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1.                      INTRODUCTION  
An AG-groupoid is an algebraic structure that 

satisfies the left invertive law; acbcab  (Kazim        

et al., 1977). This structure is a generalization of 

commutative semi-groups. Every AG-groupoid satisfies 

the medial law; .bdaccdab   An AG-groupoid S with 

the left identity element e  is called an AG-monoid and 

every AG-monoid is paramedical .cadbcdab   
Recently, many researchers have done a significant work 

in this field and a considerable work has been done on 

various aspects. Many classes have been discovered and 

enumerated up to order 6 (Gap: 2012, Distler et al., 

2011, Shah et al., 2012, Shah et al., 2013).  The field is 

very important and AG-groupoids have applications in 

the theory of flocks (Kazim 1977) and geometry       

(Shah, 2012). 

 

A groupoid G  satisfying the identity 

Gcbaabbcac  ,,
 

is called right transitive 

groupoid (Polnijo 1993), and G is called left transitive 

groupoid if it satisfies the identity 

Gcbabcacab  ,, (Denes et al., 1974). In Section 

2 we prove that non-associative right transitive AG-

groupoids do not exist. In Section 3 we prove the 

coincidence of the left transitive AG-groupoids with the 

class of 2T -AG-groupoids. We also prove that every left 

transitive AG-groupoid is transitively commutative AG-

groupoid. We also investigated that on what conditions 

some left transitive AG-groupoids become commutative 

semigroups. 

 

2.            MATERIALS AND METHODS 
      The following table contains various AG-groupoids 

with their defining identities that will be used in the rest 

of this article.  

 

AG-groupoid Defining Identities 

Left nuclear square  cbabca  22
 

Middle nuclear square  cbacab 22   

Right nuclear square  22 bcacab   

1T  dcbacdab   

2T  bdaccdab   

3
lT  cabaacab   

3
rT  acabcaba   

3T  Both 
3

lT &
3

rT  

AG**-groupoid acbbca   

Transitively commutative 
caaccbbccdab  &

 

AG-monoid  AG-groupoid with identity 

Quasi-cancellative 

yxyxyxyx  22 &

yxxyyyxx  22 &

 

Flexible baaaab   

Right alternative abaaab   

AG*-groupoid acbcab   

Abstract. An AG-groupoid is an algebraic structure that satisfies the left invertive law: .acbcab   We prove that the class of left 

transitive AG-groupoids (AG-groupoids satisfying the identity, bcacab  ) coincides with the class of 
2T -AG-groupoids. We also 

developed a simple procedure to test whether an arbitrary groupoid is left transitive AG-groupoid or not. Further, we prove that (i) 

every left transitive AG-groupoid is transitively commutative AG-groupoid. (ii) For left transitive AG-groupoid the properties of 
flexibility, right alternatively, AG*-groupoid right nuclear square, middle nuclear square and commutative semigroup are equivalent. 
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3.            RESULTS AND DISCUSSION 
 We discuss both the right and left transitive          

AG-groupoid via in turn as in the following. To reduce 

the chances of mistakes we give various examples of 

these structures by computer using GAP software. 

 

A.  RIGHT TRANSITIVE AG-GROUPOIDS 

We begin this subsection with the following 

definition of right transitive AG-groupoids and prove 

that non-associative right transitive AG-groupoid does 

not exist. 

Definition-1: An AG-groupoid S  is called right 

transitive AG-groupoid if, 

Scbaaccbab  ,,
 

 

Example-1:  Associative right transitive AG-groupoid of 

order 4.  

 1 2 3 4 

1 1 2 3 4 

2 2 1 4 3 

3 3 4 1 2 

4 4 3 2 1 

 

Theorem-1:  Every right transitive AG-groupoid is 

commutative semigroup. 

Proof: Let S be a right transitive AG-groupoid, and let 

,, Sba   then 

.

)(

)(

baab

baabbbabbbbb

bbbbabbbabab







 

Thus S  is commutative AG-groupoid and hence is 

associative. 

 

Due to their associative nature, we avoid discussing right 

transitive AG-groupoids in detail. 

 

3.2  LEFT TRANSITIVE AG-GROUPOIDS 

Definition-2:  An AG-groupoid S  is called left transitive 

AG-groupoid if 

Scbabcacab  ,,
              

(3.1) 

 

Peter, V. and Stevanovic N. (Peter, V.  et al., 1995), 

provides a procedure to test any groupoid for AG-

groupoid, AG*-groupoid and AG**-groupoid. Here we 

introduce a test to check an arbitrary AG-

groupoid ),( S  for left transitive AG-groupoid. For this 

we have performed the following binary operation for 

some fixed Sx  and  Sba ,  

xbxaba                            (3.2)                  

(3.1) holds if, 

baba                                   (3.3)                      

To construct table of operation ""  for any 

fixed ,Sx we rewrite -row of the ""  table as an 

index row of the new table and multiplying it by the 

elements of that row that is -row of the ""  table from 

the left. If the tables for the operation ""  for each 

Sx coincides with the ""  table then (3.3) holds and 

hence the AG-groupoid is left transitive AG-groupoid. 

To illustrate the procedure, in the extended table for the 

following example, the tables on the right of the ""  

table is obtained for the operation, ""
. 

 

Example-2: Check the following AG-groupoids for left 

transitive AG-groupoid. 

 

 1 2 3   1 2 3 

1 1 2 3  1 1 1 1 

2 3 1 2  2 1 1 3 

3 2 3 1  3 1 2 1 

 (i)    (ii)  

(a). We extend Table (i) in the way as described above to 

get the following: 

 

 1 2 3 1 2 3 3 1 2 2 3 1 

1 1 2 3 1 2 3 1 2 3 1 2 3 

2 3 1 2 3 1 2 3 1 2 3 1 2 

3 2 3 1 2 3 1 2 3 1 2 3 1 

 

It is clear from the extended table that tables on the right 

coincide with the ""  table. Hence G  is left transitive 

AG-groupoid. 

 

(b) To check Table (ii) for the desired property, we 

extend the table as described below. 

 

 1 2 3 1 1 1 1 1 3 1 2 1 

1 1 1 1 1 1 1 1 1 1 1 1 1 

2 1 1 3 1 1 1 1 1 1 1 1 1 

3 1 2 1 1 1 1 1 1 1 1 1 1 

 

The tables on the right do not coincide with the ""     

table. Hence G  is not left transitive AG-groupoid. 
 

4. CHARACTERIZATION OF LEFT 

TRANSITIVE AG-GROUPOIDS 

In this section, we will discuss various relations 

of left transitive AG-groupoids with already known 

classes of AG-groupoids. We start with the following 

simple lemma which proves that the class of 2T -AG-

groupoids (left transitive AG-groupoid) is contained in 

the class of uni-potent AG-groupoids. This fact further 

assists to prove that every left transitive AG-groupoid is 

M. RASHAD et al.,                                                                                                                                                            548 



 

2T -AG-groupoid and vice versa. For detailed study of 
2T -AG-groupoids we suggest (Ahmad et al., 2013, Shah 

et al., 2013). 
 

Lemma-1: Every 2T -AG-groupoid is uni-potent AG-

groupoid. 

Proof: Let S  be a 2T -AG-groupoid and let b  be any 

element of S , then using the definition of 2T -AG-

groupoid, we have 

.,,, 22 baababScba   

 Hence S is uni-potent AG-groupoid.  
 

Corollary-1: Every unipotent AG-groupoid has a unique 

idempotent element. 

Using the above fact, we are ready to prove that the class 

of 2T -AG-groupoids is the same as our class of left 

transitive AG-groupoids. 
 

Theorem-2: An AG-groupoid S is left transitive AG-

groupoid if and only if it is 2T -AG-groupoid. 

Proof: Let S  be a left transitive AG-groupoid and 

.,,, Sdcba   Assume that cdab   since S  is left 

transitive we have  
).)(( bcaaabbcbaac   

Which implies that by left invertive law; 

).)(( abaabcac 
 
Repeatedly using the medial and left 

invertive laws and the assumption cdab  we get, 

).)(())((

))(())((

bdcacabdaacc

daabccdaacbcac





 
Thus the left transitivity in S and the medial law further 

implies that   

.bdacbdadabbdaaac   

Hence S  is 2T -AG-groupoid. 
 

Conversely, let S  be a 2T -AG-groupoid and 

let .,, Scba   Then by Lemma-1 there exist c  in S  

such that .,,22 Scbacca  Now by medial law 

,bcaaacab  this implies by Lemma-1 and Corollary-

1 that bccbcaabccacab  (by medial law).  

Again Corollary-1 implies that ,bccbcbb  which by 

left invertive law becomes .)( bcbbbc  This; further 

implies that the use of the 2T -AG-groupoid and the left 

invertive law alternatively; we have  

.

)(

bcbccbbbcbcbcb

bcbbccbbcbcbbc





 
Thus by Lemma-1 and Corollary-1 we get .bcbccc   

Hence S  is left transitive AG-groupoid. 
 

Therefore, the left transitive AG-groupoids and 

the previous 2T -AG-groupoids coincide. Since we know 

the facts that every 2T -AG-groupoid is 1T -AG-

groupoid, each 1T -AG-groupoid is 3T -AG-groupoid 

and 1T -AG-groupoid is paramedial and AG** -groupoid 

(Ahmad et al., 2013, Shah et al., 2013, Rashad et al., 

2013) thus we have the following corollary in terms of 

transitive AG-groupoids. 
 

Corollary-2: Every left transitive AG-groupoid is: 

(i) 1T -AG-groupoid 

(ii) AG**  -groupoid 

(iii) 3T -AG-groupoid 

(iv) Paramedial AG-groupoid 

(v) Left nuclear square AG-groupoid  

(vi) Unipotent AG-groupoid  

 

Theorem-3: Every left transitive AG-groupoid is 

transitively commutative AG-groupoid. 

Proof: Let S  be a left transitive AG-groupoid and let 

.,, Scba   Assume that .& cbbcbaab    Since S  is 

left transitive we have, .bcbaac   Thus, by use of left 

invertive law and assumption implies that, 

bacbbabcac )()(    and once again using the left 

invertive law and the assumption we get 

.)()( babcbcbabcabac    But since S  is left 

transitive we have .caac   Hence S  is left transitively 

commutative AG-groupoid.  

 

The converse of the previous theorem is not true (see 

example-3).  
 

Example-3: Transitively commutative AG-groupoid of 

order 4 which is not a left transitive AG-groupoid. 

 

 

 

 

 

 

 

 

The following examples show that neither left 

transitive AG-groupoid nor AG-monoid is quasi-

cancellative AG-groupoid. However, we can prove that 

the intersection of these two classes indeed become 

quasi-cancellative AG-groupoid. 
 

Example-4: (i) Left transitive AG-groupoids of order 4 

which is not quasi-cancellative AG-groupoid. (ii) AG-

monoid of order 4 which is not quasi-cancellative AG-

groupoid. 
 

 

 1 2 3 4   1 2 3 4 

1 1 2 2 4  1 1 1 1 1 

2 4 1 1 2  2 1 1 1 3 

3 4 1 1 2  3 1 1 1 2 

4 2 4 4 1  4 1 2 3 4 

(i)  (ii) 

* 1 2 3 4 

1 2 3 1 4 

2 4 1 3 2 

3 3 2 4 1 

4 1 4 2 3 
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Theorem-4: Every left transitive AG-monoid is quasi-

cancellative AG-groupoid. 

Proof: Let S  be a left transitive AG-monoid 

and Scba ,, .  For quasi-cancellative AG-groupoid, we 

have to prove that S  is both left quasi-cancellative AG-

groupoid and right quasi-cancellative AG-groupoid. For 

left quasi-cancellative, let ,& babbabaa 
   

then 

.ba

bebbbbebabeeaa




 

Thus S  is left quasi-cancellative AG-groupoid. 

Similarly it can be proved that S  is right quasi-

cancellative AG-groupoid. Hence S  is quasi-

cancellative and the theorem is proved.  

 

The following theorem explains the conditions for which 

a left transitive AG-groupoid becomes a commutative 

semigroup. 

 

Theorem-5: For every left transitive AG-groupoid S  the 

following are equivalent: 

 

(i) S is flexible AG-groupoid. 

(ii) S is right alternative AG-groupoid. 

(iii) S is AG*-groupoid. 

(iv) S is middle nuclear square AG-groupoid. 

(v) S is right nuclear square AG-groupoid. 

(vi) S is commutative semigroup. 

Proof: Let S  be a left transitive AG-groupoid and  

.,, Scba   (i)  (ii)   Assume that (i) holds. Now by 

left invertive law .abbbab   since S  is left transitive, 

this gives .)( aababbab 
 
Which by left invertive law 

implies that ).)(( abababab  The left transitivity and 

medial law further imply that;  

).)((

))((

bbabbaa

bbbaababab




 

By assumption we get; ).)(( bbabaabbab 
 
Since S  

is left transitive, we have .bbabab   Thus S  is right 

alternative and hence (ii) holds. 

 

(ii)  (iii) Now assume that (ii) holds. Since by left 

invertive law .acbcab   As S  is left transitive, so by 

this and by left invertive law we have 

).)(()( bcbbaabbbccab   Thus using the 

assumption we have ).)(( bcbabcab  This further 

implies by the left transitivity in S  and by medial law 

that 

.

))(())((

))((

acbcabacb

acbbbacbabab

acabbabcab







 
Thus S  is AG* -groupoid and hence (iii) holds. 

(iii)  (iv) Assume that (iii) holds, i.e. S  is AG*-

groupoid, then .22 acbcab  Since S  is left transitive 

this implies that ).(22 bcbabcab  and by assumption 

again this implies that .)(2 bcbbbacab  Again since 

S is left transitive and by assumption we have 

.)(

)(2

cbab

cabbbcabcab





 
 

Thus by left invertive law and assumption we 

have .)( 22 cbacabbcab   

Hence cbacab 22   and thus S  is middle nuclear 

square, i.e. (iv) holds. 
 

(iv)  (v) Next assume that S  is middle nuclear square 

AG-groupoid. Since S  is left transitive, we have  

)( 22 acababca   this implies by medial law that 

),( 22 bcaaabca  which by assumption implies that 

.222 bcaabca  This by the twice use of medial law 

gives ).(222 acacabcaabbca 
 
 Since S  is left 

transitive we have  .22 cabbca   Hence S  is right 

nuclear square and thus (v) holds.  
 

(v) (vi) Assume that (v) holds. Since S  is left 

transitive, we have 

),)((

))((

bbbababa

abbabaabaaab




 

which by assumption implies that .)))((( bbbababaab 
 

This further implies by left invertive law that  
 

).)(( babababbab 
 

 

Thus by left transitive and medial properties in S  we 

have ),)(()( aabbbabababaab 
 

but since S  is 

right nuclear square by assumption we have 

.)( aabbbaab 
 

Thus left transitivity implies that 

.baabaaabab   Hence S  is commutative, and 

since every commutative AG-groupoid is associative. 

Therefore, S  is commutative semi-group. 
 

Finally,(vi) (i) is obvious. Hence the theorem is 

proved. 

In the following we define a congruence relation 


 on 

the left transitive AG-groupoids. We also show that the 

congruence is separative, i.e., if 
2 2,ab a ab b 

 then 

.a b
 

Theorem-6:  Let S  be a left transitive AG-groupoid.  

Then the following are true for a relation 


on S defined 

by 
2 2 , .a b a b a b S    
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(i)   is  a congruence relation 

(ii) 


 is separative 

(iii) 
ab ba

, for any 
,a b S

 

Proof:  Let S be a left transitive AG-groupoid, 

and
,a b S

.  

Let 


 defined on S as given. Then using Lemma 1 it is 

an easy exercise to prove that 


 is equivalence and 

hence a congruence relation.   

(i) Now  to prove that 


 is separative, let 
2 2, .ab a ab b   

This implies that   
   222

aab 
  and 

   
22 2 , .ab b a b S    

Now by repeated use of the left transitive property 

and the assumption, we have, 

     

2

2 222 2

2 2 2

2 2 .

a aa aa aa

a ab b

b b bb bb b

a b a b

   

   

    

  

 

Thus 


 is separative. 

(ii) Now by the use of left transitive AG-groupoid 

property, medial law, left invertive law and the 

assumption, we have, 

 

   
     

     
 

2 2 2 2 2

2 2 2 2

2 2 2

2 2

ab ab ab a b ba bb

bb a b a b b b

aa bb b b ab ab b b

ab b b a a b b

a b b bb a

      

    

    

  

   

 

 

   

2

2 2
.

ba ba ba

ab ba ab ba

  

  
 

5.                          CONCLUSION 

  The paper extends and investigates the concept 

of right (left) transitive groupoid G  (by Polnijo 1993) 

satisfying the identity  

 GcbabcacabGcbaabbcac  ,,,,   

to right (left) transitive AG-groupoid.  Various results 

have been investigated such that the class of T2-AG-

groupoids (an AG-groupoid satisfying the identity 

bdcacdab   and the class of left transitive      

AG-groupoids coincide. A simple verification test 

whether an arbitrary AG-groupoid is left transitive or 

not, is discussed in this paper. Many other results are 

included such as, 
 

(i) Every left transitive AG-groupoid is transitively 

commutative AG-groupoid. (ii) For left transitive AG-

groupoid the properties of flexibility, right alternativity, 

AG*, right nuclear square, middle nuclear square and 

commutative semigroups are equivalent. (iii). Many 

examples and counterexamples have been provided to 

support the results produced in this paper. 
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