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1.                     INTRODUCTION 
In the past few years’ fractional calculus have 

fascinated scientists by virtue of its tremendous 
applications in many branches of sciences e.g. population 
dynamics, finance, physics etc. (1993), (2006). During 
the last decades, with the development of differential and 
integral equations as well as difference equations, a lot of 
fractional differential equations have been expounded. 
(2000), (2001) etc. These handy discoveries play an 
important role in the research of boundedness of 
solution, global existence, stability of solutions of 
differential and integral equations as well as difference 
equations. 
 

Also for further theory and applications of fractional 
differential equations, the readers who are engrossed in 
details of the subject, we referee to see the monographs 
Hilfer (2000) and Podlubny (1999). The distinguish 
features of fractional differential equations in that it out 
line memory and transmitted properties of numerous 
mathematical models. As compared with other 
differential equation the fractional order models are more 
realist and workable as compared to the classical integral 
order models. Fractional differential equations have 
various advantages in many engineering, physical and 
numerical science as a new way of modeling dynamical 
system and other observable occurrence in fields of fluid 
mechanics, physical chemistry, biomathematics, and so 
forth, involves derivatives of fractional order. In 
conclusion the subject of fractional differential equations 
is gaining much importance and attention, (Laskin 
(2000), El-Saka (2014), El-Sayed and  Gaafar (2001),   
the references therein). The qualitative theory of 
existence of positive solutions to integer order 
differential equations were well studied as see Liu(2008) 
and the references therein. However, the theory of 
boundary value problems for nonlinear fractional 

differential equations has been given less attention and 
still in the initial stages and many aspects of this theory 
need to be explored. The area dedicated to the existence 
theory of positive solutions to fractional order boundary 
value problems and their coupled system were well 
studied in last few years, for detail see Benchohra 
(2008), Ahmad (2009), Shah and Khan (2015) and 
(2016) and Khan and Shah (2015) and Z. Bai and H. 
Lu(2005). In all these articles the concerned studies was 
carried out by using standard technique of functional 
analysis and fixed point theory.  
 

The present article will investigate the existence of 
positive solution to the following problem of non-linear 
differential equations of frictional order given by 

cܦ௉ݓሺݐሻ ൌ ݄ ቆݐ, ,ሻݐሺݓ cܦ௣ିଵݓሺݐሻቇ ,			1 ൏ ݌ ൑ 2,

ݐ ∈ ܬ ൌ ሾ0,1ሿ 

ሺ0ሻݓ   ൌ ,ሺ1ሻݓߦ cܦఉ	ݑሺ0ሻ ൌ ߦ cܦఉݓሺ1ሻ,		 
	0 ൏ ߚ ൏ ߦ			,1 ∈ ሺ0,1ሻ	          (1) 

 

and ݄: ܬ ൈ ܴ ൈ ܴ → ܴ is given nonlinear continuous 
function, where cܦା଴

∝  represents Caputo fractional order 
derivative. Since it have been observed in the literature 
that usually fixed-point theory is used as a main tool for 
the existence and uniqueness of solution. Therefore, we 
will also use the fixed-point theorem of Laray Shouder 
type as well as Banach Fixed point theorem to exhibit 
necessary and sufficient conditions for the existence of 
positive solution as well as the uniqueness. We will 
elaborate the main results by providing an example.     
 

2.      MATERIALS AND METHODS 
As it is known that expounding new results we need 

some basic and preliminaries results, which are used as 
main tools. In this section, we preset some basic 
definition and results, necessary lemmas that will be used 
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in the remainder of this article. The concerned results are 
recalled from  Bai and Lu (2005), Khan and Shah (2015), 
Podlubny (1999) and Agarwal (2004). We initially 
evolve the associated Greens function for our new model 
of BVP. Subsequently the problem (1) will be reduced to 
corresponding Fredhom integral equation of 2nd-kind. 
Finally, with the help of preliminaries results and fixed 
point theorem we will exhibit, the existence as well as 
uniqueness of the solution.  

 
Definition 2.1. The well known, Riemann- Liouvili 
fractional integral of order "݌ ൐ 0" of the function  
:ݕ ሺ0,∞ሻ → ܴ, where “y” is continuous function is 
defined as  
   

ሻ൯ݐሺݕ௣൫ܫ  ൌ
ଵ

Γ௣
׬ ሺݐ െ ݏሻ݀ݏሺݕሻ௣ିଵݏ
௧
଴ . 

Provided that the integral exists.  

Definition 2.2: For a function ݕ: ሺ0,∞ሻ → ܴ, the 
Riemann-Liouville derivative of fractional order "݌ ൐ 0" 
is defined by 

ሻሿݐሺݕ௣ሾܦ ൌ
1

Γሺ݊ െ ሻ݌
݀௡

௡ݐ݀
නሺݐ െ ,ݏሻ݀ݏሺݕሻ௡ି௣ିଵݏ

௧

଴

 

provided that integral exists , where ݊ ൌ ሾ݌ሿ ൅ 1, ሾ݌ሿ is 
integral part of the real value ݌. 
Definition 2.3 Assume that   ݕ: ሺ0,∞ሻ → ܴ be a 
continuous function, then the Caputo’s derivative of "ݕ" 
of order "݌" is defined by, 
 
cܦ௣ሾݕሺݐሻሿ ൌ

ଵ

Γሺ௡ି௣ሻ
׬ ሺݐ െ ሻ௡ି௣ିଵݏ

ௗ೙௬ሺ௦ሻ

ௗ௧೙
ݏ݀

௧
଴  . 

Where ݊ ൌ ሾ݌ሿ ൅ 1, and ሾ݌ሿ is integral part of ݌ ∈ ܴ. 
 
Theorem 2.4.  Let ݊ െ 1 ൏ ݌ ൏ ݊, then the differential 
equations of arbitrary order ݌ given below  

 
cܦ௣ݕሺݐሻ ൌ 0, has solutions 
ሻݐሺݕ ൌ ∑ ௞ݐ௞ܥ

௡ିଵ
௞ୀ଴ , where ܥ௞ ∈ ܴ, ݇ ൌ 0,1,2, …., ݊ ൌ

ሾ݌ሿ ൅ 1.  

 
Theorem 2.5.  : Let ݊ െ 1 ൏ ݌ ൏ ݊, then the following 
differential equation has a solution  

௣ሾܫ 1pcD ሿݕሺݐሻሻ ൌ ሻݐሺݕ	 ൅ ∑ ௜ݐ௜ܥ
௡ିଵ
௜ୀ଴ ,   

 Where, ܥ௜ ∈ ܴ, ݅ ൌ 0,1,2, ܽ݊݀  ݊ ൌ ሾ݌ሿ ൅ 1.  
 
Theorem 2.6. If ݄:	ܫ ൈ ܴ ൈ ܴ → ܴ is function such      
           that f C[a,b] and 1 ൏ ݌ ൏ 2, then  

ሻݐሺݕ௣ܦ						        ൌ ݂ ቆݐ, ,ሻݐሺݑ 1pcD   . ሻቇݐሺݕ

        Along with the subsidiary conditions  

ሺ0ሻݑ                ൌ ᆎݑሺ1ሻ, Dc ሺ0ሻݑ ൌ ߦ	 Dc  			,,ሺ1ሻݑ
   Where               0 ൏ ߦ ൏ 1, 0 ൏ ݐ ൏ 1, 
has a unique solution given by 

ሻݐሺݓ ൌ නܩሺݐ, ሻ݂ݏ ቆݏ, ,ሻݏሺݓ 1pcD ሻቇݏሺݓ ݏ݀

ଵ

଴

. 

Where ܩሺݐ,  ሻ is  the Green’s function defined byݏ
,ݐሺܩ ሻݏ ൌ  

ە
ۖ
۔

ۖ
ۓ

ሺଵିకሻሺ௧ି௦ሻ೛షభାకሺଵି௦ሻ೛షభ

Γ௣ሺଵିకሻ
െ

Γሺଶିఉሻሺకାሺଵିకሻ௧ሻሺଵି௦ሻ೛షഁషభ

Γሺ௣ିఉሻሺଵିకሻ
,				

			0 ൑ ݏ ൑ ݐ ൑ 1,,
కሺଵି௦ሻ೛షభ

Γ∝ሺଵିకሻ
െ

Γሺଶିఉሻሺకାሺଵିకሻ௧ሻሺଵି௦ሻሺଵି௦ሻ೛షഁషభ

Γሺఈିఉሻሺଵିకሻ
,															ሺ2ሻ						

				0 ൑ ݐ ൑ ݏ ൑ 1		

     

   
	Solution:  Let  ݕ	 ∈ ,	ሺሾ0,1ሿܥ ܴሻ , then   solution of 

	
pc D ሻݐሺݓ ൌ   ሻ subject to the boundary conditionsݐሺݕ

ሺ0ሻݓ ൌ ᆎݓሺ1ሻ, Dc ሺ0ሻݓ ൌ ߦ	 Dc  		,ሺ1ሻݓ
	0 ൏ ߦ ൏ 1, 0 ൏ ݐ ൏ 1 is obtain as follow: 
In view of Theorem 2.5 and Definition (2.1), we can 
write (1) as 
ሻሻݐሺݕ௣ܦ௣ሺ௖ܫ		 ൌ   ሻݐሺݕ	௣ܫ
⇒ ሻݐሺݕ ൌ ଴ܥ ൅ ݐଵܥ ൅                                                        (3)														.		ሻݐሺݕ௣ܫ
Now using boundary condition  ݓሺ0ሻ ൌ  ,ሺ1ሻݓߦ
ሺ0ሻݑఉܦ ൌ   ,ሺ1ሻ, in (3)ݓఉܦߦ	
 we proceed as  
଴ܥ  ൌ ଴ܥߦ ൅ ଵܥߦ ൅ ⇒    ሺ1ሻݕ௣ܫߦ ሺ1 െ ଴ܥሻߦ ൌ ଵܥߦ ൅
 ሺ1ሻ ,           (4)ݕ௣ܫߦ

Now   Dc ሻݐሺݓ ൌ ଵܥ
௧భషഁ

Γሺଶିఉሻ
൅   ሻݐሺݕ௣ିఉܫ

Dc ሺ0ሻݓ ൌ Dc ሺ1ሻݓ	 ൌ ߦ ቂ
஼భ

Γሺଶିఉሻ
൅   ሺ1ሻቃݕ௣ିఉܫ

⇒			 ଵܥ ൌ െΓሺ2 െ        ,ሺ1ሻݕ௣ିఉܫሻߚ
 putting in (4) 
 ሺ1 െ ଴ܥሻߦ ൌ െߦΓሺ2 െ ሺ1ሻݕ௣ିఉܫሻߚ ൅   ሺ1ሻݕ௣ܫߦ

଴ܥ ൌ
ᆎூ೛௬ሺଵሻିᆎΓሺଶିఉሻூ೛షഁ௬ሺଵሻ

ሺଵିᆎሻ
 ,        put in (3) 

ሻݐሺݓ ൌ ߦ ቂ
ூ೛௬ሺଵሻିΓሺଶିఉሻூ೛షഁ௬ሺଵሻ

ଵିక
ቃ െ Γሺ2ݐ െ

ሺ1ሻݕ௣ିఉܫሻߚ ൅  ሺ1ሻ.      (5)ݕ௣ܫ

 Which implies that     ݑሺݐሻ ൌ ׬ ,ݐሺܩ ݏሻ݀ݏሺݕሻݏ
ଵ
଴ .                                  

(6) 
Where ܩሺݐ,  :ሻ define the following propertiesݏ
If  ݌ െ ߚ ൏ 1 the green function ܩሺݐ,  ሻ becomeݏ
unbounded but the function 

	:ݐ   → ׬ ,ݐሺܩ ݏሻ݀ݏሺݕሻݏ
ଵ
଴   is continuous on 	ܬ,	so attain its 

supermom value say ܩ∗ 
∗ܩ ൌ sup_ሺ ݐ ∈ ሻܬ ׬ ,ݐሺܩ| .ݏ݀|ሻݏ

ଵ
଴   

 
3.                    RESULTS AND DISCUSSION 

In the previous section we recalled some basic and 
preliminary results to be used in the existence theory of 
the solution. The present section of the paper is devoted 
to  discuss  uniqueness and  the existence of  at least one 
positive solution to the boundary value problem (1). 
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Theorem 3.1: Assume that 
		ሺܣ଴ሻ													݄: ܬ ൈ ܴ ൈ ܴ → ܴ  is continuous;  
		ሺܣଵሻ												We can find  a constant ݇ ൐ 0 so  that ݐ ∈ ,ݓ and for all  ܬ ,ݒ തതത,ݓ ݒ̅ 			 ∈ ܴ, 
																											|݄ሺݐ, ,ݓ ,ݒ ሻ െ ݄ሺݐ, തതത,ݓ |ሻݒ̅ ൑ ݇|ሺݓ െ ഥሻݓ ൅ ሺݒ െ  . |ሻݒ̅

                     If   maxሼ2ܩ∗݇, 2݇	
Γሺଷି௣ሻΓሺ௣ିఉାଵሻାΓሺଶିఉሻ

Γሺଷି௣ሻΓሺ௣ିఉାଵሻ
ሽ ൏ 1 , then boundary value problem (1) has a unique solution. 

Proof: In order to prove the existence of solution of the problem (1), we will an operator and by fixed-point theorem 
will show that  this operator have a solution, which will be the solution of required BVP. Assume an operator 
,ܬሺܥ̅	:ܶ ܴሻ → ,ܬሺܥ̅ ܴሻ  defined by 
 

ሻݐሺݓܶ ൌ ׬ ,ݐሺܩ ሻ݄ݏ ቆݏ, ,ሻݏሺݓ 1pcD ݏሻቇ݀ݏሺݓ
ଵ
଴                         (7) 

is continuous mapping with fixed ݑሺݐሻ, where  ݓሺݐሻ is the required solution of   boundary value problem (1). 
Now by lemma 2.4, we have from (5),  

                	 1pcD ሻݐሺݓ ൌ ሻݐሺݕܫ	 െ Γሺ2 െ ሻߚ
௧మష೛

Γሺଷି௣ሻ
 ሺ1ሻݕ௣ିఉܫ

 

                                   ൌ ׬ ݄ ቆݏ, ,ሻݏሺݓ 1pcD ሻቇݐሺݓ ݏ݀ െ
Γሺଶିఉሻ௧మష೛

Γሺଷି௣ሻΓሺ௣ିఉሻ

௧
଴ ׬ ሺ1 െ ܵሻ௣ିఉିଵ݄ ቆݏ, ,ሻݏሺݓ 1pcD ݏሻቇ݀ݐሺݓ

௧
଴ 	. 

Clearly by continuity of  ݂, both ܶݓሺݐሻ and 		
1pcD ഥݓ,ݓAlso let .ܬ ሻ are continuous onݐሺݓܶ 	∈ 	 ,ܬሺܥ̅ ܴሻ then for 

each  ݐ ∈  ܬ
ሻݐሺݓܶ| െ   |ሻݐഥሺݓܶ

               ൑ sup ∈ ,ݐሺܩ݆ ሻݏ ׬ ቤ݄ ቆݏ, ,ሻݏሺݓ 1pcD ሻቇݏሺݓ െ ݄ ቆݏ, ,ሻݏഥሺݓ 1pcD ሻቇቤݏഥሺݓ
ଵ
଴   ݏ݀

               ൑ ݇∗ܩ ൜|ݓ െ |ഥݓ ൅ ฬ 1pcD ሻݏሺݓ െ 1pcD   ሻฬൠݏഥሺݓ

൑ ݔܽ݉݇∗ܩ ቊห|ݓ െ ഥ|หݓ
∞
, ቤฬ 1pcD ݓ െ ഥฬቤݓ௣ିଵܦ

∞

ቋ ൅ ݔܽ݉݇∗ܩ ቐ
ห|ݓ െ ,ഥ|หݓ

ቤฬ 1pcD ݓ െ 1pcD ഥฬቤݓ
ቑ,	           

Which implies that 
ห|ܶݓሺݐሻ െ ሻ|หݐഥሺݓܶ

∞
൑ ݓ|ห݇∗ܩ2 െ ห|ݓ

௖
 .                                 (8)                                     

and  
 

 ฬ 1pcD ሻݐሺݓܶ െ 1pcD    ሻฬݐഥሺݓܶ

൑ ׬ |݄ ቆݏ, ,ሻݏሺݓ 1pcD ሻቇݏሺݓ െ ݄ ቆݏ, ,ሻݏഥሺݓ 1pcD ሻቇݏഥሺݓ |
ଵ
଴    ݏ݀

൅
Γሺଶିఉሻ௧మష೛

Γሺଷି௣ሻΓሺ௣ିఉሻ
׬ ሺ1 െ ܵሻ௣ିఉିଵ ቤ݄ ቆݏ, ,ሻݏሺݓ 1pcD ሻቇݏሺݓ െ ݄ ቆݏ, ,ሻݏഥሺݓ 1pcD ሻቇቤݏഥሺݓ ݏ݀
ଵ
଴ .   

               ൑ ݇ ൜|ݓ െ |ഥݓ ൅ ฬ 1pcD ݓ െ 1pcD ഥฬൠݓ ݐ ൅
Γሺଶିఉሻ௧మష೛

Γሺଷି௣ሻΓሺ௣ିఉሻ

ሺଵି௦ሻ೛షഁ

௣ିఉ
|଴
௧ ሺ|ݓ െ  |ഥݓ

																																																																			൅| 1pcD ሻݏሺݓ െ 1pcD  .ሻ|ሻݏതതതሺݓ	

Hence ฬ| 1pcD ሻݐሺݓܶ െ 1pcD ሻ|ฬݐഥሺݓܶ	
ஶ

൑ 2݇ห|ݑ െ ത|หݑ
௖
൅

Γሺଶିఉሻ

Γሺଷି௣ሻΓሺ௣ିఉାଵሻ
ห|ݓ െ ഥ|หݓ

௖
 

                                             	൑ ቀ2݇ ൅
Γሺଶିఉሻ.ଵ

Γሺଷି௣ሻΓሺ௣ିఉାଵሻ
ቁ ห|ݓ െ ഥ|หݓ

௖
.          (9) 

From  (8) and (9), we have  

ሻݐሺݓܶ|| െ ||ሻݐሺݓܶ ൑ ݔܽ݉ ቀ2ܩ∗݇, 2݇ ൅
Γሺଷି௣ሻΓሺ௣ିఉାଵሻାΓሺଶିఉሻ

Γሺଷି௣ሻΓሺ௣ିఉାଵሻ
ቁ ห|ݓ െ ഥ|หݓ

௖
.										(10) 

But  	

max ቄ2ܩ∗݇, 2݇ ቀ
௰ሺଷି௣ሻ௰ሺ௣ିఉାሻା௰ሺଶିఉሻ.ଵ

௰ሺଷି௣ሻ௰ሺ௣ିఉାଵሻ
ቁቅ ൌ ݀ ൏ 1. 

Which implies that ห|ܶݓ െ ഥ|หݓܶ
௖
൑ ݀ห|ݓ െ ഥ|หݓ

௖
 . Therefore, the operator  ܶ	is contraction mapping .Hence, by 

Banach fixed point theorem the BVP (1) has a unique  solution. 
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Theorem3.2: Assume that 
ሺܣଷሻ												There exists   ݍ ∈ ,ܬሺܥ ܴାሻ  and  ߰: ሾ0,∞ሿ → ሺ0,∞ሻ is a continuous and non-decreasing function such 
that for all ݐ ∈ ,ܬ ,ݓ ݖ ∈ ܴ 

|݄ሺݐ, ,ݓ ሻݖ ൑  .|ሻ|ݖ|ሻ߰ሺݐሺݍ
ሺܣସሻ  There exists constant ݎ ൐ 0 such that  

ݎ                                ൒ max ቄݍ∗ܩ∗߰ሺݎሻ, ሻݎሺ߰∗ݍ
௰ሺଷି௣ሻ௰ሺ௣ିఉାሻା௰ሺଶିఉሻ

௰ሺଷି௣ሻ௰ሺ௣ିఉାଵሻ
ቅ. 

Where ݍ∗ ൌ sup	ሼݍሺݏሻ, ݏ ∈  .ሽܬ
 

Then boundary value problem (1) has at least one solution on ܬ with |ݓሺݐሻ| ൏ ∋	for each t ݎ  . ܬ
Proof: To prove the theorem we will prove that ܶ satisfied all the condition of Shauder fixed point theorem. 
Step1: First we will prove that  ܶ is continuous. Let us defined a bounded set by 
ܦ ൌ ሼݓ ∈ ܿ̃ሺܬ, ܴሻ, ௖̃||ݓ|| ൑  is continuous such that ݎ ሽ, whereݎ
 

ݎ ൒ max ቊ߰ݍ∗ܩሺݎሻ, ሻݎሺ߰∗ݍ
ሺ3߁ െ ݌ሺ߁ሻ݌ െ ߚ ൅ሻ ൅ ሺ2߁ െ ሻߚ

ሺ3߁ െ ݌ሺ߁ሻ݌ െ ߚ ൅ 1ሻ
ቋ 

is closed subset of ܥሚሺܬ, ܴሻ. 
If  ሼݓ௡ሽ  is convergent sequence in ܥሚሺܬ, ܴሻ such that  ݓ௡ → ݊ as ݓ → ∞. Now  ܥሚሺܬ, ܴሻ is a Banach space so that 
there exists 	ߩ ൐ 0, such that ห|ݓ௡|ห௖̃ ൑ ݐ then for all ߩ ∈  ,ܬ

ሻݐ௡ሺݓܶ| െ |ሻݐሺݓܶ ൑ න ,ݐሺܩ| ሻሾ݄ݏ ൭ݏ, ,ሻݏ௡ሺݓ
1pcD ሻݏ௡ሺݓ െ ݄ ቆݏ, ,ሻݏሺݓ 1pcD ሻቇ൱ݏሺݓ |

ଵ

଴
 .ݏ݀

Step 2: Let ܦ ∈ ,ܬሺܥ ܴሻ is bounded set, to prove ܶሺܦሻ is also bounded, we will show that ܶሺܦሻܦ, let ݓሺݐሻ ∈  ,ܦ
then for each ݐ ∈  we have ,ܬ

|ሻݐሺݓܶ|                          ൑ ׬ ሺ|ܩሺݐ, ݄||ሻݏ ቆݓ,ݏሺݏሻ,
1pcD ሻቇݏሺݓ |

௧
଴ ሻ݀ݏ  

 

൑ ∗ܩ ׬ ሺ|݄ ቆݏ, ,ሻݏሺݓ
1pcD ሻቇݏሺݓ ݏ݀|

௧
଴ 	 	൑ ห|ݑ|ሺห߰∗ݍ∗ܩ

஼ሚ
ሻ ൑  . ሻݎሺ߰∗ݍ∗ܩ

Further    ฬ 1pcD ሻฬݐሺݓܶ ൑ ׬ ሺ|ܩሺݐ, ݄||ሻݏ ቆݏ, ,ሻݏሺݓ
1pcD ሻቇݏሺݓ |

௧
଴ ሻ݀ݏ  

൅
Γሺ2 െ ଶି௣ݐሻߚ

Γሺ3 െ ݌ሻΓሺ݌ െ ሻߚ
නሺ1 െ ܵሻ௣ିఉିଵ ቤ݄ ቆݏ, ,ሻݏሺݓ 1pcD ሻቇቤݏሺݓ ݏ݀

ଵ

଴

 

																																						൑ ߰∗ݍ ቀห|ݓ|ห
஼ሚ
ቁ
௰ሺଷି௣ሻ௰ሺ௣ିఉାሻା௰ሺଶିఉሻ

௰ሺଷି௣ሻ௰ሺ௣ିఉାଵሻ
. 

 Hence ห|ܶݓሺݐሻ|ห
஼ሚ
൑ 	max ቄݍ∗ܩ∗߰ሺݎሻ, ሻݎሺ߰∗ݍ

௰ሺଷି௣ሻ௰ሺ௣ିఉାሻା௰ሺଶିఉሻ

௰ሺଷି௣ሻ௰ሺ௣ିఉାଵሻ
ቅ ൑  .ݎ

Where   ݎ ൒ max ቄݍ∗ܩ∗߰ሺݎሻ, ሻݎሺ߰∗ݍ
௰ሺଷି௣ሻ௰ሺ௣ିఉାሻା௰ሺଶିఉሻ

௰ሺଷି௣ሻ௰ሺ௣ିఉାଵሻ
ቅ. 

Showing that ܶݓሺݐሻ ∈ ሻݐሺݓ  for all ,ܦ ∈  .ܦሻܦሺܶ , ܦ
Step 3: To prove ܶ maps ܦ into equicontinuous set of ܥሚሺܬ, ܴሻ. Taking ݐଵ, ଶݐ ∈ ଵݐ with 	,ܬ ൏ ሻݐሺݓ  and	ଶݐ ∈  we ,ܦ

have ||ܶݓሺݐଶሻ െ ||ଵሻݐሺݓܶ ൑ ׬ ሺ|ܩሺݐଶ, ሻݏ െ ,ଵݐሺܩ ݄||ሻݏ ቆݏ, ,ሻݏሺݓ
1pcD ሻቇݏሺݓ |

ଵ
଴ ሻ݀ݏ 

																																				൑ ߰∗ݍ ቀห|ݓ|ห
஼ሚ
ቁ ׬ ሺ|ܩሺݐଶ, ሻݏ െ ,ଵݐሺܩ ݏ݀|ሻݏ

૚
૙ . 

If  ݐଶ → ଶሻݐሺݓܶ||     ଵ, we getݐ െ ||ଵሻݐሺݓܶ → 0, 

and    ||ܶ 1pcD ଶሻݐሺݓ െ ܶ 1pcD ||ଵሻݐሺݓ ൑ | ׬ ݄ ቆݏ, ,ሻݏሺݓ 1pcD ሻቇݏሺݓ െ ׬ ݄ ቆݏ, ,ሻݏሺݓ 1pcD ሻቇݏሺݓ
௧భ
଴

௧మ
଴  |ݏ݀

൅
Γሺଶିఉሻሺ௧మష೛ି௧మ

మష೛ሻ

Γሺଷି௣ሻΓሺ௣ିఉሻ
׬	 ሺ1 െ ܵሻ௣ିఉିଵ ቤ݄ ቆݏ, ,ሻݏሺݓ 1pcD ሻቇቤݏሺݓ ݏ݀

ଵ
଴  ൑

ݔቌ݉ܽ߰∗ݍ ቆห|ݓ|ห
∞
, ቤฬ 1pcD ሻฬቤݐሺݓ

∞

ቇቍ ቄݐଶ െ ଵݐ ൅
Γሺଶିఉሻ൫௧భ

మష೛ି௧మ
మష೛൯

Γሺଷି௣ሻΓሺ௣ିఉሻ
ቅ ൑ ߰∗ݍ ቀห|ݓ|ห

෩࡯
ቁ ቄݐଶ െ ଵݐ ൅
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Γሺଶିఉሻ൫௧భ
మష೛ି௧మ

మష೛൯

Γሺଷି௣ሻΓሺ௣ିఉሻ
ቅ. 

Which  implies that |ܶ 1pcD ଶሻݐሺݓ െ ܶ 1pcD |ଵሻݐሺݓ → 0 as 	ݐଶ →  .ଵݐ

Thus    maxቊห|ܶݓሺݐଶሻ െ ,ଵሻ|หஶݐሺݓܶ ቤฬܶ
1pcD ଶሻݐሺݓ െ ܶ 1pcD ଵሻฬቤݐሺݓ

ஶ

ቋ → 0 

as  ݐଶ → ଶሻݐሺݓܶ|ଵ or  หݐ െ ଵሻ|ห஼ሚݐሺݓܶ → 0			as ݐଶ →   	.ଵݐ
Showing that ܶ is completely continuous by Arsela-Ascoli Theorem. 
Therefore by Schauder’s fixed point theorem ܶ has a fixed point ݓሺݐሻ in ܦ which is the solution of boundary value 
problem (1) such that |ݓሺݐሻ| ൏ ݐ for all ,ݎ ∈  .ܬ
 
4. Example 

Consider the fractional boundary value problem  

                                                      							
5.1Dc ሻݐሺݓ ൌ ݄ሺݐ, ,ሻݐሺݓ ))(5.0 twDc ݐ 	, ∈ ሾ0, 1ሿ,       (11) 

 

ሺ0ሻݓ ൌ 			,ሺ1ሻݓ0.5 5.0Dc ሺ0ሻݓ ൌ 0.5 )5.0(5.0 wDc .					 

 Here  ݄ሺݐ, ,ݓ ሻݒ ൌ
ଵ

ଶହ௘೟ା଼
ቀ

ଵ

ଵାଶ|௪|ାଷ|௩|
ቁ = )

|)(|3|)(|21

1
(

825

1
5.0 twDtwe ct 

 

 

|݄ሺݐ, ,ݓ ሻݒ െ ݄ሺݐ, ,ഥݓ |ሻݒ̅ ൑
ଵ

ଷଷ
ቀ

ଵ

ଵାଶ|௪|ାଷ|௩|
െ

ଵ

ଵାଶ|௪ഥ|ାଷ|௩ത|
ቁ ൑

ଵ

ଷଷ
ቀ
ଵାଶ|௪ഥ|ାଷ|௩ത|ିଵିଶ|௪|ିଷ|௩|

ଵାଶ|௪|ାଷ|௩|
ቁ 	 

                       ൑
ଷ

ଷଷ
ሺ|ݓ െ |ഥݓ ൅ ݒ| െ ሻ ൑|ݒ̅

ଵ

ଵଵ
ሺ|ݓ െ |ഥݓ ൅ ݒ| െ ݇ ሻ,    for|ݒ̅ ൌ

ଵ

ଵଵ
. 

Which is condition ሺܣଵሻ with  ቀ݇ ൌ
ଵ

ଵଵ
ቁ and  

 
,ݐሺܩ ሻݏ ൌ  

൞

ሺଵିకሻሺ௧ି௦ሻ೛షభାకሺଵି௦ሻ೛షభ

୻௣ሺଵିకሻ
െ

୻ሺଶିఉሻሺకାሺଵିకሻ௧ሻሺଵି௦ሻ೛షഁషభ

୻ሺ௣ିఉሻሺଵିకሻ
	,			0	 ൑ ݏ ൑ ݐ ൏ 1															

కሺଵି௦ሻ೛షభ

୻௣ሺଵିకሻ
െ

୻ሺଶିఉሻሺకାሺଵିకሻ௧ሻሺଵି௦ሻሺଵି௦ሻ೛షഁషభ

୻ሺ௣ିఉሻሺଵିకሻ
	,			0	 ൑ ݏ ൑ ݐ ൏ 1		.			ሺ12ሻ

,      

 
  

Putting the values of parameter ߦ, ,ߚ  in (11), we get ߙ

,ݐሺܩ ሻݏ ൌ ቐ

.ହሺ௧ି௦ሻ.ఱା.ହሺଵି௦ሻ.ఱ

୻ଵ.ହሺ.ହሻ
െ

୻.ହሺ.ହା.ହ௧ሻሺଵି௦ሻబ

୻ሺଵሻ.ହ
ݏ			, ൑ ,ݐ

.ହሺ௧ି௦ሻ.ఱା.ହሺଵି௦ሻ.ఱ

୻ଵ.ହሺ.ହሻ
െ

୻.ହሺ.ହା.ହ௧ሻሺଵି௦ሻబ

୻ሺଵሻ.ହ
, ݐ ൑ 		.ݏ

                          (13) 

From (13), one can easily obtain that  ܩ∗ ൑
׬ ሺଵି௦ሻ.ఱௗ௦
భ
బ

.ହ୻ሺଵ.ହሻ
൅

୻ሺଵ.ହሻ

.ହ
 

which implies that  2݇ܩ∗ ൑ 2 ቀ
ଵ

ଵଵ
ቁ ሺ4.16315ሻ ൌ 0.7569336 ൏ 1  

and           
ଶ௞൫୻ሺଷି௣ሻ୻ሺ௣ିఉାଵሻା୻ሺଶିఉሻ൯	

୻ሺଷି௣ሻ୻ሺ௣ିఉାଵሻ
ൌ

ଶ

ଵଵ
ቀ୻

ሺଵ.ହሻ୻ሺଶሻା୻ሺଵ.ହሻ

୻ሺଵ.ହሻ୻ሺଶሻ
ቁ ൌ

ସ

ଵଵ
൏ 1. 

Clearly it is obvious that  

max ቄ2݇ܩ∗,
ଶ௞൫௰ሺଷି௣ሻ௰ሺ௣ିఉାଵሻା௰ሺଶିఉሻ൯	

௰ሺଷି௣ሻ௰ሺ௣ିఉାଵሻ
ቅ ൏ 1.  Hence by  Theorem 3.1,  the given boundary value 

problem (11)  has a  unique solution on ܬ ∈ ሾ0,1ሿ. 
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5.                                CONCLUSION  
With the help of nonlinear Leray-Schauder fixed-

point theorem, necessary and sufficient conditions were 
successfully developed which guarantee the existence of 
at least one solution. Further, the conditions for 
uniqueness were also obtained. Moreover if the 
parameter xi=-1 in the boundary and initial condition 
then the problem become anti periodic boundary value 
problem which is of more interest. For the readers 
interest here we pose some problems. The first case is to 
consider the same problem (1) while taking the p-
Laplacian operator. For this case we may obtain some 
nice results. The outline of the future paper will like 
this; some other fixed point theorems need to be used 
for the existence of solution of main result. Moreover, 
we may check the stability, and other dynamical aspects 
the problems as well. 
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