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Abstruct:

Some cxact solutlons of equations describing the moltlon of an incompressible Muld of variable
viscosity In the presence of usknown force for an arbitrary sinle equation with no heat addition are
determined o streamlined cooedinate symem (@, ). The solutions imvolve arblirary function(s)
enabling 1o construct a larpe numter of solutlons (o the ow equations.

Keywords: Steady plane flows, Mantin's varinbles, [ncomgeessible Muld, varlable visceslty, thermal
conductivity snd NavierSiokes equatlon,

1. Introduction
Martin (1971) developed aa elegant method for the study of Incompressible viscous Muid Nows, He
introduced curvilinear coordinates (4, W) In the plane of flow, in which the coordinate lines ¥ equal 1o
constanis are the streamlines of the Mow and the ¢oondinate lines @ equal o constant are left arbitrary. He
discussed the geometry of some Mows and suggested fificen different types of Mows which could be
studied using the new approach, Manin's method was extended by Nacem (1984) to steady-state, plane,
constant viscosity, compressible Navier-Siokes oquations, and determined some exact solutions for
parallel, radial and circular flows. Barron (1989), Barron and Nacem (1989), Nacem and Barron (1990),
Barron and Nacem (1991) further extended the Martin's method 1o study numerically the fuid flow
and the Mows past bodies for Inviscld Nuids. In thelr studics they took @ = x, Nacem and
Nadeem (1996), following Martias, wansformed the equations goveming the steady plane flow of an
incompressible Nuid of varinble viscesity in the absence of extermal force into a new system of equations
in (D, ¥) - system. Nacem snd Nadeem determined, by making (0, ¥)-system orthogonal, some exact
solutions of the Now cquations Indicating applicability of some solutions 1o the physically possible
situations, Nacem and Nadeem also deduced some melations between viscosity and temperature which
were obtained by Prandil (1928) and Poiseuille (1860) employing experimental methods. They also
indicated that a large number of relations between viscosity and temperature can be constructed,

The objective of the present work iy to determine some exact solutions of the equations of motion
of an incompressible Muid of variable viscoslty in the presence of unknown exiemal force for arbitrary
sate equation. We mention that no work on the exact solutions of the equations of motion of an
incompressible Muid of variable viscosity in the presence of unknown extemal force for arbitrary state
equation has been reported in the literature at yet, To achleve our objective, following Nacem and
Nadeem (1996), we transform MNow equations Into a new system of equations In (@, ¥) system with
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speed, viscosity, vorticity, gememlized encrgy, temperature, the transformation malrices and the
components of the external force as the unknown functions. By placing certain conditions on the
transformations matrices, a prior, exncl solutlons are determined for voriex, radial and parallel Nows, Iy
each Mlow he differential equation which (he viscosity and unknown external force must satlsly iy
determined using integrability condition for the generalized energy function L. The expressions for the
unknown external force are determined for nll flows. The exact solutions involve arbitrary functions and
thiv arbitrariness of functions allows us to construct a large number of exnct solutlons to the Now
equations.

Basie flow equations
The basic non-dimensional equations governing the steady plane flow of an incompressible fuid of
variable viscosity in the presence of an unknown extemal force with no heat addition are!

b +v, =0 (1)

I
W o= —1
uu, + vu, F':'i'II (2pu, ),

++-Rl—n-lu{u,+v.]],+l'l'| @
I
uvy + ¥y ==y + Eﬂiﬂ:h
+ #h [y +vi) ) + 20 (3

|

+%Ilutm'+v,'l+u{u,+v.}’l (4)

p = p( (3)

where u, v are the velocity components, p the pressure, T the temperture, | the viscosity, Re the
Reynolds number, Pr the Prandil number, Ec the Eckert number, p the density of the fluid and fy, f; are
the components of the extemal force. In nquutlnnl (2) and (3), L is a non-dimensional number, and in
case of maotion under the gravitational force, A', is called the froude number (Fr),

We define the following functions:

W = v, -

(v?+ v?) 2,

2 Re ©

L=p +

In term of these functions, the system of equations (1 - 5) is replaced by the following system:
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u, + v, =0 M
I
-y =l o= (Y 4 ) ), + B (%)
4lpu,)
u--t,-T**&;[Hfﬁ*ﬂ]]-*ﬁ @)
we v, - (10)
T, + VT, = R:ﬁrr.ﬂ'r.,:
E': 1 a1
+E;['.I;|{u‘+v,]+u{u,+hl'l (i
wom R(T) (12)

of six equations In elght unknowns u, v, L, ji, T, &, Fy, F; as functions of x, y. The advaniage of this
system over the origlnal wystem is that the order of the panial differential equations (2) and (3) has
decreased from 1w 1o one, In equation (§) and (9) for convenlence we have put Fy= L fy, Fym 40,

Transformatlon of basle Now equntions in the streamlined coordinate system (g, )
If the arblirary curves @(x, y) = constant and the streamlines W(x y) = constant, generate a

curvilinear net in the physical frame, the sysiem of equations (7-12), following Nacem and Nadeem
(1996}, is transformed {0 the following system:

q= YE )
W
- A (P - y y8in 2a Flcmiu}
Jo=-JL,+ {[ o=
- Ay |Fsinacosu+)cos' u
F'eos2u  2F)sin2a , J'cosla {14}
- + .
”"[ E E E ]

+D, (Feos2u=Jsin 2a )
+]"E[F{ﬁmm+ F,sine) + J{I},cosa+ Fsina) )
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0= -JL,+A,{Fsinacosa- ~Jsin'a}= A, [H:innnniﬂ}

+D,{ Jsin 2a - Fcos 2a }+ B, { Ecos 2a } (15)
+ JVE (Feosa + Fsina)
[ET.;_EI:.] +[EL_EL.]
] I ) L1 1), "
IRePr
_Bunu[.u'nn'L%
dp )

- (7
- W
E
- 4 L = (18
K v }
wo= wT) (19)

which In © and ¥ are considered as independent variables, This is a system of seven equations in ten

unknown functioms B, F, O, W, L, T, q, i, Vi, Iy, In equations (14 - 16), the functions A and D ar
given by

A= ]‘—"—[[—:pr?“ %‘E (Qq cosa=q sinu a,)

(20)
=B sinu ( qy cosa ~ qsinaay ) ]
B -T%[q,[ F—ﬁ?-“- —"Eiﬂ ]+ VB cos2a 20

(F ﬂn!u Jcos2a

T T ]u.-qﬂ lilﬂuu.,.]

The objective of the present work s 10 seek solutlons of the equations (13 = 19) by placing a prior

condition on the matrices E, G for an arbltrory state equation (19) when the system (D, ¥) is orthogonal.
When the sysiem(®, V') s orthogonal,

Fm( (12
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o3

Tramsformation of the Mow equation In sireamlined coordinate system (g, y) Into the natural

orthogonal net = (§, n)

If a natural {{, n) coordinate aystem is chosen, where 1) = constant are streamlines and { = constant the
sieady plana Now of an incompressible Muid of variable viscosity in the presence of extemnal force lakes

the lonn:

v

E;

0 = - L + g(Fcosa+ RKsina) + B,sin2a

+B gLeos2a ﬁ‘,j“:'n - A £y 80 a cosa
! By A B

o w - =, KFeosa g Fsing
v ¥ v
peosa _ o sinda

M T
_ A Epsin2a cos’a
A¢ 21 g, M ¥

) -[_l}:li;_‘ + RePrY'T,
_(@)w)
[T )
as(age. e )]

(23)

(24)

(25

(7

(28)
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B = u[li(x]llnh + *mn;
' ¢

B; ik (30)
b L(E) - i ]
B: \ B2 Jy B

3. Solutlons of the Now equationa
In this section, we seek solutions of the Mow equatlons for various prescribed Mow geometries as

follown:
Vortex flaw
For this Now
ne=r, L[wd, g =r, =1, ow=-=0 (31)
Bquations (23 - 25, 27, 28), employing equation (31), give
q = ¥'r) (32)
-l'r';v ==L + Recos0 + R sind a9
=u3,Rln20 - v R 5In20 + !‘rll-
0==L, +r(Fcos0 - Fsin0 ) = R, sin20
(34)
+ tR'w +rRv, + vR (4sin0)
where
Rew - L (%)
We found that the equations possess a solution when
ve Xfe)Y(0) (M

where X, Y are 1o be determined

Equations (33) and (34), on using equation (36) and the integrability condition
Lyg=Lgy, yield

rnﬂﬂF;,—nIn[IF;. ] F"ﬂlﬂi- F“ilﬂ
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SY [(r2') 422" )+ -'f'r—"" (37

where

Z=RX (36)
A soluthon of equation (17) is glven by

Fy = rsind

F; = reesd

Y =al+a (9

Z =g

where ) (w0}, a;(=0) and ) are arbltrary conslania,
Equations (1) and (M), employing equation (39), yleld

L -Im!ldr+r’—=,{n,ﬂ+l,]llnlﬂ

+ayainr + ‘k.[!lgrl-n,ﬂ]-l-r:,

(40)

In equation (40), the streamfunction "V ks an arbltrary function and ¢ w0 ), )( » 0 ), and c; are arbitrary
mmﬂmﬂﬁ}.hﬁhmm
P T +eTy = tP(0) Ty + Tws = X{ng0ay) (¥ ="1") (41)
The form of the above partial differential equation for T suggests to seck a sohition of the form
Tw=llr) +» Q0) (42)

where H( r ), Q( 0 ) are 10 be determined. Equation (4 1), using equation (42), ylelds

PH* el = rQ + Q"= =p(a0 + m)X(rtp" ~ WY (43)
Differentiating exjuation (43} w.r.L, “0™, we get

- QT QM e pa X (e - Y ()
Apaln differentiating equation (44), w.r.L “0", we get

-+ QM w0 (43)

This leads us to the following two cases:
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Case(l) Q% =0

Cuse(l1) Q" w0 r¥=n

We combder these Iwo cases separately

Cose (1) When Q% u 0, we get
Q-%’-f-rn.ﬁl-l:

where ay, &, 3y are all non-zero constanis
Equation (44), on using equation (46), ylelds

nt¥ = puX(r) (e - ¥y
Equation (43) on uslng equations (46) and (47) yielda
AN+ - :.Eilﬁ (19" = P eam = puyX(rP-¥)

¥
whose solution Is

H -(ﬂlfl-l,]qulr“[r'i"-'i"]dr]dr
- !il[lnr]’ + adnr + o,

where oy ( ® 0 ) and ay are arbitrary constants
Now equations (47) on using the fact that

r

BrY = pagny(r¥* - ¥ )r
which can be rewritien as

W a 1
— —_— |
¥ (l+P‘xll)f

{46)

(47)

(48)

(4%

(30)

(31)
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whose solution s

" I-F
1
._h]r_-ph
W . 2+ —H
Po 8y

where by (20 ), by and by are arblirary constants.
Cosg (1) When Q » 0, r'1" = ay, we gel
¥ ouoalnr e ag
This on using in equation (43), we gel
Q" -aQ” =0
whaose solution is

+ .uﬁul._( &y + 8y ="I+ 2, ayy ]
s

whete dg, 341, 8i3, 84y, dye are all pon-zero constuniy

Equation {($4), employlng equations (33) and (33), ylelds

X
ay = =dpaga’ T

substiting equations (35) and (36) In (53), we get

clH* +rH = —[n,, -E-*:—ﬂ]

whose solution is given by

i = -%[n,, -!ﬂf-"-][lnr]'i- apInr + myg

where a5 ( 20 ) and a,4 are arbitrary consiants,

1* l. [l ‘-1F .l-.l

byInr + b, ay= =2paa,

(32)

(33

(34)

(35)

(56)

(3

(38)
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A particular solution of equation (41) for ay = 0ls given by
T= a0+ I“I:::dl"-l-llulﬂf

—m[%“””’;" L) dr]dr + oy

In equation (59) the streamfunction Is arbitrary and therefore we can construct a large number of
expressions for T and hence a large number of solutions to the MNow equations.

(59)

If we take R =%~ - % (equation 35) equal to zero, then we obtain
V= El:;—,t+n'|.,, (60)
Fi= 5,(0) (61)
R o= =[8(0)un0d0 + m, (62)
L =m’P +rScos0 + rSain0 + my (63)

o }m,ﬂ -l-ﬂl"ﬂl. 4+ mgne+ my, mym, #=l 6

[(m@ + my ) I, (r), mym, =~I

In above cquations m's arc all non-zero constants and J{r) i1 a Bessel function of order zero. The
functions 5,(0), 5:{0) are both arbitrary , The arblirariness of these functions enables us to construct A

large number of solutions 1o the Mlow equations.

Radlal Now
For radial flows
n=0, L=r, gp=l, agur, amd (65)
and the equations (23 - 25) gives
¥io0
q= —(—}- (66)

_Y r A, sin20 cos’0 . rB, cos20
= 5‘—.:?2 + 1{-.- (R cosd ~  sind )
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0m-L, uﬁ,iln‘ﬂ-m+ﬂ,ﬂnﬁl

B, cos20
- + F, cos0 + F, sind

+

CT 41T, = t¥(0)T, + To -Jr%{iw,’q.wx’}
where

ﬁ --ML
prt

B = —'—“,
pr

W
W, = ¥ cos0 + -Elilﬂ.u

Wi = =29 5in20 + ¥ cos20
Substituting
o= MO)N(r)
in equations (67) and (68), we get
SV ok + ()W, sin20
r p
+ -:-"I" W, cos’0 + -:-T'{r'jw; cos20

-%vw,'ﬂn:u r(F, cosd — F,sind )

0=-L+ s‘f‘{r}\'ﬂ'[ﬂ]llﬂ’ﬂ

+ %Y W, sindcos0 + - ¥'W,"(0)sin20
p

+$Wf,,'m2&+ F, cos@ + F,sind

In equation (75) and (76)

H

(68)

(69)

(T

(73)

4

(73)

(16)
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Wi = M(0)Wy(0)
Wy = M(0)Wy0)

Y(r)= Hr('ﬂ
Equations (75) and (76) suggest

L= M. Y(r)= —I' (78)
i r?

where U( 0 ) is an unknown function to be determined.
Substituting equation (78) in equations (75) and (76), we get
-9y = -U"0) - Ew,' in20+ E W, cos’0

(7

" %w,' cos20 ~ i-w.' §in20 -
+r' (R, cos0 - Fsind)

0 = 2U(0)- %‘lﬂ'ﬂn'ﬂ + % W, 5in20
- .E.w;[u] sin20 + %w.‘ c0s20
+ P (Fecos0 + Fsin0)

In the above equations, we note that the only terms that contain Fy and F; are functions of r and 0, and
rests are only function of 0. This suggests thal we substilulo

- 3(0) F.-E';L,H-! (81)

r
in equations (77), (80). and therefore the equation (80) yields

U(0) = W sin® ~ 2 Wy’ sin20
| R (82
- % (5,(0)cosd + S,(0)sin0d)
Equatlon (79), on using equations (81), (§2) and after laborious algebra, yiclds
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MY« IM (P + 29" )+ M(P™ 4 ™)
w=2p' % -2 p(5;cond - § sin0 )
= p(5 cod+ S;ulndYy (83)
Treating equation (83) as a differential equation in M, wo obtaln

M(0) = Q;‘[n][f H'“L?'“”dﬂ + u,] o8
where
Q(0) = e U W;m‘“] .
R, = j [-2p% % - 2p (S, cos0 - §, sind) (86)

~p (S cos0 + S, sind))d0+d,0

and dy, d; are non-zero arbitrary constants,
We mention that in equations (83 - 86) the functions *¥, 8 and 5; are arblirary, This arbitrariness enables
us to construct a large number of expressions for the function M( 0 ) and hence for also the functions thal

involve ‘¥, 5, S5, M(0),
The temperature distribution T for radial Now satisfes the equation

Pl + 0T, = e9(0)T, + T ---:‘Tuw.h W) (87)
A solution of this equation is given by

T Er"'.jn-h[.l HO™ (AW + Wy7)d0+0, |d0 -+, (88)
Provided

w--’-“-i-i";-'-'l-%w,. mwl (89)

In equation (B8), | = M( 0 ) the function Is given by equation (83) which Involves arbltrary functions
S 0), Sy 0) and this arbitrariness of §; , 5y enables us to gonerate o large number of temperature

distnibutlons,

Parallel Now
For this type of llow
{=x, Mme=Yy, =l o=g, aomi (90)
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Equatlons (23 - 28), in using equation (90), yleld
Ly = Py + -I';(u‘l"{r]},

Ly = ¥{y)¥(y) + i+ T—IE'L)'IH

T+ Ty m=p ¥ (y) + ¥(y)T
Employing the compatibllity conditions Lyy = Ly, wo get

I W
Fiy + F{n"'l"'h,-F..-r -F-u..

Substituting
pow X(x)¥(y)
In equation (94), we oblain
Fiy + %xz'm w Py + gﬁﬁx“
where
Zy) = ¥(y)Y(y)
The equation (96) suggests 10 take
Fi(ny) = Fu(x)Fily)
Filx,y) = Fulx)Fuly)
Equatlon (96), utili zing equation (98), can be written as

.F‘! x "
= E"r‘—,l%'(‘lg+—ﬂH
X{x y pX( x

Differentinting equation (99) w.rt. “y", we get
m}aﬁ i(zj. B | (B,
[H z | " o\z X "':'L]
Differentinting equation (100) w.r.t, “x", we get

EA[CALATEN

on

(92)

(93)
94)
(93)

(96)

(o7

(98)

(99)

(100)

(1o1)
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% %)

in equation (102) the terms in denominators are mon-zero,
Since equation holds for all x and y, therefore

_(21 - &’:I = conslant » 0y { say ).
¥ (%)
This gives
Fu=nFy' + ;X
Fao=mFy + 2

where ny, ng, 0y are all non-2ero constants,
Equation (100), employing equations (104) and (105), yields

P+ pmFy » 0 y)

Emgploying equations (104 - 106) In equation (99), we get
X =mpX = =pm By

My = Py

where ny It an arbitrary constant.
We now determine the solution of equations (107) as follows.
When ny = 0, the solution of equation (107) is given by

xnmn+m-pm]'ﬁ;dn

When ny > (1, then
X = n.:‘r’-‘l‘ & n'u"l'.ﬂlll"

+ %f ek Iﬁﬁ.ﬁ;d"

|
mle o [ i
ny

s

(102)

(103)

(104)
(103)

(106)

(1)
(108)

(109)

(110)
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A o0, ‘“"I‘ri;.: ‘] ' n, “.L"rl'-_l "]

. :—FIE SO l.:; v) Jl “'I\Ii“_-\] F"*nll.
By

<28 sl o) ooy o) By

The sowussemn sl pupiasmen { IUS) bir g f = 0, 2 00, & 1) ) an idluran
When ny = (L B seslulim i

Z = -pmylFudy = ay » na
When m > (4 then
ﬁ - “.. :E. - "I.’tl.;'

- ;%E ey jlt""_"ﬁ["l

m—y Y

;;ﬁ e jr'*“-" s dy
=™

Wit g €L Al w =y aml n, # 0 them

L o= My, cming 3) * n, va(n, I'}

- 22 oufn,y) Jun(ngy) b

LI

2L wnimey) feon(me ) Hidy

L

ALY

iy

my

()

I anporstsama (102 = THEL Mo Mo Mo Mos, Mo My, Mo e all Mo pemn ovematoees, sl Voo iv am arbtrary

Wea imse herr thal i wommgraimtts Fo P P U ol ihe evternal line sre all arbstrary. When in

ceguabian (10 )
p 4 X

(135
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we Tind that

Py = nge j Xdx + ny

Bz = nig l Zdy + ny (116)

Now equation (101) is identically satisfied on using equation (I 15) and the equation (99) gives

X [ x° \
=3 - — - m —_ “
Ky e | pX -
z (2 \ )
= —_— Cwwma = [
Fya o | D2 n

We mention that in this cane X, Z, Py, Fyy are all abitrary,
The temperature distsibution T satlsfies the equation (93) and its solution can easlly be oblalned by
substituting expressions for j and ¥(y). For the above case |f we take X = 1, then equation (93) becomes

Ta+ Ty = =Y(y)¥ y) + "(yIT. (118
A solutlon ef equation (118) is given by

T= nfpx + I II (=YW +ng ¥y |dy + ng y+ny (119)

In equation (119}, the functions Y, ¥ are both arbitrary, and their arbitrariness enables us 1o construct a
large number of solutions to the Mow equations.
For parallel Mows the energy function L is given by

el

L = %+|=,1::1j|r,,u:uy+-’%l-]z¢y+n,, (120)

where ny is an arbitrary constant,

4. Coneluslons

In the present work the equations govemlng the steady plane motion of an incompressible Nuid of
variable viscosity and constam thermal conductivity in the presence of unknown exiemal force for an
arbitrary stnte equation with no heat addition are considered. The equations are transformed into a new
systern of equations in an onhogonal coordinate system (@, %) in which V' = constamt represent
streamling and @ = constant are left as n family of arbitrary curves. Exact solutions 1o the Mow equations
are determined for radial, vortex and parallel Mows. The expressions for the exiernal force are also
determined for each Mow. The solutions involve arbltrary funciions enabling to construct a large number
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