh™2r -1) X3 =0. 311

From equations (3.3), (3.4),(3.7) and (3.9), we get
X’ = —%coth 2rA (t,0)+
JZcosh2rA€ (r,0,z)dr+A(6,2)
X'=A (t,H)

X? = —lcosech2rA2 (t.0)+A(,0,2)
8 (3.12)
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where A'(1,0) A*(t,0) A’'(r,0,2) g A°(0,2)

are the functions of integration to be determined.
If one

proceeds further, after straight forward calculations of
remaining

equations then we get

X" = —cosech2r(c, cos 26 + ¢, sin 26) + C,

X! =—l(c sin 26 — ¢, cos 260
2 5 6

1 .
X?= —Ecoth 2r(c,cos26 + ¢, sin20) +c,
(3.13)
The Ricci collineations in this case turn out to be

X" = —cosech2r(c, cos 20 + ¢, sin 20) + ¢,

X'= —l(c5 sin 26 — ¢, cos 20)
2 (3.14)

X?= —%coth 2r(c, cos 26 +c, sin 260) +c,

X? = E(x*),a =0,1,2,3

In the above equation (3.14), £(X“)is an arbitrary
function of all four variables involved. Now, Ricci
collineations after subtracting the Killing vector fields
are

X =(0,0,0,&(x")). (3.15)

Clearly, it forms an infinite dimensional vector space.

4. MATTER COLLINEATIONS

If we set the cosmological constant and the coupling
constant equal to zero and unity respectively. Then from
the Einstein field equations, the expression for energy
momentum tensor reduced to be

1
Tap = Rap = 7RO, (3.16)

where Rap is Riccitensor and R is Ricci scalar defined by
R=g% R,q¢ .Its value for the above spacetime is zero.
Therefore, equation (3.16) yields

Tab = Rab’

which implies that

LyR,, = LyT,,- (3.17)

From the information given in (3.17), one can conclude

that matter collineations coincide with Ricci
collineations.
5. CONCLUSION

From the above discussion we come to the following
conclusions:
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(1) The spacetime under consideration admits proper
curvature collineations which form an infinite
dimensional vector space as shown in equation (2.15).
(i1) When the Ricci collineations of the above space time
has been discussed, it is found that Ricci collineations
also form an infinite dimensional vector space as
determined by the equation (3.15)

(iii) For Matter collineations, we proved algebraically
that matter collineations coincide with the Ricci
collineations as discussed in section 4.
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