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1. INTRODUCTION
Let K and &

Q(\/B ) (D > 0,square free) and the normalized

fundamental unit of K, respectively. Degert gave
explicitly the fundamental unit of real quadratic field

QD) D=n>+r with—n<r<n
and r|4n, which is called an RD type (Degert,

1958). He proposed that what will be the fundamental
unit if we remove the condition; —n < r< n and if D

be real quadratic fields

for

satisfies (n+m)* + r, form>I such  that

Mo |4(nim) and I, J[4I’1 . We define these fields as a

Generalized RD type in Section 2. H. K. Kim have
found the necessary and sufficient conditions for the
class number one of real quadratic fields of RD type in
terms of quadratic polynomials producing prime
numbers based on the results of (Byeon and Kim, 1996,
Lang, 1968, Siegel, 1969, Yamamura, 2013).

Later on, Mollin removed the condition —nN <r <n

for RD type and named it an Extended RD type, which
is abbreviated by ERD type (Mollin, 1995).

Definition 1.1 Let K be a real quadratic field Q(+/D)
and D be a square free integer which can be written in
the from D = n? + r with ‘I’| > nand r|4n .Then the

field K is said to be of ERD type.
However, Degert proposed what is the fundamental unit

if we remove the condition; —n<r <n and if D

Abstract: We give explicitly the fundamental units of real quadratic fields over the rationals Q , which is distinct from RD type. H.
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Yokoi and the second author have found an explicit expression of the fundamental units of certain real quadratic fields K, which |
intersect trivially to RD type, an Extended RD and a Generalized RD one. Using the formula of the fundamental units, we give a lower |
estimate of the class numbers of these fields and determine the positive density of such fields K. '
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satisfies (N+M)* + I,,form > 1such that rjm|4(n +m)

and I‘ﬂ)* 4n with 1 =r. We may define such fields

as a Generalized RD type, which is abbreviated by GRD
type (Degert, 1958).

Definition 1.2 LetK be a real quadratic field Q(\/B )
and D be a non-square, namely D = f*d with the
field discriminant d, which can be written in the form:
D=(n—m)’+r and r |4(n—m)withm >0
or,

D=(n+m)’+r,, and r_ [4(n+m)with

m > 0, where r, # +1,+4 . Then the field K is said

to be of GRD type.
Thus from the above three definitions we can recognize

that if the conductor f of the ring Z[1, fw]with

d++/d
W= T\/_ is bigger than 1 in the definition of GRD,

then three families Fyof RDtype, Fope of ERD
type and Fgqp of GRD type are linearly disjoint to
each other, that is, for any fields K € F, L € Fqp

and M € Fg , it holds that if f> 1, then K,L,M

intersect trivially to each other;
KNnM=LnM=Q,

and if f=1, then K ML =Q and for the case (iii) in

lemma 1.3 and M =0 in Definition 1.2, K = M . The

*Corresponding author, Email: inayat64@gmail.com,

*Department of Mathematics, Islamia College Peshawar, Khyber Pakhtunkhwa, Pakistan.
rabiaqureshil981@yahoo.com, toru.nakahara@nu.edu.pk, nakahara@ms.saga-u.ac.jp



R. QURESHI et al.,

fundamental units of RD type are determined by the
following lemma (Degert, 1958).

Lemma 1.3Let K = Q(\/B) be a real quadratic field
with a square free integer D >1. Let €_be the

fundamental unit of Kand put D =n’+r with
nrezZ-n<r<n. If 4n = 0(mod r) holds, then

&p is of the following forms:
() & =n+y/D withN(g,)=-sgnr for|r|=1
(except for D =5),

++/D

. n .
(i) &p =Tw1th
N(ep)=—sgnr for‘r| =4, and,
(i), _ 2n? +1+2nV/D with

D |r|
N(gp)=1"for|r|=1,4.

Here N (&) denotes the norms &E7 of a number & of
K with respect to K /Q for the embedding o of K
being not the identity.

2. FUNDAMENTAL UNITS OF A GRD TYPE OF
REAL QUADRATIC FIELDS
With slight modifications of Lemma 1.3, the
fundamental unit of the GRD type is exhibited in the
following theorem.

Theorem 2.1 Let K =Q(+/D)be of a GRDtype
with D=(n+m)*+r, = f’dand m > 1, whered

is the field discriminant. Then the fundamental unit &,

of the ring Z, = Z[1, fw]with W:#

is given
by
2(n+my’+r, +2(n+m)fd
D~ with
-
r+m|4(n +m),and N(&;) =1,
2(n—m>+r_+2(n—-m)fd
= with

i -l

r7m|4(n—m), and N(gp) =1.

Herer, =r,—(2nm+m’)and r =1, +2nm—-m?>
Proof:LetD = (n+m)’ + r,  with

M =20M-—m’ %1, —n << nand
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[ |4(n + m). By the analogue of Lemma 1.3 (iii), we
have a unit:
_2(nEm)* 41, +2(n+m)f/d
o=
I

]

For the case I, =TI, —2mn— m* < 0, we claim that

C2(n+my 1, +2(n+myfd
r

+m|

>1

D

is the fundamental unit of Zf. If &pis not the

fundamental unit, then there exists a fundamental unit

_s+ﬁJa
2

& >1of Z, such that &, > &, . Since

o

2 2
$"=4+tD, 4(n+my +2r z%(4+t2D+t2D)

holds. We
4n+my’ +2-r, >(2 +t’D)
which implies that

Ay 421, =AY +41, 21, =AD-2.1, =AD+ A, )
=4D+2 | +t°D it holds

deduce that

r.|=2|r.|+t’D|r,|,

that

r+m ’

M| >2

4D > t°D

I’+m| - We claim that t < 3.

Because for t =1, we have RD type (ii) S —D =4
and for t =2, s> —t’D =4 implies

4D =(2s')* —4withs = 2§’,and hence we have
again RD type (i). But for t > 3,

4Dz’[2D ‘r + m| is impossible. Thus &, is the
fundamental unit of Z,.

For the case I, =T +2mn-m?* >0, if Epis not a

fundamental unit of Z,, then there exists the

_s+t\/5
2

fundamental ~ unit &, >1such that

Ep > ;- and with

s’ =4+t°D,4(n—m)’ +2rmz%(4+t2D+t2D)‘rm|

Byép 2 ‘9?

holds. Thus we deduce that

4n-m)y*+2r > (2-t°D)r .

Then we have -

4(n-m)*+2r  >2r +t?(n-m)’r +t’r *.
This implies that
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4(n-my*>t*(n—m)’r_ +t’r,* But t >3, the
inequality becomes a contradiction. Thus &pis the
fundamental unit of Z , .

Remark 2.2 The minimum odd field discriminant of a
GRD type is 69 = (8+1)* — 12 for the case of I, and

28+ 1) =12+ 2(8 +1)~/69 _ 25+ 3469
|-12] 2 '

It is also an ERD type. The even one is shown in

Remark 2.5.

In a GRD type of

D=(2n)+r=2n-1)>+r, or 2n+1)* +r,,

with N > 3,the number Dis always a composite

€69 =

number by the following proposition [See Example 3.6].
Proposition 23 If Q(+/D)is of GRD type of

D=(2n)’+r=2n-1)>+r orof 2n+1)* +r,,
with n >3, -2n<r <2Nsuch that r)(4(2n)and
r.j4@n-lor r,

number

Proof:Let Q (\/B )be a GRD
D =(2n)’ +r =(2n—1)> +(r +4n—1) with
—-2n<r <2n,n>3and I} =r+4n—1Isuch that

4(2n+1), then D is not a prime

type  for

rl4@2n)and 5 <2n-1<r, =4n-1+r <6n-1.

From I |4(2n—1),if r, =2° then I =1,2and 4
holds, each of which is impossible by 5 < I —1.Then

these exists the smallest odd prime p|l’71 and

~ 1 for some s, D

p|2n—1. Thus from p < ps? + r

is not a prime number by  _ p((zn —1)? . r—lj.
p p

Let Q(\/B)be a GRD type for D = (2n)? + r with
r{4(2n)such D = (2n+1)? +r,, with
rl42n+1)an—(6n+1)<r, =r—(@n+1) <—(2n+1).

that

Thus there exists the smallest odd prime q|r+1 and

2
q|2n+1. Then by [ _ q[(Zn +1) +LJ >q,D
q q
is not a prime number. The next theorem is obtained
under the consideration of explicit fundamental units of

the ring Z =[1, fw]of conductor f > 1fora GRD
type of real quadratic fields Q(\/B Ywhere D = f °d

with the field discriminantd.
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Using Theorem 2.1, we have found that for
D =765 =3 -85 with a square part the fundamental

unit of Q(+/85)is the square root of the unit &, of
Q(~/765). So we extend this phenomenon to a family

of real quadratic fields Q( JD ) with
D=1f’d, d=f’a’+4,where fis a conductor
>lof Z,.

Theorem 2.4 Let K be a real quadratic field
Q(/D)with D= f?dand the field discriminant

d=f’a’+4.

f?a’+2+af
Ep = a 5 a \/aisaunitin K. Let &, be the

fundamental unit > 1 of Q(\/B) . Then it holds that
&y =+ Ep-

Proof: Let D=(f?a)* +4f>=f°d and dbe the
field discriminants of Q(\/B ) . Then it follows that for
D=f*(f’a’ +4)we

_2(fla)y’+4f2+2f%f?(f’a’+4)

Then a number

have

° 412
f’a’+2+ fa/f’a’ +4
= ) . By Lemma 1.3 (iii) for
fa+f’a’+4
d=f%a’ +4,¢, = 5 is the
fundamental wunit by RD type (ii). Thus by
2
i _[ fa+\/f2a2+4] _(fa’+2)+ fay/f’a’+4
. 2 - 2 ’

we have &, :‘IED.

Remark 2.5 Let D =32 =2%-8be the product of a
square of the prime f =2and the

discriminant d =8 .The field Q(+~/D) = Q(~/d ) does
not belong to RD type (ii), even though it holds that

D=6 —4;—6<—4<6and—4|4~6and

d=2°+ 4,4|4-2because D is not square free and

conductor

4=r>n=2. While D=(6-1)+7;but 7/4-5
and hence we have

D=(6-2)>+r, =4>+16,16/4-(6—2). Then by
Theorem 2.1 and Theorem 2.4 it holds that



R. QURESHI et al.,

L 2(6-2)*+16+2(6-2)/32
=
16

=3+422 = 802 =&, with o - ﬁ)where g,
2

denotes the totally positive fundamental unit of K and

_8+\/§

in this case ¢, € Z [l, fW] with f =2, w=
2

Thus we understand that the GRD type involves a
much more general assertion than the RD type.

3.LOWER ESTIMATE FOR THE CLASS

NUMBERS OF CERTAIN REAL QUADRATIC

FIELDS

Yokoi and the second author gave an explicit

expression of the fundamental units of real quadratic
field district from RD type, respectively (Nakahara,
1970, Yokoi, 1970). In this section we shall evaluate the
class numbers of the real quadratic fields containing the
fundamental units with norm -1 or +1. For the proof of
the density of such fields we apply slight modification
of Lemma 8.22 (Narkiewicz, 2004).

Hasse determined a lower bound inequality for the
class number of real quadratic field with genus one
(Hasse,1965). Theorem 3.3 and Theorem 3.6 involve
lower estimates of the class numbers of the fields
intersecting trivially to the fields of RD type with genus
number not always being equal to one.

Lemma 3.1 (Hasse, 1965).Let K be a real quadratic
field Q(\/B)of non-square number D and the

fundamental ~unit o = tT+uvD g Ppells
2
. x*-Dy’ . .
equation = — =Y — 4 pefor a prime number p is
4

solvable, then the following inequality holds:
t

—— it N(ep) = -1,
pe > § = >
= t-2 .
—— if N(zp) =1
with[gj _, and eis the order of the ideal class [ p ]
) L
with p= p-p°. Here (RJ denote the Kronecker
o p

symbol and for a number « and an ideal Ain
K,a = A denotes that both sides are equal to each

other as ideals.
Proposition 3.2 There exist infinitely many real

quadratic fields Q(\/a) with the field discriminants
d=u’m*+2am+b and a’-u’b=-4, where
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u= [] ,p, With p; =2 or each prime factor p; =1
(mod 4) i = 1, and with the fundamental unit &, such

that

_t+u~d  satisfying t=u’mzaand
2

N(ed)=—1. Then the fields Q(\/a) are not of the
RD, ERD nor GRD type if and only if U #1or 2.

Proof:Let d=u’m’>+2am+bbe the ficld
discriminant with U’b=a’+4. Then the explicit
formula of the fundamental units &, with N(&,) =—1
is given except for finitely many d by Theorem 1 in
(Nakahara,1970). If d —1=5?,then
d—1-s* =u’m’ £2am+b—1-s* =0, which is
denoted by f(m). Suppose that f(m)is reducible
over Q. Then &’ —u*(b—1-s*)=u’s*+u’ —4is
equal to a square number t*with US> —t* = —u’ + 4.

Since —U”*+4is a constant, then it follows that
#{(s,0); (us —t)(us + t)u* — 4} < oo for a fixed U.

Then the quadratic fields Q(\/a ) do not coincide with
RD type (i) except for finitely many numbers of d .
The same assertion holds for the case of d —4=s>.
Then, if dis the field discriminant with
_(W'mta)+ ud and

2

N (oq) = UMERE 280y any Q(V) does

not included in Fyp, Fepp nor Fgpp except for finitely

holds

€y

manyd , because it that for
D=u’d =(u’m+a)’ +4,

by u>2,Q(Vd)e Fop U Fegp

and by N (¢,) <0, Q(\/a) ¢ Forp . Now  consider
u’d =u*m’ £2u’am+u’b = (U’m+a)’ —a’ +u’b,

which is denoted by f,(M). Here
f,(m)=(u’m=+a)’+4=1 (mod4) holds, if mand

a have the district parity modulo 2. Let

} for a prime pand A(T)

Ap(T):#{m <T,p? ul—zfu(m)

= #{m <T ;ul—2 f,(m) is a square free number}.

ThenA(T)iT—Z by(—%):q'

5§p<mAP(T)

Since
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P,

T 2T
Ay (T) i[|:F+1:|]z x3:-4(modp2)1 < —+2,

then we have

1
A(T) > T -2T 3, Si"F_zz s ool
:(1_22 5”’%}T + 0o(T), because of the prime

T
number theorem, Z 10 ﬁholds, where
0g

5 <p<T
g(M)=0(h(T))and g(T)J h(T) means that
limTﬁw—g(T): and lim; g(T):l’
h(T) h(T)

respectively. Here [or]denotes the greatest integer not
exceeding a. Since

1 1 1 1 1 1
Z 5<pF Z 1 02 - 1_2_2_2_3_2_ 42
< T w1 holds by virtue of

6 12=4
1 2

c(2)= Z Eiey =—,we obtain that

A(T);(l —%)T +0(T) > %T +0(T). Next, if m
and a have the same parity modulo 2, e.g.,, for
m=2m, a=2a put
f (m)=(’m+a)’ +4=4f (m)=4U"m +a)’ +1).
Then we have the same conclusion of f,(m,)as in the
case of f,(M).
Finally we determine a behavior of the class number of
Q(+/d), where d =u’m? +2am +b with
u’b = a* + 4 and the density of such fields.
Theorem 3.3 Let d =u’m’+2am+bbe the field
discriminant with U*b =a’ +4and F be the family of
such real quadratic fields Q(\/a).Then for any field
Q(\/a) in F, the fundamental unit &, is given by

(u?m + a)+ u~/d p

2
2
(um+a) mzia)+u,/i—, d = 84d,

where d, is the odd field discriminant and

Ne, =—1. Let hy be the class number of Q(d).

Then it holds that for a prime number p with [d_] -
p

and

=1l(mod 4)

log

2

u’m % a
u
hy >

log p
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and there exists Q(\/E) in F such that h,>M for any
M >1, namely limsup,, areF h, =

Proof: Since pPis completely decomposed prime

number in Q(+/d), we obtain by Lemma 3.1

u’m+a

log——5—

U=  When we choose M such that for
log p

any M >1,
u’m+a-(1+N(g,))
u’ g
u'm+a—(1+N(g,))
u2
2 M — —_
>u p +a:2(1+N(gd)):pM++a+(1u+2N(gd)),

we deduce that hd > M. Therefore we construct a

hy >

pM

namely

log > M log p, that is

m

family of real quadratic fields which contains infinitely
many quadratic fields with class number greater than an
arbitrary positive constant.

Example 3.4 Let d =25m”+22m+ 5 with an even

mand 5°-5=11°+4 in Theorem 3.3. Then the

fundamental unit of Q(\/E ) is given by

. (25mi121)+5\/d_

Let d = 4597 with m = 14, then by the fundamental unit

_ 339454597
2

,d =1(mod4),N(g,)=-1

d and (%) =1, we have

25-14-11
log———

h, > 25 5 37.Infact,wehave h, =3.
log3
Example 3.5 Let d =25m* £+ 28m + 8 with an even
mand 5°-8=14"+4in Theorem 3.3. Then the
fundamental unit of Q(\/a ) is given by
+
‘. :M+5ﬁ,8|d,N(5d):_l
2 4
Let d =33416=2°-4177with M=36, then by

d
the fundamental unit 457 + 5~/8354 and (g) =1,

25-36+14
log—F———

we have ph - 25
log5

> 2.22. In fact, we

have hd =8&.

From Theorem 2.1 and Lemma 3.1, a lower bound of
the class number of a GRD type can be deduced.
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Example 3.6 Let

D =4053=(-3)-(-7)-193 =64>—-43,43|4.64.By
D =(64-1)"+84, 84|4-(64-1),then Q (/4053)
is of a GRD and an ERD type. The fundamental unit

g, of Q(:/4053) 1914334053
2
N(gy)=+1 and [4053j _ 1 Then fh>10g84_210g2>1-26-
11 logl1

By GauB genus theory 2°-'| h (4053) holds, which
implies that h(D) =h,(D)/2is at least 2. In fact, the

class number h(D) is equal to four, because we have
four classes of reduced numbers.

. {63+\/4053 63+\l4053}
1

42

63 + 4053 63 + 4053}

78 26 22 66

15 + W 4053 51+\/4053 59+\l4053 45+\/4053 33+\/4053 43+\/4053}

26 78 38 58

We confirm that the class group A, /P, is cyclic,
where A, and P, denote the group of fractional ideals
of a real quadratic field K = Q(\/E ) and the subgroup

of principal fractional ideals of K, respectively. For an

ideal sz{j,r+2\/D_}of A with J,reZ,let

R

{j r+~D }denote a canonical Dbasis i.e.,

N {j r+ /D } Since the principal ideal class

[A]with

A<z [1 63+ /4053 } corresponds to the
' 2

first class R, and the order of the second class (B 3)

corresponds to R, is equal to two by the composition

of
B B - Bﬂzz[zl,éﬂ— \2/4053}
_\/7311(1
B .- z {3’63+ 24053

+ /4053 J with B, €[A]. Then it

B7_z[7,63
2

is deduced that the square of the third class
[C..]= 2{13 @}corresponds to R,

isequal to[B 3] . In fact, we choose two ideals C13 and

{15+\/4053 43 +V 4053 33+\/4053 45+\/4053 59+\/4053 51+\]405}
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c { 590+ /3053 } Thus the square class
Lh=z 11,2222
2

[C1 5 ]2 contains the ideal

u+ \/4053}
2

product

where U satisfies

s

c,.,C,=2 {13-11,

us= 45(m0d 13) and U= 59(m0d 1 1) , and hence

u=-7 (mod 2-13-11). Put
1. aoss o With

7o = 21311 n,
7+56+ 4053 By

b 2.7 '

S5 7+ ~a053 ] L[, 7456+ /4053 |, the
’ 2 ’ 2

irrational number 63 + V4053 belongs to R,.

14
Therefore A, / P, is cyclic group of the order 4.
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