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Abstract: Due to inherent nature of manufacturing variability, the actual dimensions of manufactured components lie anywhere in the |
range of permissible variation randomly. The random manner by which the dimensional inaccuracies fall produce a pattern in which the |
variations are distributed within their tolerance zones. Mathematical modelling methods are presented and used to predict the statistical |
distributions of variations present in the complete assembly. This paper considers assemblies composed of axi-symmetric components and !
proposes a method to control assembly variation propagations using relative orientation technique. A relative orientation technique is a 1
method in which individual components are re-orientated on a stage-by-stage basis to minimise the eccentricity from table-axis during the |
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1. INTRODUCTION

Random variations from the nominal geometry
always exist in manufactured components due to
imperfections in  manufacturing  processes. As
components are assembled, these variations propagate
and accumulate, and can quickly drive assembly
dimensions out of specification (Mantripragada and
Whitney, 1999).

Traditional methods for studying assembly
tolerance stack up are usually based on engineering
experience, worst on worst tolerance analysis (WOW)
method (Dantan and Qureshi, 2009, Spotts, 1971, Arron
et al, 1975), or the root-sum-square tolerance analysis
(RSS) method (Lin et al, 1997, He, 1991, Nigam and
Turner, 1995). The WOW method often gives results
that are overly pessimistic, while the RSS method only
gives results for the mean square variation. These
methods are not suitable for the analysis of geometric
tolerances, and are very difficult to use in practice
(Thimm et al, 2001, Wu et al, 2009).

The simplest and most popular method for
statistical tolerance analysis is the Monte Carlo
simulation (MCS) method. The main drawback of this
method is that it is necessary to generate very large
samples to achieve accurate predictions (Toft et al,
2007, Brooks and Gelman, 1998, Mustafa, 2007,
Jungemann et al, 1997), which may require intensive
computation.

This paper considers the special case of
mechanical assemblies composed of axi-symmetric

assembly of an engine rotor. Two straight-build assembly models are considered: i) Direct Build; and ii) Best Build for assemblies
consisting of axi-symmetric components. Analytical expressions are determined for the probability density function (pdf) of the table-axis
error for the complete assembly, and numerical comparisons are made with Monte Carlo simulation for the purposes of validation.
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components (Roy and Li, 1998, 1999, Cai et al, 2004,
Whitney, 2004). These assemblies are used in aero-
engines, and possess the special property that the
assembly can be changed by rotating components
relative to each other about the central axis of
symmetry. Connective Assembly Models are used to
describe the assembly process mathematically and a
probabilistic approach is used to predict the probability
that the eccentricity of the complete assembly is within
required threshold values. The aim is to predict the
probability density function (pdf) for the eccentricity of
the complete assembly, avoiding the need to use Monte
Carlo simulation.

Three different straight build strategies are
considered: i) Direct Build; ii) Best Build. Direct Build
Assembly (DBA) corresponds to the standard straight
build process in which the axi-symmetric components
are assembled without giving any consideration to
controlling the eccentricity of the build. Best Build
Assembly (BBA) takes advantage of the axi-symmetric
property of the components and aims to minimise the
eccentricity of the build. This is achieved by rotating the
component being added at each stage about its nominal
axis of symmetry.

2. MATERIAL AND METHODS
Modelling straight-build for an axi-symmetric
assembly

Straight-build assembly is the process of
assembling axi-symmetric rigid components so as to
achieve the assembly structure as straight as possible. In
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this work, the eccentricity of the complete assembly is
used as a measure of the quality of the build.

Connective model is presented and applied to
nominally axi-symmetric components and assemblies.
It is shown that connective model can be linearised for
the case when the components are axi-symmetric and
the dimensional variations are small.

2.1. Connective models for straight-build assembly

Connective assembly models (Whitney, 2004)
are usually used to quantify the propagation of
component variations through the assembly. In these
models matrix transformations are used to relate the
location and orientation of different features on one
component to another component, and for this purpose
coordinate frames are attached to each of the mating
features on each component. The transformation matrix
represents the operations of translation and rotation
acting on a coordinate frame (Whitney, 2004):

[rR P
T_|:OT 1} ()

where R is a 3x3 rotational matrix indicating the
orientation of one frame relative to other, p is a 3x1

displacement vector indicating the position of one frame
relative to other, and superscript T indicates a vector or
matrix transpose.

For a single component, p defines the

coordinates of the origin of the mating feature on the
upper surface of the component relative to the origin of
the reference frame located at the mating feature on the
lower surface of the component, while R represents the
relative orientation of the upper surface of the
component relative to the lower surface.

Fig. 1. An example two-component assembly: a) unassembled, b)
assembled.

The assembly model assumes the components
are assembled by joining mating features to each other
(Whitney, 2004) and transformation matrices are used to
relate the location of the mating features. The assembly
can be described by a chain of transforms. For the two
component axi-symmetric assembly shown in Figure

1b), the transform matrix Tl'\fz relating the location and
orientation of the coordinate frame at the top of part 2 to
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coordinate frame at the base of part 1 can be expressed
as follows:

N _+N N N
T2 = Tp TrFoa TR2aFab @

N N N
where Tl—FJ_’ TFl—FZa and Tan—sz are transform
matrices relating the location and orientation of the

coordinate frame at mating feature F; to the coordinate

frame at the base of Part 1, the coordinate frame at
mating feature Fp, to the coordinate frame at mating

feature F;, and from the coordinate frame at mating
feature Fpp, to the coordinate frame at mating feature
F2a ON Part 2, respectively.

The superscript N indicates that the transform
matrices relate to the nominal geometry of the
component and there is perfect alignment between
mating features. Using these definitions in the terms on
the right hand side of equation (2), it can be shown that:

| pN | pN
N _ 1 — 2
TlFl‘LT 1 } TFZﬁFZb_l:OT Ll
1 0 0
N _
TF1F2a:{OT J' pi = 0
Zj
where Z; is the height of the i’th component and i=1,2.

Using these equations, in equation (2), transform matrix
for the assembly of two components can be written as:

| pN+pN
T, = 1oz 3
1-2 |:OT 1 ()

In a similar way, the transform matrix for an assembly
consisting of n axi-symmetric components can be
expressed as:

1 00 0
a1 N
Tan{' El"i]—g 01 ba ®
\ = 2
o 1 o
0 0 1

Where TEn is the transform matrix relating the location

and orientation of the coordinate frame at the top of Part
n to the coordinate frame at the base of Part 1.

If a feature on a part is not placed at its
nominal design position, the relative rotation and
location errors need to be included in the definition of
the relevant matrix transforms. This is achieved by
introducing a matrix transform D having the same form
as equation (1) for each matrix transform between two
mating features on the same part, that takes account of
the error only. Applying this procedure to an assembly
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consisting of n nominally axi-symmetric components,
the transform matrix T, relating the location and
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orientation of the coordinate frame at the top of Part n to
the coordinate frame at the base of Part 1 gives:

Tin = Ti-r D1 TR —Foa TF2a-Fob D2 TR op~F3a TF3a-Fap D3+ TF(n_1)pFna TFna-FrpOn ()
where
I pN dR; dp axi Ry 0 Ri 0
_ Pi i i _ 2 i
T____ y ;= ,d-_ il [ = y . e = y
Fia—Fib L)T 1} Di {OT 1} Pi g;. TF1—F2a |:OT J TF(i-1)bFia |:0T J
|
C0s@zi) —sin(gz) O
Ri=|sin(9z) cos(gz) O
0 0 1
Here R; is a rotation matrix. Eqg. (6) can be approximately rewritten as:
1Ri R %[fl R,-_ldR,-_l]Ri(pi’“+dpi) ©)
i=1 i=1\ j=2

T1n=
o’ 1
Comparing Egs. (2) and (6), the variation propagation in
the x-, y-, and z-directions (dpx(n), dpy(n),dpz(n)) can
be calculated as follows.

dpx(n) : 0 ;
dpy(n) =_Z(_H lede—lJRi(piN"'dpi)_ 0 @
dpz(n) i=1\ j=2 37

i=1
where the table-axis error is:

w(n) = /dpx(n)?+ dpy(n)? (®)
2.2. Linearized straight-build assembly models
In practical assembly, the orientation

imperfections are small (so that cos(dgxj) =1 ,
cos(d@yi) =1 , cos(dhz) =1 , sin(dOy;) =dOxi »
sin (d6y;) = déyi » sin (d05) = d@z - The models can

be given as follows for the different assembly
procedures.

2.2.1. Direct Build Assembly

For the Direct Build Assembly, the
components are not rotated; it means that the mating
feature frames between two components have the same
position and orientation, i.e. @,(i)=0 . The variation

matrix can be rewritten as:

I+8R; dp;
- 9
Di |: o 1 )
Where
0  -dfz débvi
8Rj =| dz 0 —déxi
—doyvi doxi 0

Approx_
TLRP=

ﬁl<l+am) _%lﬁz(nm,-_l)(p{“mpi)} (10)
i= i=1j=
o' 1

where all second and higher order products of small
quantities R (k=1,..,n) and dpI (I=1,..,n) have been
neglected.

] e

43R, 2N +dp)+ 2 3 5R;4 !
+ Y 0R; pN +dp;)+ 4 bl
Tapprox—| TS T ot M e

o' 1
Then
n n n n-1 n
1 -2dOzi  Xdoyi XdXi+ Xdoyi X Zj
i-1 i-1 i-1 =1 jeisl
n n n n-1 n
TAPprox— 2.dOzi 1 - 2doxi 2dYi— 2doxi 2 Zj
1-n | i=l i=1 i=1 i=1 j=i+l
n n n
- 2d0yi Xdoxi 1 >(dzi+zj)
i=1 i=1 i=1
0 0 0
(12)

Comparing Egs.(2) and (12), the variation propagation
in x-, y- and z-direction is

-1
dpx(n) = X+ Sdovi > 7 (13)
i=1 i=1 j=i+1
dpy(n) = Tavi- Tdoxi % 2z (14)
i=l i=1 j=i+l
n
dpz(n) = > 7, (15)
=
The table-axis error is:
n n-] n 2 n n— n 2
s,'?i'eC‘:\/(derr_ZldeYi_z zj +(zdvi—_zldaxyz zj) (16)
i=1 =1 j=i+l i=1 i=1 j=i+l
2.2.3. Best Build Assembly
In the best build assembly, the build

eccentricity is minimised by rotating each component
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about its axis of symmetry and selecting the assembly
configuration that provides the minimum assembly
eccentricity. The minimum eccentricity for a one-
component assembly is given by:

o™ = Jax2+dv2. (17)

For two components assembly in the best
build, the second component must be rotated until its
centricity is in the opposite direction to the equivalent
centricity of the first component at the top of the
second, as shown in (Fig. 2).

c2
‘«
.
.

-,
-~

Coom c2=

Ca

Fig. 2. Best Build Assembly with two components

In Fig. 2, C2* is centricity at rear plane of
assembly considering the first component; C2 is original
centricity of the second component; C2opt is the result
of C2 rotated to the oppose direction of C2*; and Ca is
the centricity of assembly.

The minimum eccentricity is given by:

e :‘\/(dX1+d9Y122)2+(dY1‘d9X1ZZ)2_\/m

For three components assembly, to minimize
the eccentricity, in theoretically, the three components
are considered simultaneously until the resultant
centricity of the three components achieves the
minimum value. Thus, the modelling for the three
components assembly in the paper follows these two
steps: i) minimizing the resultant centricity of the first
component and the second component at the top of the
third component; and ii) minimizing the resultant
eccentricity of the third component and the minimized
resultant centricity from the first two components.
Therefore, in step i), the second component must be
rotated until the centricity of the second at the top of the
third component is in the opposite direction to the
equivalent centricity of the first component at the top of
the third, and in step ii), the third component is rotated
until its eccentricity is opposite direction to the resultant
eccentricity of the first and the second components.
Therefore, the minimum eccentricity is given by:

—@f—dﬁ'f‘

tﬁax._—dﬁ-_.-.ﬁz;— Z T [d¥ —dfr 2420
- - )
X 1+ dBraZ ) +(dY ;= dBzaZs)
(19)

In a similar way, the table-axis error at Stage n can be
described as:

(18)
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dx,+de,§;z,] +[dr.—da,.);z,]

\f[ix,+da,.gz,]+[dr ,—dﬂ,,}':.z,]’ N T
(20)

3.Probabilistic approach for straight-build assembly
In this section the dimensional variations dX;,

dYi, doxi» anddgy; for each component are modelled

as being random variables and pdfs are developed for
the build eccentricities arising from Direct Build, and
Best Build.

3.1. Direct Build Assembly

Since the component variations are Gaussian
distributed (3D translation and rotation), From Egs. (10)
and (11), the variation propagation in x-, and y-
direction is Gaussian distributed and can be described as

follows.
2

1
dpx(n) ~N(0, $.o%+ T o2 ( £ ) )=N(0,02) (@)
i=1 i=1 j=i+l

1 2
dpy(n)~N(o,§a$i+"za§Xi(_§ Zj) )=N(@0,s2 (2
i=1 i=1 j=i+l

where assuming oxi=ovi, CoXi = ooYi = o , and

2 n 5 n-1 2 n 2
oh=2o%i+t 2og( X Zj) (23)
i=1 i=1 j=i+l

Therefore the table-axis error is Rayleigh
distributed. Using Eq. (16) and a change of variables it

can be shown easily that the pdf for the build
eccentricity £°"'for an assembly consisting of n axi-

symmetric components using Direct Build is given by:

rg_rI]:)irect (gr?irect)2 Direct
Direct exp(- , € >0
p(gnlrec): U% p( 205 ) é€n (24)
0 otherwise

3.2 Best Build Assembly
For a one component assembly, the minimum
min
eccentricity 1 s given by Eq. (17). Recalling that
X1 and 91 are zero mean Gaussian with standard

deviation ©X1 or ©¥1 it can be shown that using a

change of variable the pdf for £{™" is given by:
‘glmin (glmin)z min
min exp(- ), & =0 (25)
p(e™) = G>2<1 2 >2<1 '
0 otherwise

This pdf is a Rayleigh distribution
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4. RESULTS AND DISCUSSION
Numerical examples

The performance of the proposed method is
determined by its accuracy, consistency and efficiency.
To investigate the accuracy, consistency and efficiency
of the proposed methods, a three-component assembly
considering the components to be nominally identical is
analysed. Each  component is  axi-symmetric
(cylindrical) with nominal height H =70mm and
nominal diameter W =100mm - so the nominal mating
feature on the upper surface has coordinates [0,0, 70]
relative to the mating feature on the lower surface, i.e.
Xij=0mm, Yj =0mm, Z; =70mm . Dimensional
tolerances for each component are specified for the
location ( dX; , dY; and dzZ; ) and orientation
(d&yj.dby; and dbz) of the mating feature on its
upper surface relative to its lower surface, and the
tolerances are assumed to have a zero-mean Gaussian
distribution, where the standard deviation (o) is taken to
be one third of the specified tolerance. The influence of
different component tolerances on the eccentricity of the
build is assessed and the tolerance values chosen for the
component heights h; (=dX; =dY; =dZz;) are: 0.1mm,
0.5mm and 2mm.

Numerical results obtained using the proposed
probabilistic methods are compared with the standard
Monte Carlo simulation method, which is based on
using the exact transformation matrices described in
Eqg. (7). Convergence studies have been performed to
determine the number of simulations and orientations
required by Monte Carlo simulation to obtain accurate
results. For the example considered, it was found that
50000 simulations and 16 orientations were required to
obtain predictions for the mean, standard deviation,
skewness and kurtosis that were accurate to within 2%.

To confirm the accuracy of the proposed
approach, the pdfs have been plotted on both linear and
log axes in (Figs. 3-5). Probability density functions
(pdf’s) for build eccentricity arising for three
component assemblies with different tolerances are
shown in (Figs. 3, 4 and 5).
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Fig. 3. Probability density function for three-component-build
eccentricity with tolerance 0.1mm: a) linear scale, b)
semi-log scale.
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Fig. 5. Probability density function for three-component-build
eccentricity with tolerance 2.0mm: a) linear scale, b)
semi-log scale.

From these figures it is clear that all statistical
distributions are highly non-Gaussian, and the results
obtained using the proposed probabilistic approach are
in excellent agreement with Monte Carlo simulation. It
should be noted that the agreement at the tails of the
log-pdf is less accurate because Monte Carlo simulation
becomes less accurate at high eccentricities. This
deficiency of the Monte Carlo method serves to
highlight the advantages offered by the derived pdf
expressions, which are valid for all eccentricity values.

6. CONCLUSIONS

Models describing the straight-build assembly
of rigid axi-symmetric components have been presented.
These models are based on Connectivity Models and
use a linearization procedure to develop analytical
expressions for the eccentricity of the assembly. The
developed expressions were used to analyse two
different build scenarios: i) Direct Build and ii) Best
Build, for the assembly of three axi-symmetric
components. Best Build Assembly is based on rotating
each component and selecting the orientations that
minimise the eccentricity of the final assembly. In
contrast, Direct Build does not attempt to optimise the
assembly. By re-ordering the terms appearing in the
derived linearised expressions for eccentricity,
simplified expressions for the build eccentricity arising
from both scenarios were developed. These expressions
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were used in conjunction with the assumption that the
dimensions of each component are independent
Gaussian random variables and were used to develop
analytical expressions for the probability density
functions for the build eccentricity arising from the two
different build scenarios. Numerical examples were
used to validate the accuracy of the probabilistic
approach in comparison to Monte Carlo simulation and
assess its efficiency. Numerical results were obtained
for a three-component assembly.
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