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1.                        INTRODUCTION 

  There are several means that interpolate the 

geometric and arithmetic means for two nonnegative real 

numbers, see [1, Chapter 4].(where is the chpt 4) Two 

well-known means for two scalars are the so-called 

Heinz mean ),( baH  and the logarithmic mean 

),( baL , given by 

2
=),(

11 



baba
baH

 
 ( 1)00,>0,>  vba , 

dtba
ba

ba
baL tt 



 1
1

0
=

loglog
=),(  ( 0)>0,> ba . 

 

Note that )/2(=),(0 babaH   is the 

arithmetic mean and abbaH =),(1/2  is the 

geometric mean. 

It is well known that the Heinz and logarithmic 

means interpolate between the geometric mean and the 

arithmetic mean:  
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 Let nM  be the space of nn  complex 

matrices and   stands for any unitarily invariant 

norm on nM , i.e., AUAV =  for all nMA  

and for all unitary matrices nMVU , . 

There are two celebrated inequalities for 

matrices related to the inequalities (1.1) and (1.2). 

Suppose that nMXBA ,, , and BA,  are positive 

semidefinite. In 1993, Bhatia and Davis proved Bhatia, 

Davis. (1993) that if 10  , then  
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 In 1999, Hiai and Kosaki obtained the following 

inequality:  
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 where 
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1
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The Heinz-logarithmic inequality (1.5) gives 

the relationship between the Heinz and logarithmic 

means for matrices, which extends the above results 

given by Bhatia-Davis and Hiai-Kosaki. 

In this paper, We utilize the convexity of the 

function to obtain unitarily invariant norms inequality 

that leads to a refinement of the Heinz-logarithmic 

inequality (1.5). 

2                     MAIN RESULTS 

To prove our main result, the following two 

Lemmas on convex function are needed: 

Lemma 2.1. (Drissi. 2006) Let 

nMXBA ,,  such that A  and B  are positive 

semidefinite, then the function  

   XBAXBAv   11

2

1
=  (2.1) 

 is convex on  0,1 . 
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Lemma 2.2 [6, 7]. If )(xf  is convex on  ba, , then for    baxxx ,, 21   
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In what follows, we shall utilize the convexity of  v  in (1) to prove our result (Theorem 2.1) that is a 

refinement of the Heinz-logarithmic inequality (1.5). 

Theorem 2.1. Let nMXBA ,,  such that A  and B are positive semidefinite. If 
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where  vvv 1,min=0 . Note that when 
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By (4) and (6), for 
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 with  vvv ,1min=0 . 

Note that  
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which is the first inequality in (2.3). This proves the first part of (2.3). 

On the other hand, by (2.8) and (1.5) we have  
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which is the second inequality in (3). The proof is completed. 

 

3  Numerical Examples 

 
In this section, we give two numerical examples to show that our result is better than the inequality (1.5). 

 

Example 3.1. Let 
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Then, by (1.55), we have 
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