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Abstract: Tolerance modelling, assembly variation modelling, statistical tolerance analysis and variation propagation control are the
constituent part of the assembly design and these are very important for quality manufacture of mechanical products. Various

literature related tolerance representation, modelling assembly variation propagation and assembly variation control.
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i methods have been developed for tolerance modelling, assembly variation modelling, statistical tolerance analysis and variation !
| propagation control. This paper thus provides a review of the literature in the area of assembly modelling; mainly focusing on the
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1. INTRODUCTION

Variations in parts and assemblies are
unavoidable. These variations are the physical result of
manufacturing processes. The parts and assemblies that
are supposed to be identical, differ from each other in
reality. In order to model components variations, one
must have clear understanding of Geometric
Dimensioning and Tolerancing (GD&T) and tolerance
specifications. GD&T is a symbolic language for
communicating engineering design specifications. It is
used to specify the size, shape, form, orientation, and
location of features on a part (Cogorno 2006).
Variations in a manufactured component can be divided
into two types: dimensional variations and geometric
variations. Dimensional variations refer to variation in
the size of a particular dimension (such as length, width,
diameter etc), whereas, geometric variations refer to the
variation in the shape or form of a component feature
from its nominal form (Villeneuve et al. 2010).

Due to advancement of technology and
increase of quality demands in the manufactured
products, geometric variations require special attention
in the design process of a mechanical assembly. These
variations propagate and accumulate as parts are
assembled together and the excessive amount of
variations in an assembly may cause improper
functionality of the product being assembled.
Effectively controlling the propagation of variations in
the assembly process is one way to help achieve the
desired assembly quality (Thimm et al. 2001). In high-
value low-volume complex assemblies, it is desired to
perform assembly analysis to calculate assembly
variation propagations before putting parts together in a
real assembly. This will save assembly and dis-
assembly time and cost, and will also enable the
assembly engineer to take effective measures to control

assembly variation propagations. Improving assembly
quality and reducing the assembly time and cost are the
main objectives of a successful manufacturing design
process. Therefore, it is essential to have a quantitative
design tool for specifying tolerances and estimation of
tolerance stack-up in assembly before any control
strategy is applied. This paper is aimed to give insight
of up-to-date methods for tolerance modelling, tolerance
analysis and variation propagation control in mechanical
assemblies. This paper is thus divided into four main
sections each describing: (1) tolerance modelling, (2)
assembly variation propagation modelling, (3) tolerance
analysis and (4) variation propagation control.

Initially, tolerance modelling and the current
practices in modelling component variations are
described in Section 2. Various approaches of assembly
modelling are described in Section 3. Statistical
methods for analysing assembly variation are referred in
Section 4. A review of the current practices in
minimising and controlling assembly variation is given
in Section 5. Finally, a summary of the whole survey
can be found in Section 6.

2. MATERIALS AND METHODS
2.1 Modelling Component Variations/Tolerance
Modelling.

It is not practically possible that parts are
produced to exact dimensions. This necessitates the
designer to describe some allowable variation limits
from the nominal conditions. These permissible but
undesirable variations from basic dimensions are called
tolerances.

Two types of tolerances are described in the
dimensioning and tolerancing standards. Traditional
plus/minus tolerances (also known as dimensional
tolerances) that limit the variation in the size of a part,
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and geometric tolerances that control form, orientation,
location and run-out of a feature (Juster 1992). In order
to specify geometric variations in a component, the
component is considered to be composed of features
(geometric elements) such as planes, lines, etc.
(Henzold 2006, Mantyla et al. 1996).

Modern geometric tolerances provide the
foundation for creating mathematical models that are
essential for the development of computational tools.
The technique of mathematically representing
component variations is also known as tolerance
modelling or modelling component variations (Hu et al.
2005, Koura et al. 2002). Work in the area of
mathematically describing part variations was initially
done by Sutherland (1963). Sutherland used constraints
as a design aid in the creation of a part by defining
constraints between the coordinates of a part to the error
introduced into the system. He did not use constraints to
define the part geometry. The work in the area of
describing part variations mathematically can be
classified into the following categories: (1) offset
method; (2) parametric space method; (3) algebraic
methods; (4) vectorial tolerancing method; and, (5)
homogeneous transformation matrix method.

2.1 Offset Method

The offset model proposed by Requicha (1980)
is one of the earliest methods. Requicha introduced a
mathematical technique for representation of part
variations based on the tolerance zone approach. An
example of tolerance zone for geometric tolerance
specification is illustrated in (Pasupathy et al. 2003).
Fig. 1 (a) illustrates a part with geometric tolerance
specification. The shaded area in Fig. 1 (b) indicates the
corresponding tolerance zone, as per specifications,
within which the manufactured part should lie.

Etesami (1988) by using a very similar
approach to that of Requicha based on the concept of
offset solids, proposed another theory for modelling
geometric tolerances. Etesami suggested in his theory
that the manufactured part model is composed of a
boundary model for part surfaces, a model for axes and
curves, and a datum model.
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Fig. 1 (a) A part with geometric tolerance callouts, (b) An instance
of the actual part that is acceptable as per specification provided
in (a) (Pasupathy, Morse and Wilhelm 2003).
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Srinivasan and Jayaraman (1989) state that
Requicha theory is inadequate for describing tolerance
zone limits. They refined Requicha theory and proposed
a tolerancing framework based on the virtual boundary
requirement (VBR). The virtual boundary serves as the
maximum material envelope for two surfaces. One of its
surface lie completely inside the boundary and the other
surface lie completely outside the virtual boundary In
virtual boundary, the individual tolerances of each
component are derived from these virtual boundary
requirements. Due to this reason the virtual boundary
requirement is not an adequate representation of the part
functional requirement, which require separate and
individual tolerance specifications.

2.2 Parametric Space Model

The parameter space is one of the first
tolerance modelling concepts to evaluate tolerances on
geometric models. (Hillyard and Braid 1978) proposed a
general concept that uses geometric constraints between
part coordinates and the variational surface as specified
by the tolerances. (Lin et al. 1981) extended and refined
the above constraint-based variational-geometry method
to improve the computational efficiency.

An example taken from (Pasupathy, Morse and
Wilhelm 2003) is presented in Fig. 2 to describe the
concept of parametric approach of tolerance modelling.
Fig. 2 (a) shows a 2D part with variance feature that is
free to orient within the tolerance zone, and Fig. 2 (b)
shows the extent of feature variation.
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Fig. 2: (a) Variability of feature A, (b) Errors in worst cases in
parametric space models(Pasupathy, Morse and Wilhelm 2003).
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In Fig. 2 (a), model variables are introduced to
parameterise the possible variations of the vertices of
the edges in terms of position or orientation. In the

example, model variables and represent size and
orientation deviations, respectively. The model
variations are defined as:

-0.1<M, <01, 1)

and, —-0.2<M, 0.2, respectively. (2)
2.3 Algebraic Methods

In order to overcome the limitations of

parametric models, Inui et al. (1991) proposed a method
of interpreting tolerances algebraically. Here the
variational model for tolerances is developed using
algebraic constraints. Mullins and Anderson (1995) later
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proposed a method that interprets the geometric
tolerances into a form of algebraic relations. Another
development in algebraic method was the research by
Roy and Li (1999, 1998). They proposed a similar
approach and considered the resultant zones from
multiple controls, such as size and form tolerances, on a
single feature. Their work realises the construction of
resultant zones as proposed by Fleming (1988).

To demonstrate the concept of tolerance
representation based on algebraic method, an example
of 2D part (taken from (Pasupathy, Morse and Wilhelm
2003)) is shown in Fig. 3. The 2D part shown in Fig. 3
is similar to one given in Fig. 3. The feature of the 2D
part in Fig. 3 (a) has a simultaneous size and form
tolerance specification. The tolerance zone is obtained
by offsetting the nominal feature corresponding to
specification as shown in Fig. 3 (b). An extreme
instance of the resultant variation due to simultaneous
effect of size and form tolerance is shown in Fig. 3 (b).
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Fig. 3: (a) Feature with simultaneous tolerances, (b) An extreme
instance of the resultant zones specified for feature F in (a)
(Pasupathy, Morse and Wilhelm 2003).

Here, the variational model for tolerances is
developed using algebraic constraints. The algebraic
constraints for variables and are defined by the
inequalities:

—d6,., <d6<da,,, . 3)

max —
—~(ST/2)— A <dY <ST/2, 4)
The calculated extreme variations about the
extent of a feature are neither accurate nor conservative,
because the intersections extend beyond the boundary
specified by the design intent.

A form tolerance zone boundary and the extent of
feature variation defined as above, for the studies
conducted in the domain of parametric and algebraic
models, contradict with the definition given in current
design standards (ASME 1994, BSI 2005). According to
these design standards, the extent of feature variation
always lies within the tolerance zone limits and the
boundary of form tolerance zone is obtained by
offsetting the nominal feature.

2.4 Vectorial Tolerancing Method

Vectorial tolerancing is an alternative way for
representing ~ component  tolerances.  Vectorial
tolerancing represents a chain of dimensions and
tolerances as a link of vectors. Fortini (1967) initially
introduced the wvector tolerancing concept. A
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comprehensive study of vector tolerancing applied to
2D assemblies was further extended by (Bjorke 1978).
The major development in vectorial method was done
by (Wirtz 1993). An overall perspective of the
application of vectorial tolerancing is described in
(Wirtz 1993), deviations between the nominal part and
the actual part are represented by using the vectors
characterising their relative orientation and location.
Thus, the deviation vector between these vectors
represents the tolerance.

Vector models have been utilised extensively
for both 2D and 3D assemblies by a group of
researchers in Brigham Young University Gao et al.
1998). Their work showed that vector tolerancing
methods can be applied to define individual parts
composed of different surfaces. Based on vectorial
representation of part variations, they developed a
vector loop method to calculate assembly variation
propagations.

2.5 Homogenous Transformation Matrix
Method

The homogeneous transforms representation of
part variations is a combined concept of the parameter
space and the offset solid modelling approach (Roy
et al., 1991, Whitney et al. 1994). The work of
representing part tolerances using homogeneous
transforms was initially seen in the thesis of Bernstein
(1989). The inspiration of representing part variations
using transform matrices came from the field of robot
manipulators (Jastrzebski 1991) and Whitney et al.
1994) represented part tolerances wusing matrix
transforms to model part variations in a form compatible
with assembly tolerance analysis model. In (Whitney,
Gilbert and Jastrzebski 1994), the variations with
respect to nominal dimensions are expressed by a
transformation matrix obtained by the first order
perturbation analysis of rotation and translation
matrices.

In (Desrochers and Riviere 1997) elementary
surfaces are introduced and are called topologically and
technologically  related  surfaces (TTRS). A
homogeneous matrix transform represents six degrees of
freedom (three translational and three rotational degrees
of freedom of error) of variation of a toleranced feature
as:

1 -do, de6, dX

DT = de, 1 -do, dy G
-do,  do, 1 dz
0 0 0 1

The method of representing part variation
using homogeneous transform is also called as degrees
of freedom (DOF) representation method. In this
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method, a small variation torsor is defined as a 6D
vector which contains three translational and three
rotational values as under:

r=[dX.dY,dz,d6,,d4,.d6, | . (6)

In all above cited literature, very little attention
is given towards modelling variation (such as run-out
variations) for axi-symmetric components, and no work
has been found that describes a variational model for
axi-symmetric components capable of expressing
component variation along degrees of freedom of
component variation.

3. Assembly Variation Propagation Modelling

A variation propagation model is an analytical
model for calculating the accumulation of tolerances in
a mechanical assembly during individual assembly
stages and is the basic tool for statistical tolerance
analysis. Several models have been proposed to
represent the variation propagation in assembly
processes. The models developed in broad spectrum can
be grouped into two categories, depending on whether
the model considers the assembly of rigid parts or
flexible/compliant parts. Compliant refers to non-rigid
parts like sheet metals used in the assembly of
automotive body parts.

In the early stage of variation analysis research
Veitschegger and Wu (1986) performed calculations for
the prediction of robot uncertainty. In their work they
used the common method of matrix transform (Paul
1981) for the representation of relative locations of
robot joints.

In later research, (Jastrzebski 1991) generalised
the derivations of Veitschegger and Wu and applied
those calculations to the case of assembly modelling. In
the work (Veitschegger and Wu 1986), position and
orientation are described by five degrees of freedom,
whereas, Jastrzebski considered six degrees of freedom
to fully define the transformation in space. Jastrzebski
provided the basic calculation for variation propagation
in assemblies without looking into any type of
tolerance. (Gilbert 1992 and Whitney et al. 1994)
extended the work of (Jastrzebski 1991) and included
geometric feature variation using matrix transform for
assemblies compatible with tolerance analysis based on
a closed form algorithm.

Chase et al. (1995, 1998) developed a vector
loop-based assembly model for the analysis of tolerance
stack-up in an assembly. They used vector assembly
models based on 2D and 3D vector loops which
represented the dimensional chains. This method
allowed an assembly to be described in terms of vector
chains added tip-to-tail, with kinematic joints inserted to
represent the degrees of freedom between mating parts.
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Small dimensional variations were applied to the
vectors, to calculate error accumulation.

Mantripragada and Whitney (1999) used state
transition models to predict variation propagations in
mechanical assemblies. In state transition model, the
propagation of variations is treated as the propagation of
errors during transformations of Cartesian frames
attached to mating features on every part.
Mathematically, they described the state of an assembly
at any assembly station by six degrees of freedom
vector as follows:

apr

dpy
v _|dpy | _| dp? )
do)
| d&; |
The state transition form given by (Mantripragada and

Whitney 1999) for rigid assemblies is as follows:

X(k +1) = A(k)X(K) + F(K)W(K), (8)

Mantripragada and Whitney (1999) also
employed a state transition model to describe the
propagation of variation in assembly of flexible parts
and they refer to the flexible assemblies as Type-2
assemblies. In their work, the fixture is assumed to be
perfect, implying they actually modelled the variation
accumulation in assembly caused by part-fabrication
imperfection. The work of Mantripragada and Whitney
determines the in-process adjustments in Type-2
assemblies by the type of interface features between
parts being assembled which are modelled as control
inputs to the dynamic system.

Zha et al. (2001) proposed a knowledge-based
expert system to support top-down design for assembled
products. Their research involves the integration of
artificial intelligence with the designer intelligence with
the aim to increase productivity with improved quality.
However, artificial intelligence in the manufacturing
process industries requires advances equipment for the
assembly process which may result in considerably
increased capital cost of the industry.

Zhou et al. (2003) refined the state transition model
equation given by (Mantripragada and Whitney 1999)
and introduced a new term of un-modelled system noise

The state-transition model equation given by Zhou
et al. is given as:

X(k +1) = A(K)X(K) + F(K)W(K) + U(K). ©)

Most of above mentioned literature use only
linear model to calculate assembly variation propagation
out of which the recent linear approach the exact
solutions is simple in calculation compared to all others.
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4, RESULTS AND DISCUSSION
Tolerance Analysis

Tolerance analysis is a method of predicting
and analysing assembly variation due to tolerance of
individual components and assembly operations.
Tolerance analysis is carried out when the tolerances of
individual parts are known and the designer intends to
find out or allocate the dimensions for assembly. This
involves: first, gathering data on the individual
component variations; second, creating an assembly
model to identify which dimensions contribute to the
final assembly dimensions; third, applying the
manufactured component variations to the model to
predict the variations in assembly dimension (Chase
et al. 1995). Tolerance analysis verifies the proper
functionality of a design while considering variations
associated with the individual parts in an assembly
process. Tolerance analysis can be based on either
deterministic method or statistical method for the
analysis of one-, two-, or three-dimensional design
models (Hong et al. 2002). Deterministic tolerance
analysis can also be termed as variation propagation
modelling, which is carried out for existing assemblies.
However, statistical tolerance analysis uses suitable
statistical methods for predicting assembly variability or
tolerance.

6.  Summary and Perceived Knowledge Gaps

In this paper, the literature has been reviewed
in the area of modelling component variation, modelling
assembly variation propagation, and statistical tolerance
analysis. In last five years a handsome amount of
research has carried out in the field of tolerance
modelling and tolerance analysis. During this time most
of the issues needing improvement earlier have been
discussed and new modelling strategies have been
discussed, especially for modelling geometric variations
in components For modelling component variation,
homogeneous transform matrix (HTM) method is a
robust method and is capable to capture the component
variations along the three degrees of translation errors
and the three degrees of rotation errors. HTM method is
also compatible with most of the assembly variation
propagation modelling approaches reviewed in the
literature.

Tolerance analysis is performed in order to
predict the effects of manufacturing variations present
in each assembly component on final assembly
variation. Various tolerance analysis methods have been
reviewed in this paper, and in the current year, a robust
tolerance analysis model have been produced that
calculate exact solutions by (Hussain 2012) and is
capable to incorporate for all sources of assembly
variation propagation.
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In the field of variation propagation control in
mechanical assemblies, relatively less work have been
found. In the current year, only the research group in the
University of Nottingham UK have carried a good deal
of research in controlling assembly variation
propagations in the assembly of rotating machines. They
proposed a relative orientation method of minimising
variation propagation in rotor assembly containing axi-
symmetric components. One of the member of the
research group in the University of Nottingham have
proposed another variation propagation control method
for non-rotating structure (casing) of high speed rotating
machines. This method used optimum mating sequence
using combinatorial approach.
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