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1.                            INTRODUCTION  
 We consider the following symmetric saddle point 
problem 
 

ቀ ࡭ ࡮
ࢀ࡮ ૙

ቁ ቀ࢞࢟ቁ ൌ ൫ࢉ࢈൯,     or     ࢠࡿ ൌ  (1)                 , ࢌ

 
where	ܣ ∈ 	ܴ௠ൈ௠ is symmetric positive definite 

matrix, ܤ ∈ 	ܴ௠ൈ௡ has full column rank such 
that	݇݊ܽݎሺܤሻ ൌ ݊ ൑  represents transpose of the ்ܤ ,݉

matrix	ܤ, ܵ ∈ ܴሺ௠ା௡ሻൈሺ௠ା௡ሻ,	ݖ ൌ ቀ௫௬ቁ ∈ ܴ
௠ା௡, and 	݂ ൌ

൫௕௖൯ ∈ ܴ
௠ା௡. Then there exists a unique solution of 

equation (1). The system (1) arises as a first-order 
optimality conditions for the equality constrained 
quadratic programming problem 
 

	min ሻݔሺܬ ൌ
ଵ

ଶ
ݔܣ்ݔ െ ݔ்ܤ	Subject to ݔ்ܾ ൌ ܿ. 

 

The name saddle point problem is due to the fact 
that any solution ሺݔ∗,  ሻ  of (1) is a saddle point for the∗ݕ
Lagrangian 

 

,ሺ࢞ࡸ ࢟ሻ ൌ
૚

૛
࢞࡭ࢀ࢞ െ ࢞ࢀ࢈ ൅ ሺ࢞ࢀ࡮ െ  ,࢟ࢀሻࢉ

where ݕ represents the vector of Lagrangian multipliers 
and it satisfies 

 
,∗ሺ࢞ࡸ ࢟ሻ ൑ ,∗ሺ࢞ࡸ ࢟∗ሻ ൑ ,ሺ࢞ࡸ ࢟∗ሻ, 

for any ݔ ∈ ܴ௠ and	ݕ ∈ ܴ௡.  
 
Such problems occur in many scientific and 

technical applications such as in constrained and 
weighted least squares problems (Golub and Loan, 
1996) (Bj݋ሷrck, 1996) computational fluid dynamics 
(CFD)  (Glowinski, 2008) (Wesseling, 2009), in 
constrained optimization (Gill, et al., 1981) (Gill, et al., 

1992) etc. For detail survey of saddle point problems, 
we refer the readers to (Benzi, et al., 2005). Due to its 
wide scale of applications, a large amount of work has 
been devoted quite recently for obtaining the numerical 
solution of saddle point problems using direct and 
indirect methods studied in (Smoktunowicz and 
Okulicka-Dƚużewska, 2013) (Najafi and Edalatpanah, 
2015) (Liang  and  Zhang 2016) etc. 

 

The authors in (Smoktunowicz and Okulicka-
Dƚużewska, 2013) studied some direct methods for the 
numerical solution of the symmetric saddle point 
problems. These methods were based on orthogonal 
decomposition of matrices such as Householder ܴܳ 
decomposition and singular value decomposition 
(SVD). Numerous aspects of updating matrix 
factorization for different kinds of problems are studied 
in (Murray, et al., 1974) (Kaufman, et al., 1976) 
(Reichel and Gragg, 1990) (Hammarling and Lucas, 
2008) (Yousaf, 2010) (Andrew and Dingle, 2014). Here, 
we exploit the large structure of the problem (1) and 
reduce it to a small subproblem using partition process 
by removing block of rows and columns, calculating its 
ܴܳ factorization and then updating its ܴ factor by 
appending back the removed block of columns and rows 
respectively and obtained its solution. We used the ܴܳ 
Householder factorization in our updating procedure 
due to its stability property (Wilkinson, 1965) (Golub 
and Loan, 1996) (Bj݋ሷrck, 1996). Our procedure is 
mainly based on the updating techniques used in 
(Yousaf, 2010) for the solution of least squares 
problems. It provides a useful alternative in case of 
unknown iterations in iterative methods. Moreover, the 
proposed technique is suitable for large scale and ill-
conditioned type of problems (1). 
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We organized the paper as follows. The basic 
concepts are studied in section 2 and the proposed ܴܳ 
Householder updating procedure for the solution of (1) 
is given in section 3. We provided numerical 
experiments in section 4 and illustrated the results. 
Conclusion is given in section 5. 
 
2.                      MATERIALS AND METHODS 
 In this section, we discuss basic concepts which will 
be used in our main results. For details, we refer to 
(Golub and Loan, 1996) (Bj݋ሷrck, 1996). 
 FACTORIZATION ࡾࡽ           2.1
 Let  

ࡲ       ൌ ,ࡾࡽ ࡽ ∈ ࡾ,࢓ൈ࢓ࡾ ∈  (2)          ࢔ൈ࢓ࡾ	

be the ܴܳ factorization of the matrix ܨ ∈ ܴ௠ൈ௡. This 
factorization can be found using various methods given 
in (Golub and Loan, 1996) (Bj݋ሷrck, 1996). Here, we 
discuss the Householder method. For a non-zero 
vector	ݒ ∈ ܴ௡, we define the Householder matrix ܪ ∈
ܴ	௡ൈ௡ such that  

ࡴ ൌ ࢔ࡵ െ ࣎		where ,ࢀ࢜࢜࣎ ൌ
૛

࢜ࢀ࢜
 .               (3) 

The matrix ܪ is symmetric and orthogonal. The 
Householder vector can be obtained using several ways. 
We define it in the simplest form as 

࢜ ൌ ࢞ േ ‖࢞‖૛ࢋ૚, 
such that  

࢞ࡴ ൌ ࢞ െ ࢞ࢀ࢜࢜࣎ ൌ  ૚,                        (4)ࢋࢻ∓

where ߙ ൌ ,ሺ1,0	ଶ and ݁ଵ is a unit vector‖ݔ‖ … ,0ሻ. We 
will use the following form of the Householder vector ݒ 
based on the parlett’s formula (Parlett, 1971) as 

࢜૚ ൌ ࢞૚ െ ‖࢞‖૛ ൌ
࢞૚૛ି‖࢞‖૛

૛

࢞૚ା‖࢞‖૛
                   (5) 

where ࢞૚	 	൐ 0 be the first element of a vector ݔ ∈ ܴ௡. 
We state the following algorithm due to (Golub and 
Loan, 1996) for computation of Householder vector ݒ 
and Householder matrix ܪ used in ܴܳ Householder 
factorization Algorithm. 
Algorithm 2.2: Computation of parameters	߬,	ߙ, and 
Householder vector ݒ. 
Function ሾݒ, ߬ሿ ൌ  ሻݔሺݎ݈݁݀݋݄݁ݏݑ݋݄

ݏ ൌ ଶ‖ݔ‖
ଶ 

ݒ ൌ ሺ1ሻݒ  ;ݔ ൌ 1 
if ݏ ൌ 0 
߬ ൌ 0 
else 

ݑ ൌ ඥݔଵଶ ൅  ݏ
% choose sign of ݒ 

if ݔሺ1ሻ ൑ 0 
ሺ1ሻݒ ൌ ଵݔ െ  ݑ

else 

ሺ1ሻݒ ൌ
െݏ

ଵݔ ൅ ݑ
 

end 

߬ ൌ
ሺ1ሻଶݒ2

ݏ ൅ ଵଶݔ
 

ݒ ൌ
ݒ

ሺ1ሻݒ
 

ߙ ൌ  ݑ
 end 

Definition 2.3: (Smoktunowicz and Okulicka-

Dluzewska, 2013) An algorithm for computing ݖ ൌ ቀ௫௬ቁ  

for the problem (1) will be forward stable if the 

computed solution ݖ௣ ൌ ቀ௫೛௬೛ቁ  in floating point 

arithmetic satisfies  
 

  
		ฮࢠି࢖ࢠฮ

‖ࢠ‖	
൑ ሻࡿሺࣄࡹࢿ૚ࡸ ൅  (6)                   ,(ࡹ૛ࢿሺࡻ

and forward stable for computing ݔ and ݕ if it satisfies  
 

		ฮ࢞࢞ି࢖ฮ

	‖࢞‖
൑ ;࡮,࡭ሺ࢞ࣄࡹࢿ૛ࡸ ሻࢠ ൅  (7)            ,(ࡹ૛ࢿሺࡻ

and  
		ฮ࢟࢟ି࢖ฮ

	‖࢟‖
൑ ;࡮,࡭ሺ࢟ࣄࡹࢿ૜ࡸ ሻࢠ ൅  (8)            ,(ࡹ૛ࢿሺࡻ

 
respectively, where	ܮଵ,	ܮଶ, and ܮଷ are modestly growing 
functions of ݉ and ݊, ߝெ is the machine rounding off 
unit and ߢ represents the condition number of a matrix. 
 

3.                   RESULTS AND DISCUSSION 
 We consider the problem (1) and re-write the matrix 
ܵ and its corresponding right hand side (RHS)  ݂ as 

ࡿ ൌ ቌ
:ሺ૚ࡿ ࢙ െ ૚, ૚:࢓ ൅ ሻ࢔
:ሺ࢙ࡿ ࢙ ൅ ࢘, ૚:࢓ ൅ ሻ࢔

ሺ࢙ࡿ ൅ ࢘ ൅ ૚:࢓ ൅ ,࢔ ૚:࢓ ൅ ሻ࢔
ቍ,	ࢌ ൌ ቌ

:ሺ૚ࢌ ࢙ െ ૚ሻ
:ሺ࢙ࢌ ࢙ ൅ ࢘ሻ

ሺ࢙ࢌ ൅ ࢘ ൅ ૚:࢓ ൅ ሻ࢔
ቍ.    (9) 

We remove the block of rows ࢘ࡿ ൌ :ሺ࢙ࡿ ࢙ ൅ ࢘, ૚:   ሻ and࢔
࢘ࢌ ൌ :ሺ࢙ࢌ ࢙ ൅ ࢘ሻ from ݏ௧௛ position of  ܵ and ݂  in (9) using 
partition process and obtain the following: 
૚ࡿ   ൌ ൬

:ሺ૚ࡿ ࢙ െ ૚, ૚:࢓ ൅ ሻ࢔
ሺ࢙ࡿ ൅ ࢘ ൅ ૚:࢓ ൅ ,࢔ ૚:࢓ ൅ ૚ࢌ ,൰࢔ ൌ ൬

:ሺ૚ࢌ ࢙ െ ૚ሻ
ሺ࢙ࢌ ൅ ࢘ ൅ ૚:࢓ ൅ ሻ࢔

൰,    (10) 

where	ࡿ૚ ∈ ૚ࢌ ,૚ࢗ૚ൈ࢖ࡾ ∈ ૚࢖ ,૚࢖ࡾ ൌ ൅࢓ ࢔ െ ࢘, and ࢗ૚ ൌ ࢓ ൅
 In a similar fashion, we remove a block of columns .࢔
ܵ௖ ൌ ܵሺ: , :ݏ ݏ ൅ ܿሻ from the ݏ௧௛ position of the matrix 
ଵܵ in (10) which provided the following incomplete 

problem from (1) 
૛ࢠ૛ࡿ																					 ൌ ૛ࡿ  ,૛ࢌ ∈ ૛ࢌ ,૛ࢗ૛ൈ࢖ࡾ ∈ ૛ࢠ ,૛࢖ࡾ ∈  ૛,           (11)ࢗࡾ

where ࡿ૛ ൌ ሾ	ࡿ૚ሺ: , ૚: ࢙ െ ૚ሻ, :૚ሺࡿ , ࢙ ൅ ૚: ࢗ		૛ሻሿ andࢗ
૛
ൌ ࢗ

૚
െ  ,ࢉ

૛࢖ ൌ ૛ࢌ , ૚࢖ ൌ  .૚ࢌ
The ܴܳ factorization of the reduced problem (11) is 
calculated with the help of Algorithm 2.2. Applying 
Householder matrices	ܪ௤మ   ଵ, we obtainܪ⋯
૛ࡾ																 ൌ ૛ࢗࡴ ૛ࢍ	, ૛ࡿ૚ࡴ⋯ ൌ ૛ࢗࡴ  ૛,                          (12)ࢌ૚ࡴ⋯

and  ௖ܶ ൌ ௤మܪ  represents the ܪ ଵܵ௖ , whereܪ⋯
Householder matrix, ݃ଶ the corresponding RHS of 	ܴଶ 
and ௖ܶ is the updated block of columns. Now, we 
append the removed block of columns ௖ܶ to the 
triangular factor ܴଶ at the ݏ௧௛ position as follow: 
ࢉ૛ࡾ	 ൌ ൫ࡾ૛ሺ: , ૚: ࢙ െ ૚ሻ	ࢉࢀሺ: , ࢙: ࢙ ൅ :૛ሺࡾ	ሻࢉ , ࢙ ൅ ࢉ ൅ ૚:࢓ ൅  ሻ൯. (13)࢔

If the factor ܴଶ is in upper triangular or trapezoidal 
form, then we consider	ܴଶ ൌ 	ܴଵ. Otherwise, we form 
the Householder matrices	ܪ௤మା௖  using Algorithm	௦ܪ⋯
2.2 and update the 	ܴଶ factor to obtain the following 
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૚ࡾ ൌ ࢉ૛ାࢗࡴ ૚ࢍ	and ,ࢉ૛ࡾ࢙ࡴ⋯ ൌ ࢉ૛ାࢗࡴ  ૛.         (14)ࢍ࢙ࡴ⋯

Similarly, by appending the removed block of rows to 
the  ܴଵ factor of (14) and to its corresponding RHS, we 
get 

૚࢘ࡾ ൌ ቌ
:૚ሺ૚ࡾ ࢙ െ ૚, : ሻ
:ሺ૚࢘ࡿ ࢘, : ሻ

૚ሺ࢙ࡾ ൅ ૚: ,૚࢖ : ሻ
ቍ,   ࢍ૚࢘ ൌ ቌ

:૚ሺ૚ࢍ ࢙ െ ૚ሻ
:ሺ૚࢘ࢌ ࢘ሻ

૚ሺ࢙ࢍ ൅ ૚: ૚ሻ࢖
ቍ.          (15) 

 

We apply the permutation matrix ܲ on ܴଵ௥ in (15) to 
shift the appended block of rows to the bottom as         

૚࢘ࡾࡼ ൌ ൬
:૚ሺ૚ࡾ ,૚࢖ : ሻ
:ሺ૚࢘ࡿ ࢘ሻ

൰,   and    ࢍࡼ૚࢘ ൌ ൬
:૚ሺ૚ࢍ ૚ሻ࢖
:ሺ૚࢘ࢌ ࢘ሻ

൰.         

Furthermore, by applying Householder matrices 
 ଵ using Algorithm 2.2 on above equation, weܪ⋯௡ܪ
obtain 

ࡾ ൌ ࢍ	,૚࢘ሻࡾࡼ૚ሺࡴ⋯࢔ା࢓ࡴ ൌ  ૚࢘ሻ,       (16)ࢍࡼ૚ሺࡴ⋯࢔ା࢓ࡴ

where ܴ is the upper triangular factor and ݃ is its 
corresponding RHS. Applying back substitution using 
MATLAB built-in command backsub or by using 
backslash operator \ , we get the solution of the problem 
(1) as 

ࢠ ൌ ቀ࢞࢟ቁ ∈ ࡾ
,࢔ା࢓ ࢞	܍ܚ܍ܐܟ ∈ ,࢓ࡾ ࢟	܌ܖ܉ ∈   .࢔ࡾ

The procedure described in this section for solution of 
problem (1) is given in algorithmic form as follow. 
Algorithm 3.1: Algorithm for Solution of Saddle Point 
Problems 

Input:	࡭ ∈ ࡮  ,࢓ൈ࢓ࡾ ∈ ࢈  ,࢔ൈ࢓ࡾ ∈ ࢉ ,࢓ࡾ ∈  ࢔ࡾ

Output: ࢠ ൌ ቀ࢞࢟ቁ ∈ ࡾ
࢞  ,࢔ା࢓ ∈ ࢟ ,࢓ࡾ ∈  .࢔ࡾ

1: Partition Process: ሾ࢘ࡿ, ,࢘ࢌ ,૚ࡿ ,૚ࢌ ,ࢉࡿ ,૛ࡿ ,ࡿሺ࢔࢕࢏࢚࢏࢚࢘ࢇࡼ=૛ሿࢌ  ሻࢌ
2: Calculate ܴܳ factorization of  ܵଶ using Algorithm 
૛ࡾ		:2.2 ൌ ૛ࢗࡴ

૛ࢍ ,૛ࡿ૚ࡴ⋯ ൌ ૛ࢗࡴ    ૛ andࢌ૚ࡴ⋯
ࢉࢀ ൌ ૛ࢗࡴ  ࢉࡿ૚ࡴ⋯

3: Appending block of columns and updating the factor 
ܴଶ	using Algorithm 2.2  if required: 

:૛ሺ૚ࡾ ,૛࢖ ૛ࢗ ൅ ૚: ૛ࢗ ൅ ሻࢉ ൌ :ሺ૚ࢉࢀ ,૛࢖ ૚:  ,ሻࢉ
If   ࢖૛ ൑   then		૛,ࢗ

૚ࡾ ൌ ૚ࢍ  ,૛ሻࡾሺ࢛࢏࢚࢘ ൌ  ૛ࢍ
else 

for  ࢐ ൌ ૚	࢚ܖܑܕ࢕ሺ࢖૛, ૛ࢗ ൅  ሻ doࢉ
ሾ࢜, ࣎, ,૛ሺ࢐ࡾ ࢐ሻሿ ൌ ,૛ሺ࢐ࡾሺ࢘ࢋࢊ࢒࢕ࢎࢋ࢙࢛࢕ࢎ ࢐ሻ, ૛ሺ࢐ࡾ ൅ ૚: ,૛࢖ ࢐ሻሻ 
ࢃ ൌ ,૛ሺ࢐ࡾ ࢐ ൅ ૚: ૛ࢗ ൅ ሻࢉ ൅ ૛ሺ࢐ࡾࢀ࢜ ൅ ૚: ,૛࢖ ࢐ ൅ ૚: ૛ࢗ ൅  ሻࢉ

,૚ሺ࢐ࡾ ࢐ ൅ ૚: ૛ࢗ ൅ ሻࢉ ൌ ,૛ሺ࢐ࡾ ࢐ ൅ ૚: ૛ࢗ ൅ ሻࢉ െ  ࢃ࣎
if  ࢐ ൏ ૛ࢗ ൅  then ࢉ

૚ሺ࢐ࡾ ൅ ૚: ,૛࢖ ࢐ ൅ ૚: ૛ࢗ ൅ ሻࢉ ൌ ૛ሺ࢐ࡾ ൅ ૚: ,૛࢖ ࢐ ൅ ૚: ૛ࢗ ൅ ሻࢉ െ  ࢃ࢜࣎
end if 

:૚ሺ࢐ࢍ ૛ሻ࢖ ൌ :૛ሺ࢐ࢍ ૛ሻ࢖ െ ࣎ ൬
૚
࢜
൰ ሺ૚		࢜ࢀሻࢍ૛ሺ࢐:  ૛ሻ࢖

end for 
૚ࡾ ൌ  ૛ሻࡾሺ࢛࢏࢚࢘

end if 

4: Appending block of rows ܵ௥ to ܴଵ and ௥݂ to ଵ݃ and 
updating the factors using Algorithm 2.2: 

for  ࢐ ൌ ૚	࢚ܖܑܕ࢕ 	ሺ࢖૚,  ૚ሻ doࢗ

ሾ࢜, ࣎, ,૚ሺ࢐ࡾ ࢐ሻሿ ൌ ,૚ሺ࢐ࡾሺ࢘ࢋࢊ࢒࢕ࢎࢋ࢙࢛࢕ࢎ ࢐ሻ, :ሺ૚࢘ࡿ ࢘, ࢐ሻሻ 
ࢃ ൌ ,૚ሺ࢐ࡾ ࢐ ൅ ૚: ૚ሻࢗ ൅ :ሺ૚࢘ࡿࢀ࢜ ࢘, ࢐ ൅ ૚:  ૚ሻࢗ
,ሺ࢐ࡾ ࢐ ൅ ૚: ૚ሻࢗ ൌ ,૚ሺ࢐ࡾ ࢐ ൅ ૚: ૚ሻࢗ െ  ࢃ࣎

if  ࢐ ൏  ૚ thenࢗ
:ሺ૚࢘ࡿ ࢘, ࢐ ൅ ૚: ૚ሻࢗ ൌ :ሺ૚࢘ࡿ ࢘, ࢐ ൅ ૚: ૚ሻࢗ െ  ࢃ࢜࣎

end if 
࢐ࢍ ൌ  ሺ࢐ሻࢍ

ሺ࢐ሻࢍ ൌ ሺ૚ െ ࣎ሻࢍሺ࢐ሻ െ :ሺ૚࢘ࢌࢀ࢜࣎ ࢘ሻ 
:ሺ૚࢘ࢌ			 ࢘ሻ ൌ :ሺ૚࢘ࢌ ࢘ሻ െ ࢐ࢍ࢜࣎ െ :ሺ૚࢘ࢌࢀ࢜࢜࣎ ࢘ሻ 

end for 
if  ࢖૚ ൏  then	૚ࢗ

ሾ࢘ࡽ, ሿ࢘ࡾ ൌ :ሺ࢘ࡿሺ࢘ࢗ , ૚࢖ ൅ ૚:  ૚ሻሻࢗ
૚࢖ሺ࢘ࡾ ൅ ૚: ૚࢖ ൅ ࢘, ૚࢖ ൅ ૚: ૚ሻࢗ ൌ  ࡾ

࢘ࢌ ൌ ࢀࡽ
 ࢘ࢌ࢘

end if 

ࡾ ൌ ൫࢘ࡾ૙ ൯,  ࢍ ൌ ቀࢍ૚࢘ࢌቁ 

5: ൌ ,ࡾሺ࢈࢑࢙࢛ࢉࢇ࢈ ࢞ , ሻࢍ ൌ ,࢓:ሺ૚ࢠ : ሻ,  ࢟ ൌ ࢓ሺࢠ ൅ ૚:࢓ ൅ ,࢔ : ሻ. 
 

4.                     NUMERICAL EXPERIMENTS 
 In this section, we consider different test problems 
for illustration of our results. The results obtained are 
also compared with ܴܳ Householder Algorithm studied 
in (Smoktunowicz and Okulicka-Dƚużewska, 2013) 
which is the generalization of the Golub’s method for 
the augmented system formulation (ASF) (Bj݋ሷrck and 
Paige, 1994) (Bj݋ሷrck, 1996) and uses the Householder 
ܴܳ decomposition given in (Golub and Van Loan, 
1996).  We performed our numerical experiments in 
MATLAB with machine precision	ߝ௠ ൌ 2.22݁ െ 16. In 
the following examples,  let ݖ௣, ݔ௣ and ݕ௣ be the 
computed solutions corresponding to true values ݔ ,ݖ 
and ݕ where ݔ ൌ ,ሺ݉݊݀݊ܽݎ 1ሻ, ݕ ൌ ,ሺ݊݊݀݊ܽݎ 1ሻ,  and 
 ܴܳ  ொோ be the solutions obtained throughݕ  ொோ andݔ ,ொோݖ
Householder method, and  ܾ ൌ ܣ ∗ ݔ ൅ ܤ ∗ ܿ ,ݕ ൌ ′ܤ ∗
 is ܨ Moreover, the condition number of any matrix .ݔ
represented by ߢሺܨሻ ൌ  where ‖∙‖ denotes ‖ܨ‖‖ଵିܨ‖
the 2-norm.  
 

Example 4.1: We consider ܣ ൌ ܪ ൌ ݄݈ܾ݅ሺ݉ሻ of size 
݉ ൈ݉ which is a Hilbert matrix (symmetric positive 
definite and ill-conditioned) with elements of the form 
࢐࢏ࢎ ൌ

૚

ା࢐ି૚࢏
, ݅, ݆ ൌ 1,⋯ ,݉, and ܤ ൌ ,ሺ݉݊݀݊ܽݎ ݊ሻ which 

is generated with MATLAB command ࢘࢔ࢊ࢔ࢇሺ′࢙࢚ࢋ࢚ࢇ′, ૙ሻ 
where ࢘࢔ࢊ࢔ࢇ is used to generate random numbers with 
uniformly normal distribution and ሺ′࢙࢚ࢋ࢚ࢇ′, ૙ሻ is used to 
reset the random number generator to its initial state. 
From (Table 1), we observe that the matrix		ܣ in 
problem (i), (ii), and (iii) is very ill-conditioned due to 
its large condition number in comparison with matrix	ܵ. 
Moreover, the proposed Algorithm 3.1 gives forward 
stable solution for saddle point problem (1).

 
Table 1: Description and Results for Example 4.1 with partition to subproblem matrix ࡿ૛ of size ૜ ൈ ૜ 

Problem 
 ሻࡿሺࣄ				 ሻ࡮ሺࢋࢠ࢏ࡿ ሻ࡭ሺࣄ ሻ࡭ሺࢋࢠ࢏ࡿ

ฮ࢖ࢠ െ ฮࢠ
‖ࢠ‖

 
ฮࡾࡽࢠ െ ฮࢠ

‖ࢠ‖
ฮ࢞࢖ െ ࢞ฮ
‖࢞‖

 
ฮ࢞ࡾࡽ െ ࢞ฮ

‖࢞‖
 

	ฮ࢟࢖ െ ࢟ฮ

	‖࢟‖
ฮ࢟ࡾࡽ െ ࢟ฮ

‖࢟‖
 

i 10ൈ10 1.60e+13 10ൈ5 6.57e+05 4.92e-11 3.88e-11 6.55e-11 5.08e-11 2.44e-15 1.27e-15 
ii 15ൈ15 4.43e+17 15ൈ10 1.83e+07 8.47e-10 8.85e-11 1.40e-09 1.49e-10 1.95e-14 2.13e-15 
iii 20ൈ20 2.09e+18 20ൈ15 2.94e+05 9.41e-12 1.66e-12 1.13e-11 2.00e-12 2.84e-15 2.52e-15 
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Example 4.2: Consider a symmetric positive matrix  ࡭ ൌ
ሺ࡭૚ା࡭′૚ሻ

૛
 where	ܣଵ ൌ ݉  is ܲ ,ܲܦܲ ൈ݉ random orthogonal 

and ܦ is a diagonal matrix. We obtained the results which are stated in the following table.

Table 2: Results for Example 4.2 with partition to subproblem matrices ࡿ૛ of size ૞ ൈ ૞,	 ૚૙ ൈ ૞ and 	૞૙ ൈ ૞૙ respectively 
 

Probl
em ࢋࢠ࢏ࡿሺ࡭ሻ ࣄሺ࡭ሻ ࢋࢠ࢏ࡿሺ࡮ሻ ࣄሺࡿሻ 

ฮ࢖ࢠ െ ฮࢠ
‖ࢠ‖

ฮࡾࡽࢠ െ ฮࢠ
‖ࢠ‖

ฮ࢞࢖ െ ࢞ฮ
‖࢞‖

 
ฮ࢞ࡾࡽ െ ࢞ฮ
	‖࢞‖

 
	ฮ࢟࢖ െ ࢟ฮ

	‖࢟‖
 

ฮ࢟ࡾࡽ െ ࢟ฮ
‖࢟‖

iv 500ൈ500 1.00e+07 500ൈ300 3.95e+08 1.69e-08 8.06e-09 2.15e-08 1.02e-08 3.60e-14 2.06e-14 
v 1000ൈ1000 1.00e+05 1000ൈ500 5.46e+06 4.97e-10 3.07e-10 6.04e-10 3.74e-10 1.09e-14 8.52e-15 
vi 2000ൈ2000 1.00e+06 2000ൈ1000 7.64e+07 7.68e-09 6.12e-09 9.40e-09 7.55e-09 2.55e-14 1.84e-14 

 

From (Table 2), we conclude that in problem (iv), (v), and (vi) the matrix ܵ is ill-conditioned in comparison with ܣ 
and the obtained results are forward stable.  
 
5.                                    CONCLUSION  

We consider symmetric saddle point problem and 
obtained its solution using updating ܴܳ Householder 
factorization procedure. The proposed algorithm is 
applicable for large scale and ill-conditioned type 
matrices. In future work, the problem can further be 
studied for sparse problems using Givens ܴܳ 
factorization.  
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