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1.                                   INTRODUCTION 
The idea of dislocated metric (d-metric) space was 

given by Hitzler and Seda (Hitzler and Seda, 2000). In 
this type of space self-distance between points need not 
to be zero necessarily. They also established well-
known Banach contraction theorem in dislocated metric 
space. d-metric space play a vital  role in Topology, 
Logical Programming and Electronic  Engineering  etc.  
In 2005, (Zeyada,  et  al., 2005) initiated  the  notion  of 
complete dislocated  quasi-metric (dq-metric) space and 
proved the result  of Hitzler and  Seda (Hitzler and 
Seda, 2000) in dq-metric  space.  With  the  passage of 
time many papers have been published  containing  
fixed point theorems for a single and  a pair  of 
mappings  for different type of contractive conditions 
in dq-metric  space (see Aage. and  Salunke, 2008), 
(Sarwar, et al., 2014) (Rahman and Sarwar 2014), 
(Rahman and  Sarwar, 2014). 
 

Bhaskar and Lakshmikantham initiated  the idea of 
coupled fixed point for non-linear  contractions  in 
partially  ordered  metric  spaces.  Furthermore, after 
Bhaskar  and  Lakshmikantham (Bhaskar and 
Lakshmikantham, 2006) coupled fixed point 
theorems become a dominant research topic (see Akcay 
and Alaca, 2012), (Kumar and  Vashistha, (2013). 
Recently,  a fixed point  of order N  ≥ 3 was established 
by samet and vetro.   
 

In this  article  we have proved  a  common 
tripled  fixed point theorem in dq-metric  space, 
which extend and generalize similar type of 
comparable  fixed point results in the literature. 
 

2.               PRELIMINARIES 
Definition 2.1.  (Zeyada,  et  al., 2005) Suppose 

X be a non-empty set and d1: A × A → R+ be a 

function satisfying the conditions 
 

1) d1(a, b) = d1(b, a) = 0 implies a= b; 
2) d1(a, b) ≤ d1(a, c) + d1(c, b) for all a, b, c ∈ A . 
Then d 1  is called dq-metric  and  the  pair  (A, d1) is 
called dq-metric  space. 
 

Every metric and dislocated metric spaces are 
dislocated quasi-metric spaces but the converse is not 
true as clear from the following example. 
Example 2.1.  Let A = R define the distance 
function d1 : A × A → R+ by d1(a, b) = |a|    for all 
a, b ∈ A. 
 

The following definitions can be seen in (Zeyada,      
et  al.,  2005). 
Definition 2.2.  A sequence {ln } is called dislocated 
quasi-convergent (dq-convergent) 
in A if for n ∈ N we have  

lim d1(ln , l) = lim d1(l, ln ) = 0. 
In this case l is called dislocated quasi-limit  (dq-
limit) of the sequence {ln }. 
Definition 2.3.  A sequence {ln } in dq-metric space 
is called Cauchy sequence if for 
Є > 0 there exists a positive integer n0  such that for 
m, n ≥ n0, we have d1(lm , ln ) <Є.   
 

Definition 2.4. A dq-metric space (A, d1) is said 
to be complete if every Cauchy sequence in A 
converges to a point in A . 
 
The following famous results can be found in 
(Zeyada,  et  al.,  2005). 
Lemma 1.  Limit of convergent sequence in        
dq-metric space is single one. 
Theorem 2.1.  Suppose (A, d1) be a complete     
dq-metric space and J: A  → A  be a contraction. 
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Then J has a single fixed point. 
 

Definition 2.5. (Bhaskar and Lakshmikantham, 
2006). An element (a, b) ∈ A 2  is called coupled 
fixed point  of the mapping  J : A × A → A if  J (a, b) 
= a and J (b, a) = b for a, b ∈ A .  
Example 2.2.  Suppose A = R and J : A × A → A 
defined by 

J (a, b) = ab/2. 
Here (0, 0) is the coupled fixed point of J. 
Definition 2.6.  ( Ayadi and Abbas, (2012)  A point  
(a b, c) ∈ A 3  is called a tripled  fixed point  of the 
mapping   

J : A 3  → A  
if 
 

J (a, b, c) = a,  J (b, c, a) = b, J (c, a, b) = c ∀ a, b, c ∈ 
A. 
Example 2.3.  Let A = R and J : A 3  → A defined 
by 

J (a, b,c) = abc/6. 
Here (0, 0, 0) is a tripled fixed point of J . 
Definition 2.7.  ( Ayadi and Abbas, (2012) A point 
(a, b, c) ∈ A 3   i s  called a tripled  coincidence point 
of the mappings J : A 3  → A and K : A → A if 
J(a, b, c) = Ka,  J(b, c, a) = Jb, J(c, a, b) = Jc ∀ a, b, c 
∈ A, where (Ka, Kb, Kc) is called tripled  point of 
coincidence of the mappings J and K . 
Definition 2.8.  ( Ayadi and Abbas, (2012) A point 
(a, b, c) ∈ A 3  is called common tripled  coincidence 
point of the mappings J: A 3 → A and K: A → A if 
 

J(a, b, c) = Ka = a,  J(b, c, a) = Kb = b and   J (c, a, 
b) = Kc = c ∀ a, b, c ∈ A. 
Definition 2.9.  ( Ayadi and Abbas, (2012) Mappings  
J : A 3   → A  and  K : A  → A  are  said  to  be 
W -compatible if 
KJ (a, b, c) = J(K a, Kb, Kc). 
Whenever J(a, b, c) = K a,  J(b, c, a) = Kb and J(c, a, 
b) = Kc ∀ a, b, c ∈ A . 
Definition 2.10.  Mappings J : A 3  → A and K : A 
→ A are said to be commutative mappings if 
KJ(a, b, c) = J(Ka, Kb, Kc). 
 

3.                 MAIN RESULTS 
Theorem 3.1.  Suppose (A, D) be a dq-metric 

s p a c e .  G  : A 3  → A  and h :A → A be continuous 
and commutative mappings satisfying 
(1) G (A 3) ⊆ h(A ); 
(2) h(A ) is complete subspace of A ; 
(3) D(G (a, b, c), G (j, k, l)) ≤ α · D(ha, hj) + β · d(hb, 
hk) + γ · D(hc, hl) for all  a, b, c, j, k, l ∈ A and α, β 
and γ are non-negative constants  with α+β +γ < 1. 

Then G a n d  h have tripled coincidence point . 
Moreover,  if G  and  h are  W - compatible, then G  
and h have a unique tripled common fixed point 
which is in the form (j, j, j) for some j in A . 
 
Proof.  Using (1) we construct t h r e e  sequences 
{han }, {hbn } and {hcn } by the following rule 
han+1 = G (an , bn , cn ),  hbn+1 = G (bn , cn , an ) 
and hcn+1 = G (cn , an , bn ). 
Using (3) and the above construction w e  have 
D(han , han+1 ) = D(G (an−1, bn−1 , cn−1), G (an , 
bn , cn )) 
D(han , han+1 ) ≤ α · D(han−1 , han ) + β · D(hbn−1, 
hbn ) + γ · d(hcn−1 , hcn ).     (1)  
Similarly, we can show that 
D(hbn , hbn+1 ) ≤ α · D(hbn−1 , hbn ) + β · D(hcn−1, 
hcn ) + γ · D(han−1, han )      (2) 
D(hcn , hcn+1 ) ≤ α · D(hcn−1, hcn ) + β · D(han−1, 
han ) + γ · D(hbn−1, hbn ).  (3)  
Adding Eq.(1), Eq.(2) and Eq.(3) we have 
[D(han , han+1 ) + D(hbn , hbn+1 ) + D(hcn , hcn+1 
)] ≤(α + β + γ) · [D(han−1, han ) + D(hbn−1, hbn ) 
+ D(hcn−1, hcn )]. 
Since α + β + γ < 1, so assume α + β + γ = r < 1, 
thus  the above inequality  take the form 
 

Also, we have 
[D(han , han+1 ) + D(hbn , hbn+1 ) + D(hcn , hcn+1 
)]  
≤r· [D(han−1, han)+D(hbn−1, hbn)+D(hcn−1, hcn 
)]. 
[D(han , han+1 ) + D(hbn , hbn+1 ) + D(hcn , hcn+1 
)] ≤ r2  · [D(han−2 , han−1 ) + D(hbn−2  , hbn−1) + 
D(hcn−2, hcn−1)]. 
Continuing the same procedure we have 
[D(han , han+1 )+D(hbn , hbn+1 )+D(hcn , hcn+1 )] 

≤ rn ·[D(ha0 , ha1 )+D(hb0, hb1)+D(hc0 , hc1)]. 
Taking limit n → ∞, we have 
 

lim [D(han , han+1 ) + D(hbn , hbn+1 ) + D(hcn , 
hcn+1 )] = 0. 
Implies that 
 
lim D(han , han+1 ) = 0,  lim D(hbn , hbn+1 ) = 0 
and   lim D(hcn , hcn+1 )] = 0. 
Thus {han }, {hbn } and {hcn } are Cauchy sequences 
in complete subspace (h(A ), D), so there must exists 
a, b, c ∈ A such that 
han → a,  hbn  → b and hcn → c  as n → ∞. 
Using the continuity and  commutatively of G  and 
h, we have 
han+1 = G (an , bn , cn )  ⇒ hhan+1= hG (an , bn , 
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cn ) = G (han , hbn , hcn ). 
Taking limit n → ∞, we get 

ha= G (a, b, c). 
Using similar procedure we have 

hb = G (b, c, a) and hc = G (c, a, b). 
Hence (a, b, c)  ∈  A 3   is a  common  tripled  
coincidence point  of G  and  h,  while 
(ha, hb, hc) is called tripled  point of coincidence. 
Next to show that tripled p o i n t  of coincidence is 
single for this assume that 
(ha, hb, hc) and (ha1, hb1, hc1) are two distinct  
tripled  point of coincidence. i.e 
   ha = G (a, b, c) 
   hb = G (b, c, a) 
   hc = G (c, a, b) 
 

and    

     ha1  = G (a1 , b1, c1) 
     hb1 = G (b1, c1, a1) 
     hc1 = G (c1, a1, b1). 
Now using (3), we have 
D(ha, ha1) = D(G (a, b, c), G (a1, b1 , c1)) 
D(ha, ha1) ≤ α · D(ha, ha1 ) + β · D(hb, hb1 ) + γ · 
D(hc, hc1).    (4)   
Similarly, we can show that 
D(hb, hb1) ≤ α · D(hb, hb1 ) + β · D(hc, hc1) + γ · 
D(ha, ha1)                 (5) 
D(hc, hc1) ≤ α · D(hc, hc1) + β · D(ha, ha1) + γ · 
D(hb, hb1).   (6)  
Adding Eq.(4), Eq.(5) and Eq.(6) we have 
[D(ha, ha1)+D(hb, hb1)+D(hc, hc1)] ≤ 
 (α+β +γ)·[D(ha, ha1)+D(hb, hb1 )+D(hc, hc1)]. 
 

The above inequality is possible only if 
 

[D(ha, ha1) + D(hb, hb1) + D(hc, hc1)] = 0 
 

which implies that 
 

D(ha, ha1) = D(hb, hc1) = D(hc, hc1) = 0. 
 

Similarly, we can show that 
D(ha1, ha) = D(hb1, hb) = D(hc1, hc) = 0. 
 

Implies that 
 

D(ha1, ha) = D(ha, ha1 ),  D(hb1, hb) = D(hb, hb1) 
and D(hc1, hc) = D(hc, hc1). 
 

Hence 
ha = ha1,  hb = hb1   and   hc = hc1.  (7) 
 

Thus tripled point of coincidence is single.  i.e 
 
(ha, hb, hc) = (ha1 , hb1, hc1 ). 
Next we have to show that h a  = hb = hc for this 
consider 

D(ha, hb1) = D(G (a, b, c), G (b1, c1, a1 )) 
D(ha, hb1) ≤ α · D(ha, hb1) + β · d(hb, hc1) + γ · 
D(hc, ha1 ).   (8)  
Similarly, we can show that 
 D(hb, hc1) ≤ α ·D(hb, hc1) + β  D(hc, ha1)+γ· D(ha, 
hb1)                 (9) 
D(hc, ha1) ≤ α · D(hc, ha1) + β · D(ha, hb1) + γ · 
D(hb, hc1).  (10) 
Adding Eq.(8), Eq.(9) and Eq.(10) we have 
[D(ha, hb1 )+D(hb, hc1)+D(hc, ha1 )] ≤ (α+β 
+γ)·[D(ha, hb1)+D(hb, hc1)+D(hc, ha1)]. 
Since α + β + γ < 1, so the above inequality is 
possible only if 
 

[D(ha, hb1) + D(hb, hc1) + D(hc, ha1)] = 0. 
Implies that 
D(ha, hb1 ) = D(hb, hc1) = D(hc, ha1) = 0. 
Similarly, we can show that 
D(hb1, ha) = D(hc1, hb) = D(ha1, hc) = 0. 
Hence 
ha = hb1 ,  hb = hc1    and   hc = ha1.  (11) 
From Eq.(7) and Eq.(11) we have 
ha= hb = hc.            (12) 
Let u = gx then by Eq.(12) we get 
 

p = ha = G (a, b, c) = hb = G (b, c, a)=hc = G (c, a, 
b).                 (13) 
Also, since G and h are W -compatible so 
G (ha, hb, hc) = hG (a, b, c). 
 
Using Eq.(13) we have 
 
G (p, p, p) = hp. 
Thus  (p, p, p) become a tripled  coincidence point of 
G  and h, while (hp, hp, hp) is tripled  point of 
coincidence. Since point of coincidence is unique so 
 (ha, ha, ha) = (hp, hp, hp) = ha= hp= p= G (p, p,p). 
 
Therefore (p, p, p) is a single common tripled fixed 
point of G  and h.                     
 
One can deduced several corollaries from the above 
theorem.  

Now we present an example to illustrate o u r  main 
result. 
 

Example 3.1.  Suppose A = R, with dq-metric is 
given by 
 
D(a, b) = |a|  for all  a, b ∈ A. 
 

Define G : A 3  → A and h : A → A by 
 

G (a, b, c) = a + b + c /12 and ha = a/2 
Clearly G  and h are continuous  mappings  and         
G (A 3) ⊆ h(A ), also we see that  G and h are 
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commutative  mappings.  Moreover 
D(G (a, b, c), G (j, k, l)) = |a+b+c/12| = 

1/6|a+b+c/2| ≤ 1/6(|a/2|+|b/2|+|c/2|) = 
1/6|a/2|+1/6|b/2|+1/6|c/2| 

= α · D(ha, hj) + β · D(hb, hk) + γ · D(hc, hl). 
So (3) is satisfied for α = β = γ = 1/6. 
 
Consequently (a, b, c) is a tripled coincidence point 
of G  and h iff a = b = c = 0, which implies that     
G  and h are W -compatible. So by applying our main 
theorem we get the existence and the uniqueness of 
tripled common fixed point of G and h which is     
(0, 0, 0). 
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