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ill-conditioned type of saddle point problems.

Abstract: In this article, we proposed an updating QR Householder factorization procedure for the numerical solution of symmetric
saddle point problems. We reduce the large structure of the problem into the small subproblem by removing block of rows and
columns and calculating its QR factorization. The updating procedure is performed in the R factor of the QR factorization. We
illustrate several numerical experiments and showed that the proposed procedure is applicable and forward stable for large scale and
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1. INTRODUCTION
We consider the following symmetric saddle point
problem

(g =0, or sz=r, o

where A € R™™ is symmetric positive definite
matrix, B € R™™ has full column rank such
that rank(B) = n < m, BT represents transpose of the

matrix B, § € Rm+mx(m+n) 5 — (;) € R™™" and f =

(’;) € R™™, Then there exists a unique solution of
equation (1). The system (1) arises as a first-order
optimality conditions for the equality constrained
quadratic programming problem

minJ(x) = %xTAx — bTx Subjectto BTx = c.

The name saddle point problem is due to the fact
that any solution (x,,y,) of (1) is a saddle point for the
Lagrangian

L(x,y) = ixTAx —b"x+ (BTx — )Ty,
where y represents the vector of Lagrangian multipliers
and it satisfies

L(x,y) < L(x,,¥.) < L(x,¥.),
forany x € R™ andy € R™.

Such problems occur in many scientific and
technical applications such as in constrained and
weighted least squares problems (Golub and Loan,
1996) (Bjorck, 1996) computational fluid dynamics
(CFD)  (Glowinski, 2008) (Wesseling, 2009), in
constrained optimization (Gill, ef al., 1981) (Gill, et al.,

1992) etc. For detail survey of saddle point problems,
we refer the readers to (Benzi, et al., 2005). Due to its
wide scale of applications, a large amount of work has
been devoted quite recently for obtaining the numerical
solution of saddle point problems using direct and
indirect methods studied in (Smoktunowicz and
Okulicka-Diuzewska, 2013) (Najafi and Edalatpanah,
2015) (Liang and Zhang 2016) etc.

The authors in (Smoktunowicz and Okulicka-
Dtuzewska, 2013) studied some direct methods for the
numerical solution of the symmetric saddle point
problems. These methods were based on orthogonal
decomposition of matrices such as Householder QR
decomposition and singular value decomposition
(SVD). Numerous aspects of updating matrix
factorization for different kinds of problems are studied
in (Murray, et al, 1974) (Kaufman, et al, 1976)
(Reichel and Gragg, 1990) (Hammarling and Lucas,
2008) (Yousaf, 2010) (Andrew and Dingle, 2014). Here,
we exploit the large structure of the problem (1) and
reduce it to a small subproblem using partition process
by removing block of rows and columns, calculating its
QR factorization and then updating its R factor by
appending back the removed block of columns and rows
respectively and obtained its solution. We used the QR
Householder factorization in our updating procedure
due to its stability property (Wilkinson, 1965) (Golub
and Loan, 1996) (Bjorck, 1996). Our procedure is
mainly based on the updating techniques used in
(Yousaf, 2010) for the solution of least squares
problems. It provides a useful alternative in case of
unknown iterations in iterative methods. Moreover, the
proposed technique is suitable for large scale and ill-
conditioned type of problems (1).
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We organized the paper as follows. The basic
concepts are studied in section 2 and the proposed QR
Householder updating procedure for the solution of (1)
is given in section 3. We provided numerical
experiments in section 4 and illustrated the results.
Conclusion is given in section 5.

2. MATERIALS AND METHODS

In this section, we discuss basic concepts which will
be used in our main results. For details, we refer to
(Golub and Loan, 1996) (Bjorck, 1996).

2.1 OR FACTORIZATION
Let

F=QR, Q € R™™ R & R™n @)
be the QR factorization of the matrix F € R™ ", This
factorization can be found using various methods given
in (Golub and Loan, 1996) (Bjorck, 1996). Here, we
discuss the Householder method. For a non-zero
vector v € R™, we define the Householder matrix H €
R ™™ such that

H =1, — twv", where T = % 3
The matrix H is symmetric and orthogonal. The
Householder vector can be obtained using several ways.
We define it in the simplest form as

v=x1 xllzeq,

such that

Hx = x — tvv'x = Fae,, )
where @ = ||x]||, and e, is a unit vector (1,0, ...,0). We
will use the following form of the Householder vector v
based on the parlett’s formula (Parlett, 1971) as

x12=|lxll2
vy =% — Ixll; == 2 )

x1+Ixll2
where x; >0 be the first element of a vector x € R™.
We state the following algorithm due to (Golub and
Loan, 1996) for computation of Householder vector v
and Householder matrix H used in QR Householder
factorization Algorithm.
Algorithm 2.2: Computation of parameters 7, &, and
Householder vector v.
Function [v, T] = householder(x)
s = llxll,?
v=x;v(1)=1
ifs=0
=0
else
uU=+/x2+s

% choose sign of v

ifx(1) <0
v()=x—u
else
@ =—
v xt+u
end
2v(1)?
T =
s+ x;,2
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v
)
a=u
end
Definition 2.3: (Smoktunowicz and Okulicka-

Dluzewska, 2013) An algorithm for computing z = (;)
for the problem (1) will be forward stable if the

computed solution z, = (;Z) in floating point

arithmetic satisfies

Ll < 1y ene(s) + 022, ©

and forward stable for computing x and y if it satisfies

% < Lyeyk, (A, B; 2) + 0(2,), )

and

||J;|;;—”3'|| < L3£Mxy(A'B: z) + 0(%y), ®)

respectively, where L, L,, and L3 are modestly growing
functions of m and n, & is the machine rounding off
unit and x represents the condition number of a matrix.

3. RESULTS AND DISCUSSION
We consider the problem (1) and re-write the matrix
S and its corresponding right hand side (RHS) f as
( S(:s—1,1:m+n) ) < f(l:s—1) )
S = S(s:s+r,1:m+n) ,f = f(sis+71) )
S(s+r+1:m+n1l:m+n) f(s+r+1:m+n)
We remove the block of rows S, =S(s:s+r,1:n) and
fr = f(s:s + 1) from s position of S and f in (9) using
partition process and obtain the following:
$1= (S(s i(:: 111n1+7: IZL n)‘ fi= (f(s I(rl-'f-sl::l)-f- n))’ a0
where s, € RP1*%, f, €eRP1, py=m+n-r, and q; =m+
n. In a similar fashion, we remove a block of columns
Se =5(:,s:s +¢) from the st" position of the matrix
S1 in (10) which provided the following incomplete
problem from (1)
$,2; = [, S; € RP2*%2 f, € RP2, 7, € R92, (11)
where 5, =[$;(,1:s-1),5:(:,s+1:q;)] and q, = q, — ¢,
P2=pP1,[f2=f1.
The QR factorization of the reduced problem (11) is
calculated with the help of Algorithm 2.2. Applying
Householder matrices Hg, -+ Hy, we obtain
Ry =Hg, - H1S;,92 =Hg, - Hif 2, 12)
and T, =H,, - H;S. , where H represents the
Householder matrix, g, the corresponding RHS of R,
and T, is the updated block of columns. Now, we
append the removed block of columns T, to the
triangular factor R, at the st" position as follow:
Rye = (Ry(,1:is —1)T.(:,s:s+ ) Ry, s + ¢+ im +n)). (13)
If the factor R, is in upper triangular or trapezoidal
form, then we consider R, = R;. Otherwise, we form
the Householder matrices Hy, ;. -+ Hs using Algorithm

2.2 and update the R, factor to obtain the following
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R1=qu+c"'HsR2L'9 andgl =Hq2+c"'Hng' (14)
Similarly, by appending the removed block of rows to
the R, factor of (14) and to its corresponding RHS, we
get

R (1:s—1,:) g1(1:s—-1)
er = ( Sr(l:rl:) >’ 9ir = ( fr(l:r) >~ (15)
Ry(s+1:py,:) g1(s+1:pq)

We apply the permutation matrix P on Ry, in (15) to
shift the appended block of rows to the bottom as
_ Ry(1:p4,:) _ g1(1:p4)

PR, —( S.(1:1) ), and Pg,,. = ( £.(1:1) )
Furthermore, by applying Householder matrices
H, -+ H; using Algorithm 2.2 on above equation, we
obtain

R=Hm+n"'H1(PR1r),g=Hm+n"'H1(Pglr)’ (16)
where R is the upper triangular factor and g is its
corresponding RHS. Applying back substitution using
MATLAB built-in command backsub or by using
backslash operator \ , we get the solution of the problem
(1) as

z= (;) € R™", where x € R™, and y € R".
The procedure described in this section for solution of
problem (1) is given in algorithmic form as follow.
Algorithm 3.1: Algorithm for Solution of Saddle Point
Problems
Input: A € R™™, B € R™", b€ R™,c € R"
Output: z = (;) € R™™", x € R™,y € R™
1: Partition Process: [S,, f,, S1, f1,Sc S2, f2]=Partition(S, f)
2: Calculate QR factorization of S, using Algorithm
22: R, = H, - HS;, g, =Hy, Hif; and
T.=H,,~ HiS,
3: Appending block of columns and updating the factor
R, using Algorithm 2.2 if required:
Ry(1:p3,q2 + 1:q2 + ¢) =T (1:p3, 1: 0),
If p; <q, then
Ry =triu(Rz), 91 =92
else
for j = 1tomin(p,, q, + c) do
[v,7,R2(j, j)] = householder(R;(j, j), R,(j + 1:p2,J))
W=R,(jj+1:q;+¢)+v"R,(j+ 1:pp,j+1:q, + ¢)
R(j,j+1:q,+¢c) =R,(j,j+1:q, + c) — W
if j < q; + c then
R+ 1:pyj+1:q,+¢c)=R,(j+1:py,j+1:q, +¢c)—TvW
end if
. . 1 T 3
91U:p2) = 92G:p2) — r(p) (1 v)g2:p2)
end for
R, = triu(R,)
end if
4: Appending block of rows S, to R; and f, to g; and
updating the factors using Algorithm 2.2:
for j = 1tomin (p,4,q,) do
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[v,T,R1(j,j)] = householder(R.(j,j),S,(1:1,j))
W =R,(j,j+1:q) + V7S, (1:7,j+ 1:q1)
R(G,j+1:q) =R, j+1:q) —TW
if j < q4 then
S, (Lir,j+1:q;) =S, (L:7,j + 1:q;) — TOW
end if
9;=90)

g =1 -1gQ() —'f(L:7)
fr:r) = f.(1:1) — tvg; — VU f,(1:7)
end for
if p;1 < q4 then
(@ R.] = qr(S,(:,p1 + 1:44))

R.(py +1:py+7,p1 +1:q1) =R
fr= QTTfr
end if
R=(0). 9=(7)

5: = backsub(R,g) ,x =z(1:m,:), y=z(m+1:m+n,:).

4. NUMERICAL EXPERIMENTS

In this section, we consider different test problems
for illustration of our results. The results obtained are
also compared with QR Householder Algorithm studied
in (Smoktunowicz and Okulicka-Dhuzewska, 2013)
which is the generalization of the Golub’s method for
the augmented system formulation (ASF) (Bjorck and
Paige, 1994) (Bjorck, 1996) and uses the Householder
QR decomposition given in (Golub and Van Loan,
1996). We performed our numerical experiments in
MATLAB with machine precision €, = 2.22e — 16. In
the following examples, let z,, x, and ¥, be the
computed solutions corresponding to true values z, x
and y where x = randn(m, 1), y = randn(n,1), and
Zor, Xor @and Ygr be the solutions obtained through QR
Householder method, and b =Axx+ By, c =B *
x. Moreover, the condition number of any matrix F is
represented by k(F) = ||F~Y|||F|| where ||| denotes
the 2-norm.
Example 4.1: We consider A = H = hilb(m) of size
m X m which is a Hilbert matrix (symmetric positive
definite and ill-conditioned) with elements of the form
hy; =i+]%1, i,j=1,--,m, and B = randn(m,n) which

is generated with MATLAB command randn('state’, 0)
where randn is used to generate random numbers with
uniformly normal distribution and ('state’,0) is used to
reset the random number generator to its initial state.

From (Table 1), we observe that the matrix A in
problem (i), (ii), and (iii) is very ill-conditioned due to
its large condition number in comparison with matrix S.
Moreover, the proposed Algorithm 3.1 gives forward
stable solution for saddle point problem (1).

Table 1: Description and Results for Example 4.1 with partition to subproblem matrix S, of size 3 X 3
problem [l ey | sivew | wisy | Jzo=2ll | Bean—all] Txp =l | Tren =0 | Iy =0 Iyen =51
llz]] llzIl [E4] |E4] Iyl liyvl
i 10x10 | 1.60e+13 10x5 6.57e+05 4.92e-11 | 3.88e-11 6.55e-11 5.08e-11 2.44e-15 1.27e-15
ii 15x15 | 4.43e+17 15x10 1.83e+07 8.47e-10 | 8.85e-11 1.40e-09 1.49¢-10 1.95¢-14 2.13e-15
iii 20%20 | 2.09e+18 20x15 2.94e+05 9.41e-12 | 1.66e-12 1.13e-11 2.00e-12 2.84e-15 2.52e-15
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Example 4.2: Consider a symmetric positive matrix 4 =

642

(”%’f“ where A; = PDP, P is m X m random orthogonal

and D is a diagonal matrix. We obtained the results which are stated in the following table.

Table 2: Results for Example 4.2 with partition to subproblem matrices S, of size 5 x 5, 10 X 5 and 50 X 50 respectively

Probl

W e | |szew | x| W] Trorel] =T | Tron=l] Iy =51 | Drox =
[EA] lll| [lx]] |E4] 541 [yl
iv 500500 1.00e+07 500300 3.95e+08 1.69¢-08 | 8.06e-09 2.15¢-08 1.02¢-08 3.60e-14 2.06e-14
\4 1000x1000 | 1.00e+05 1000500 5.46e+06 | 4.97e-10 | 3.07e-10 6.04e-10 3.74e-10 1.09e-14 8.52e-15
vi 2000x2000 | 1.00e+06 | 2000x1000 7.64e+07 | 7.68e-09 | 6.12e-09 9.40e-09 7.55e-09 2.55e-14 1.84e-14

From (Table 2), we conclude that in problem (iv), (v), and (vi) the matrix S is ill-conditioned in comparison with A

and the obtained results are forward stable.

5. CONCLUSION

We consider symmetric saddle point problem and
obtained its solution using updating QR Householder
factorization procedure. The proposed algorithm is
applicable for large scale and ill-conditioned type
matrices. In future work, the problem can further be
studied for sparse problems using Givens @R
factorization.
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