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1. INTRODUCTION

Differential equations of fractional order provide an
excellent tools for the description of many engineering,
physical and biological phenomenons. The researchers
of various scientific and engineering disciplines such as,
mechanics, chemistry, viscoelasticity, control theory,
signal and image processing phenomenon, economics,
optimiza-tion theory etc are taking interest to study
them for detail see articles of Kilbas et.al (1993), Miller
et.al (1993), Podlubny (1999), Hilfer (2000), Kilbas and
Srivastava et.al (2006) and the references there in. Due
to these importance and applications of fractional order
differential equations, engineers are taking interest in
the studies of frictional differential equations because its
models are more realistic and practical. In this paper, we
study Bagley Torvik equation which was originally
formulated in the studies on behavior of real material by
the use of fractional calculus Torvik and Bagley (1983).
The applications of Bagley Torvik system. Bagley and
Torvik (1983) has been found in many engineering and
applied science problems. Specially the equations of
half and one-third order derivative have significant
importance for engineers. Because it describes motion of
real physical systems, the modeling of the motions of
the rigid plate immersed in a Newtonian fluid and a gas
in a fluid respectively kantham et. al (2009).This
equations has been studied by many authors. In this
regard an ap-proximate analytical solution of the said
equation was derived by means of Adomain
decomposition method by Ray and Bera (2005),
variational iteration method A. Ghorbani and Alavi
(2008), Taylor collocation method. Cenesiz et.al (2010)
and Evolutionary computational intelligence method by
Nemati et.al (2013). Diethem (2002) transformed the
equations into first order coupled fractional differential
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equation and solved the problem with Adams Bashforth
predictor corrector methods. Podlubny (2009) solved
the  Bagley-Torvik  equations by  successive
approximation method numerically. The same
Fractional differential equations was also solved by
matrix approach to discretization of fractional derivative
by Podlubny et. al (2009). But to the best of our
knowledge the polynomial spectral methods have not
applied to find the numerical solutions of the said
problem. In this paper we solve the Bagley-Torvik
fractional differential equations by means of shifted
Legendre polynomials methods whose generic form is
given by

d?y d*y

—+B—+C[Y]"=f(®),0<a <] (@11
o2 TE [Y] ©,0<a ()
" voy=a., L vm)=b, .m=010<t<T
dt™ " dt” " T

Where f(t) is source term of the systems, n is non-linear
operator of the equations, Y (t) is the solutions of
equation, A,B,C are constants coefficients, T is the
constants representing the span of input within the
closed interval [0,T], and ak,bk are the constants of the
systems. The general response equations(1) containing
the parameters whose various response for varying the
values of the parameter. When n = 1,A = M, masg of the
rigid plate, C = «, the stiffness of the spring,B = 2S up,
where S is area of plate immersed in Newtonian fluid,p
is viscosity, and p is the fluid density, then (1)
represents the motion of a large thin plate in a
Newtonian fluid. Similarly damped fractional oscillator
with the damping term has a fractional derivative of a =
1.5, and it can be represented by Bagley-Torvik
fractional differential equations has gained much

*Corresponding Authors: Email-addresses: kamalshah408@gmail.com , rahmat alipk@yahoo.com



K. SHAH, et al.,

attentions from researchers. Motivated by the above
mentioned work, we develop a numerical scheme based
on spectral method derived by means of shifted
Legendre polynomials.

2. MATERIALS AND METHODS

In this section we provide some fundamentals
definitions and known results of fractional calculus and
Functional analysis which are found in Kilbas et.al
(1993), Pudlubny (1999) and Saadatmandi  and
Deghani (2010).
Definition 2.1. The fractional integral of order®
€R. of a function Y € L([a, b], R) is defined as:

@y (t) = % f (t — $)* 1Y (s)ds.

Definition 2.2. The Caputo fractional order derivative
of a function Y on the interval[a b] is defined by

1
D u(t) = ﬁtsyammgms
r'n-
wheren=[%]+1and [0‘] represents the integer part
of &
Lemma 2.1 The fractional differential equation of order
a>0

DAY () =0,n—1<a<n,

has a unique solution of the form Y (t) = co + ¢t + ¢t
+..+c,_1t" !, where ¢, €Randk=0,1,2,3,....,n — 1.

Lemma 2.2The following result holds for fractional
differential equations

(D% () =Y () +co+ it + oot + ... tn1,

+Cn—1

for arbitrary ¢, € R, k=0,1,2,...,n—1. Hence it follows

that
Dotk = LKHED e pereyoo,
Ik —a+1)
and |“t* =Mtk+“.
I'k+a+1)

2.3 The Legendre polynomials. In this subsection we
call the well know Legendre polynomials defined on
[-1,1], which is given by the following relation (2.1)

Py = ZLHXP(?C) Pio1), i=123.,

Where Po(x) = 1 P (x) = x.
By the use of transformation ¢t =% the interval
[-1,1] is shifted to [0,1] and shifted Legender

polynomails defined on [0,1] given by

J 4K
_ (CTErG+k+1) o -
(22) P = E i =123
Where P(0)=(-1Y,P(1)=1.
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The orthogonality condition is
ifm=n,

1
2.3) [ P, (DP, (O d ={m'
(2.3) [, B (OB, () dt o fmen

which implies that any function f(t) € €[0,1] can be
approximated by shifted Legendre polynomails as

) [ =), GRO,
D [} F(OP (.

written as

(2.5)  f(t) = Kip pu(2),

Where M = m + 1,K,, € RM*1 is the coefficient vector
and 1y, is M terms function vector.

Lemma 2.5 Convergence analysis for error; (i) Let
f() € cM*10,T], then Kjyy,(t) is the best
approximation of f(t) on [0,T], then the error
approximation is given by

IF@®) ~KIW(OI? < iy maxeepo. [f M0 (@)
(i) Let f(t) € Y, where Y is spanning set of first M + 1
Legendre polynomials and

M
c

=) GRI®, then lal~ Gyl and

If (&) =%t CPT(t)II2 Zu &C%,

where g =i(i+1)and C; = 2]+1f y()P (t)dt,

where C is constant.

Proof: Its proof is given in Nemati., Ordokhani (2013).

where G =(2j +

In vector notation (2.4) can be

3. OPERATIONAL MATRICES OF INTEGRATION
AND DIFFERENTIATIONS

In this section we provide some operational
matrices for fractional order integration and fractional
order differentiation as in [14,20,29]. We give the
following lemma for further process.
Lemma 3.1. Let ¥y (t) be the function vector as
defined in (2.5) then the integrations of order a of ¢ is
defined by I*Yy(t) = Grxy¥u(t), where Gy IS
the operational matrix of integrations of order o and
given by

Mo
o)
’.rMo
S

G yxm = , (3.1)

m m
ZQmVO,k ZQm,m,k
| k=0 k=0
where (J;;, =

(2j +

(=) R (4 + 1) (14 +1)

1)21 =0r@-

Proof: For the proof of this lemma see Khalil and Khan
(2014).

—k+1D)I (k+DI (k+oc+)I (G =1+ T2 (1+1) (k+1+c+1)
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Lemma 3.2. Let Yy (t) be the function vector as
defined in (2.5) then the integrations of order a of
Yy (t) w.r.ttis defined by
DYy (t) = Py (t), Hijxm, Where
H% y«y is the operational matrix of differentiation of
order @ and given by

- L -

Zq)l,m,k

1
pII
k=0
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where
; T
=2/ + DA, [; (OB (Ddt, (3.7)
(D i++1)
A= Zl =0 P (i—1+Dr A+ (D) | (3.8)

Proof: Consider the general term of ¥, (t),
1 (T _
I*P(t) = mfo (T — s)*"1P,(s)ds, (3.9)

using the definition of shifted Legendre polynomials,

r we get (3.10)
. ) . ; (—0)HFr G4+ (T _
H s = : . : ,(3.3) I“P(t) = Zﬁ:omfo (T — 5)*1stds.
m m To evaluate the integral, we use the well known
z @ mik z @ m,m.k Laplace transform, that is
| k=0 k=0 T ) _ r(rd+1)
where (3.4) (3.11) L(fo (T —s)*"'s'ds) = N
Using the inverse laplace transform we get
_ gyl r(oc)r(z+1)T°<+1
o ijk (3.12) f T =) ds I (oc+1)
2j + In view of (3.11) and (3.12) we can write (3.10) as
1 Z (1) (ke +1)T (4] +1) (3.13)
k=[ec] r(i—k+1)r (k+1)I (k—c+D)T (G —1+D)I2(1+1) (k+l— ocTo]:p t) = Y (=) G++1) _ A
j=012,..,m where ®. . =0,ifj <a. Ol Dr A+ D () v

i,j.k
Proof: The proof of this lemma similar as above lemma.
Lemma 3.3. Let ¢(t)be any function defined in [0,T],
and Y(t) = Kj; 1, (t) then

POIY® = Ky Qi ¥u (), (35)
where Q@) is the operational matrix and is defined as

o (O]
Q(a.w) =

)

0,0 0,m

, (3.6)
D

o,m mm

4 RESULTS AND DISCUSSION

Using (3.13), we can write (3.10) as
(3.14) @(OI*Pi(t) = A;(0).
Which can be further be written in term shifted
Legendre polynomails as
(3.15) Ai(p(t) = Lj= 0(»01} ](t)
where ¢; ; can be calculated using relation
. T
(3.16) ¢i; = (2j + 1) [} Ap(D)P (D).
Now evaluating the above relation for i=

0,1,2,3..mand =0,1,2,3...... m, we can get the
desired result.

In this section we construct the new numerical procedure by mean of shifted Legendre polnomails and

operational matrices developed in Section (3).

4.1. Bagley-Torvik equation. Consider the following Bagley-Torvik equations involving the fractional order

differentiation
Casel
(4.1) AD?Y(t) + BDY(t) + CY(t) = f(b),

1<x<2, 0<t<T

Subject to the boundary conditions Y(0) = aq Y(T) = by .
Where f(t) isa source term A, B, C are constant coefficients and Y (t) is known soluation which we want to
determined. T is the constant representing the spin of inputs which the closed interval [0,T], ay b, are

constants.

To obtained the numerical procedure by mean of shifted Legendre polynomials we assume that

(4.2) D2Y(t) = Ky ¥u (0.

Where K, is known unknown coefficient matrix which we need for approximation to calculate it. Appling

fractional integral of order 2 and Lemma (2.2), we have
(43) Y(t) = KAT/; Gﬁz/[xM wM(t) + Cot + Cq.
By mean of boundary condition we have
bo— 1
St == K Gl () le=r-
Using the approximations
ap + —t(bOT_aO) = Fiy Yu (0,

Hence Y(t) =

Cy = aoj Cy =

t

‘Gzale/JM(t) le=r =
¢(b

KinGiisuhu (@) + ag + ——= tbo—20) aO)

MlepM (t)
KM Girxmr¥u ) le=r
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(4.8) Y(©) = K Glarbm (8 + Fily i (8) = KTy Quirtoua (O =K5y (G — Quisen ) (O + Fli oy ().
Now
(4.5) DY (t) = D*[Kjy Gl = Quitor ) (&) + Fif oy ()],
= K (Gxm — Quioa) Hisswrtom (©) + Fly Hiser o (8),
and
(4.6) f(t) = Fy ¥y (t).
Putting the equation (4.2), (4.3), (4.5) and (4 6)in equation (4.1), we have
(4.7) AKG () + BKM(GMxM Qurt s HEs b (8) + BFY G eprtbn ()
+CKy (Gigxm — MxM)lpm(t) + CFl Yy () = Fyy Yy ()
AKl + Kl (GEwy — Q*%)(BHS i + CI) + BFLH oy + CFly — Fy = 0.
Which is an algebriac type matrix equation which can easily be solved by Gaussian elimination method, using
Matlab or Mathematica? Solving (4.7) for K}, and putting in (4.3) we get the required approximations for Y (t).
Case Il. If we consider (4.1) with the following boundary conditions
Y =a, Y =h
Then by preceding at the same fashion in case | we get the required approximation equation as
(4.8) AKL + Kl (G — QV?)(BHS«yy + CI) + BFLHS oy + CFl — Fiy = 0.
Where Ffgy (t) = ag + thy, Quly = tGysu-
Case lll. If we consider (4.1) with following boundary conditions
Y(O) = Qy, YI(O) = aq
Then by preceding at the same fashion in Case | we get the required approximation equation as
(4.9) AKl + K Gy (BHS  + CI) + BFLHS oy + CFl — Fiy = 0.
Where Floy(t) = ay + ta,.
Similarly the other cases can be easily discuss in same way.
On ward in this section, we provide some examples for different fractional order system represent by Bagley-
Torvik equation. We also compare our results to that of other method.
Example 4.1. Consider

d? Y(t) d= Y(t)

(410) A——+B—2+CY(t) = \/§+ t?, 1<x<2, 0<t<1,

Subject to the boundary condltlons y(0)=0, y(1) =1.
Solution: we solve the Balgey-Tagley equation under the following values for the involved parameters
S={A=1, B=1, C =1, x= 1.5}, and select source term for S as

f(t)=2+\/§+t2.

e —

T
S

b
{
“,\
-
fa iy

Comn ey

Fig.1. Comparison of exact and approximate solution of example 4.1, under thegiven parameters.

The exact solution of the above problem is y(t) = t2, We solve this problem with the proposed method under the
given value of parameters in S. The observation and simulation demonstrates that the solution obtained with the
proposed method is highly accurate. The comparison of exact solution with approximate solution obtained using the
given parameters is displayed in subplot (a) of (Fig. 1), while in subplot (b), we plot absolute deference
[Yapproximate —Yexact| between the exact and approximate solution for scale level M = 6. We observe that our

approximation has the best agreement to that of exact value.

Remark I: This problem was solved Raja et.al (2014) by evolutionary intelligence method for which
the error was recorded , which was between 1072 and 1073 for scale level M = 10, while in our method for

M = 6 error lies between 10717 which is very small and gives information about the efficiency of our
method.

Example 4.2. Consider
(4.11) Ad Y(‘) + Bd YO Loy = f(), 0<t<l,

Subject to the boundary condltlon y(0) =0, y(1) =1.
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38877t  149369t%  26488t3  377¢*  13t°

Where the source term  f(t) = ———————+—F—— 7t o
4.12) n 45735911968175829 VE(8000t3-16240t24+106240¢-2373) 339
' 3349552222858064000 125°

And assume that the exact solution be
_ .5 29t*  76¢3  339c%  27¢
(4.13) Y@ =t 10 + 25 250 125°
Solving (4.10) by the proposed methods together with assuming the parameters value as

A=1B=2,C=2 ,x=15
The result are plotted in (Fig.2) where the subplot (a) shows the plot of approximate and exact values of Y (t) at

scale level M = 6, while in subplot(b) of Figure(2), their absolute error has been plotted which is 1.2 X 10_16 for
scale level M = 6. This problem was solved by Har-waveletM.Rehman et.al (2011),where for scale level M = 8 the

error was 2.5 X 10_7, but by solving at our proposed scheme for scale level M = 8, we get error 1.5 X 10_17. The
very small error of our scheme for the aforesaid problem shows the efficiency of our proposed method.

P T

Er

o p, R
# - = -

igniat
§
ALLEY]

< == = =3 o= £l

Fig.2. Comparison of exact and approximate solution of example 4.2, under thegivenparameters.

2 1.5
Example43. A=+ B D4 cy()=f(1), 0<t<1, (414)

Subject to the boundary condition y(0) = 1, y/(1) = 0.

4 2 2
. t*+24t“+1 8t t
where the source term is f(t) = TJrT\/:'
Vs

Let the exact solutionbe t* + 1, and A= 1,B =% ,C = % ,x=1.5

then solving (4.14) by our proposed method under the given values of parameters and under the given boundary
conditions, we plot the approximate and exact value in (Fig.3) subplot (a) and their absolute error for scale level M
= 6 in subplot (b). From the subplot (b) of (3), it is clear that the absolute error [Y zp =Y exact| lies bellow 10 at
scale level M=6, however this error may be further decreased by enlarging the scale level. Thus our proposed
method has the best agreement to that with exact value.

[ ee=cior= =rror ]

Y
NAae
Sl

- - - - F—— -

== T
Fig.3. Comparison of exact and approximate solution of example 4.3, under thegiven parameters.
2 15
Example 4.4.. ALY LI YO ey =f(t), 0<t<1, (4.15)

dt? datl5

Subject to the boundary condition y(0) = 1, y/(1) = 2.
where the source term is f(t) = 5t + t1°Ey o5(2t)

Let the exact solution be Y(t) = e?t, and assuming that the involve parameters having the values
A=1B=3,=3, =15

then solving (4.15) by our proposed method under the given values of parameters and under the given boundary
conditions. Where, we plot the approximate and exact value in Fig, 4 subplot (a) and in subplot (b) for scale level
M=6 respectively. From the subplot (b) of (Fig.4), it is clear that absolute error |Y a5, =Y e lies bellow 10™ at
scale level M=6, however this error may be further decreased by enlarging the scale level. Thus our proposed
method has the best agreement to that of exact value. In next (Table-1), we give comparison of all examples at
various scale levels .

Fig. 4. Comparison of exact and approximate solution of example 4.4, under thegiven parameters.
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Table 1. Maximum absolute error at various values of M for all
four given example

M Example5.1 Example Example Example
5.4 53 5.4

4 1x107 1x10™ 1x10™° 1x10™

5 1x10™ 1x10™ 1x10™ 1x10™

6 1x10" 1x10™ 1x10" 1x10™

7 1x10" 1x10™ 1x10"Y 1x10™

8 1x10™ 1x 10" 1x107® 1x10™

From the table it is clear that as scale level
increases the absolute error rapidly decreases, which
indicates the validity of our proposed methods.

5. CONCLUSION AND FUTURE SCOPE

Above analysis and discussion take us to the
conclusion that the proposed method is very efficient for
the solution of initial/boundary value problems for
fractional differential equations for the systems of
Bagley -Torvik equations and other such like fractional
differential equations. One can easily extended the
method for the solution of other such type of problems
with other kinds of boundary and initial conditions.
Accuracy of this method is more than other numerical
methods such as Legendre wavelet method, Adomain
decomposition method, Homotopy perturbation and
Variational iterations method etc. The new operational
matrices obtained in this method can easily be extended
to two dimensional and higher dimensional case which
will help in the solution of fractional order partial
differential equation. Our future work is related to
extend the method to solve fractional order partial
differential equation of higher dimension.
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