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Abstract

In this study, Pearson (3) and Log-Pearson (3) distributions are fitted on the data of flood peaks at
Sukkur barrage, using Method of Moment (MOM), Maximum Likelihood Method (MLM) and probability
weighted Moments (PWM) for quantile estimation 3*~test, S—K test, probability plot correlation Coefficient
(PPCC), root mean square errors (RMSE), coefficient of skewness (Cs), Coefficient of Kurtosis (Cy) and
L — moment ratios are used for comparison and testing of the distribution and methods of etimation.

LP .(3) appears better than P (3) while MLLM is more efficient than MOM. A flood of 1.233 million
cusecs is e,‘fpeclcd to pass through Sukkur barrage during next 100 years by fitting LP (3), using MLM.
Thus there is a need for taking suitable steps (o save the structure of the barrage as its present capacity is

only 0.9 million cusecs.

Keyword: Pearsaon (s), & log pearson distributions.

1. Introduction

A knowledge of magnitude - frequency
relationship should be used in the design of dams,
high ways, bridges, water supply systems, and flood
control structure. Frequency analysis is a tool in
effective design. It avoids over designing which
though result to increased safety, involves higher
costs. The efficiency is achieved by relating cost to
uncertainty using frequency analysis.

Expected differences in the results between the
actual data and the estimated data will be in the
magnitude at high return period T,, i.e, at the tail of
the density function and their estimation is faced
with risk and uncertainty.

For uniformity, consistency and capability in
planning and design of Water Management project,
it is desirable that the same probability distribution
be used by all agencies in the country. But it does
not work, as length of data, choice of method-ot
¢stimation; changes in the climate and construction
of barrage upstream on the river affect the results of

frequency analysis and the choice of probability
distribution.
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Realizing the need of selection of a particular
probability distribution and an efficient method of
estimation we attempt to fit some suitable
distributions on river Indus, at Sukkur. Various
mvestigation propose different distribution to fit a
particular type of hydrological random variables.
The distributions contain parameters estimated from
sample data. Mathematically, the more parameters in
a function, the more flexible it is in fitting empirical
distribution. More over, use of a given distribution 1
subject to the validity of estimation methods. Thus
the selection of a probability distribution is an
optimizing problem between the flexibility and
reliability of the estimated parameters.

Inspired by the works of Butto, H.B and
Shaikh, N.M [4], and Nixon [5]. We had fitted
Gumbel and GEV distribution [11], Normal and
Log-Normal distributions [10] to the data of flood
peaks of Indus river at Sukkur, for 99 years. The
results are as follows:
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Table-01A Normal nd log normal distributions

Sampling Distribution/ Flood Estimates for 100 Investigation
Size Curve years (million cusecs)
(Best Method of Estimation)

85 Faster-111 1.20 Bhutto & Shaikh
83 Hazen 121 Bhutto & Shaikh
9 Gumbel (MLM) 1.23 Memon & Shaikh
99 Log Normal (MOM) 1.25 Memon & Shaikh
43 Pearson Type-1 0.853 Nixon
76 PearsonType-11 1.24 Nixon

Design capacity of Sukkur barrage was 1.2
million cusecs in (1932). in (1941) due to some
technical reasons capacity of the barrage had been
reduced to 0.9 million cusecs. In (1976), 1.201
million cusecs flood had actually passed and more
than. 1.1 million cusec had actually crossed the
barrage four times, luckily without damaging the
structure. Nixon [5] had calculated 7.7 lac cusecs as
the mean annual flood for 43 years, and 11.5 lac
cusecs for 76 years, at Sukkur . Fitting Pearson Type
I skew curve on the data for 43 years, the upper limit
is 8.53 lac cusecs and lower limit is 3.68 lac cusecs.
But using the data for 76 years, the upper limit is
12.4 lac cusecs and that the flood of magnitude of
12.0, 11.0 and 10.0 lac cusecs are expected to occur
once, thrice and even times in a century,
respectively.

In this study P (3) and LP (3) have been fitted
using MOM, MLM, and PWM, compared and tested
using Goodness of fit test, C,, Ck, L-moment ratios
and S. E’s of quantile estimates.

P (3) has been elected as it has been widely
used in mny countries [7]. Matales and Wallis [8]
compared the quantile estimates by P (3) using
MOM and MLM Bucket and Oliver [6] recommend

MLM for P(3). Haligram and Lele [14] had analyzed
flood flows from 16 streams in India using P (3).

LP (3) has been selected as it has been
reommended by the Water Recourses Council of
U.S.A [7]. Askhar and Bobee [3] developed
confidence intervals for P (3) and LP (3). Arrora and
Singh [2] compared different methods of parameter
estimation of LP (3) by monte carlo simulation. In
general, P (3) fits annual floods data better than
LP(3) but latter is recommended for flexibility [1].
One of the important problems related to the use
of LP(3) is the variability in C,. Infact, as C;— 0.
LP(3) -LN (2).

Data is collected form the office of Chief
Engineer, Sukkur barrage, at Sukkur. Histogram is
presented in Fig.1. Histogram and frequency curve
are presented in Fig. I1 95% Confidence Intervals for
quantiles estimated by P(3) and LP (3) distribution
using MLM along with observed -and estimated
floods are given in Fig. III and Fig. IV, respectively
and plot of P (3) and LP (3), by MLM, together is
shown in Fig. V. Mean, Median, Mode S>D, C,, Cj,
S.E’s, Sample L-moments, Ist Quartile (Q;), 3"
Quartile (Q), etc, are presented in Table—~I. SPSS,
Excel, Minitab and Data plot software were used for
Statistical analysis.

Step 3: Computation of design flood estimates

N

For T=5, K,,=0703, X5 = 768953

AN

For T=50, K, = 2694, X50 = 1182166

N

For T=100, K,= 3265, X100 = 130087
Table. V1 Values of the standard normal varlate

T D 5 10
(Years) )

20 50 100

", 0 0.842 1282

1.645 2.054 3326
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Table -1 Basic statistics (Sukkur) 190-999

N [ Mean* Median* Mode* Min Max
99 622.87 585.0 546.0 306 1200
(8.5) (604.1) (582.0) (566.7) (3006) (1200)
S.D Q.D C.V S.E (@5 Ci
205.7 102.5 0.35 208 1.120 3.68
i (184 0) (94.1) (0.306) (19.9) (1.26) (3.62)
Qi Qs D, Dy* TS T
4840 689.0 407 99.7.0 0.228 0.181
| 81 (669) (423.0) (810.0)
Note: The values in the parenthesis are for 85 year
° indicates value i 000-cusecs
Methodology Theoretical details are given in [1] and [3]. An

The probability distributions are fitted and the

results are tested and compared step-wise as follows:

it

Parameters of each distribution (by three
methods of estimation) along with quantile
estimates and their S. E’s, for different return
periods, are calculated.

Various goodness of fit tests. C,, Cy etc, are
used.

Ratios, Differences and Confidence Intervals
arc also displayed by tables and figures.

example of fitting P (3) by PWM is presented in
Appendix.

Steps:
2.1 Testing the Goodness of Fit

The formulae as well as procedure for conducting
2

% —test, S-K test and PPCC are as discussed in [13].

2.2 Role of Skewness, Kurtosis and L-moments
Ratios

The procedure adopted is same as in [13] and. (1]

These relationships give on idea about the candidate

probably distribution to be fitted on any given data..
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3 Results and Discussion
(i) Descriptive Statistics (Table -1)
Fie-1 shows that upper  flood

million cuecs have occurred 6 tirmes
shows that high floods above 750 thous
and between the ranges of (75()»86())‘
(980-1090) and (1090-1200) thousand I
occurred 6, 3, 4 and 6 times, re
(1901-1999).

above |.1]
and Fig-]
and cusecs
(86&)»98()),
usecs have
spectively, from

Mean > Median > Mode, O T and CV iq
0.305. Thus the data is positively skewed (the
results are sinular to those for Guddy barrage).

Table-11. Parameters of P (3) and | P

it Ll e N
Parameter
=5 L v

o
Distribution

LP (3)

Table-ITT Quantile estimates and their S.E

B e

é ian s
The difference beteen Mcan gnd Ifr:;(Zi;ax
substantial and increases with the sample :

(i) Parameter and Quantile Estimates

Table-11 shows the values of parameters 1ot
P(3) and LP(3), estimated by the three methods.
Table - 1T shows the quantile estimates and thei
S.E's, for various return periods for both the
distributions. The quantile estimates compared in
Table - IV A and are discussed as under:

(3) Ditributions (Sukkar) (in 000’s cusecs) 1901-1999

MM PWM
1154 142.79

3.085 211
267.654 321.00

0.157 0.158

3800
033

’s (In parantheses) by P (3) and LP (3) (Sukkur) 1901-1999

[\ ‘\\—\
Return | Exceedence s __Quantic Magnitude (000) cuseces) Al
Period | Probability 2 m &
T P Pearson (3) R o | Log-Pearson (3)
MOM ML M PWM MOM MLM PWM
iy L BWM | W0 h
20 774,708 771.749 768.95 771915 765.64 762.6
31 Dt U ED8) - A @ILT) (29.1) i |
10 897.249 892 769 989.55 906.049 879.72 8877
(42 46) (LR - (42.2) MO\@)\
05 1011.865 1006.169 1022.65 1040.647 988.13 1011.0
(53.07) (515) (52.3) (50.2) 3}
04 1047.643 1041.60 1061.87 1084.655 102,41 1046.0
(56.44) (55.1) (54.8) (51.3)
50 02 1156.285 1149.279 1182.17 1224.558 1128 05 1165.0
(66.82) (65.3) (66.7) 61.1) |
73 013 1218.464 1210.958 1251.75 1309.116 1189.64 12240
(7281 (719) (72.1) (68 6)
100 o1 1262 098 1254 263 130087 1370.511 1233 39 12687
(76.6) (728) i
(75 8)
(77.04)
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Table —IV Tests of Goodness of Fit (Sukkur) 1901-1999.

£-Test S-K Test PPCC m
h\\
o=5% St o=5% Deu
P(3) LP(3) B3 1(3) P3) LP@3) P3) Lp@3)
5.99 593 581 0.136 0.179* 0.172% 0.9846 0.9848 0.0434 0.048
i)
* Indicates non acceptance of null hypotheses.
Table-IV-A Ratios of Quantile estimates (Sukkur) 1901-1999 for different T,
ey
Ratio Distribution/Method T
10 20 25 50 75 m
Quon/Qnirm P(3) 1.05 1.05 1.006 1.006 1.066 _1007_|
Quion/Qwim LP(3) 1.03 1.05 1.06 1.09 1.10 .11
pwal/ Quin P (3) 1.01 1.016 1.02 1.03 1.035 1.04
Qen/Quirm PL(3) 1.01 1.02 1.024 1.033 1.033 1.03
Quecy/Qr 3y MOM 1.01 1.03 1.04 1.06 1.07 1.09
QurayQr ) MLM 0.985 0.98 0.98 0.98 0.98 0.98
QureyQr ) PWM 0.986 0.99 0.985 0.986 0.98 0.976
Table-1V B. Ratio of S.E’s (Sukkur) 1901-1999 for different i
Ratio Distribution/Met T
hod
10 20 25 50 75 100
S.Enion/S-Enia P (3) 1.04 1.03 1.03 1.03 1.02 1.02
S.Eviom/S Enmim EP*(3) 1.04 1.06 1.07 1.08 1.05 1.05
S.E(LP-3)/S.E (P-3) MOM 0.99 0.99 0.97 0.998 0.99 0.99
S.E(LP-3)/S.E ("-3) MLM 0.995 097 093 0.94 0.95 0.96
(a) Pearson (3) lhc” dlt:]erences between quantile estimates are
. - : smaller than %
MLM gives the smallest quantiles and PWM gives for P (3).
the largest quantiles. Quinm < Qpwns < i
Qvom / Q.leM. varies from 1.006 to I.QS and Qpwy / Qrwn/ QMLM varies from 1.0] o 1.03, greater for
Quiwv varies from 1.01 to 1.04. The ratios are greater larger T,

for larger T'.

() P(3).Vs.
(b) Log-Pearson (3) ) PG3).Vs.LP (3)
7 : . Q estimated b LpP (3) 1 h by I’ (3)
MLM gives the smallest quantiles while MOM gives . y are smaller than Q by ;
the largest quanitles. ::::::g :Adé‘)x ?;K‘i%l)[:)vgdq()l % to 2 %). but are largel
0).
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Note: 1.25 and 1.23 million cusecy Tood |
Note: 1.2 ;

W Sukkur barrage during  neyg 100-ye
MLM, for P (3) and LP (3), fespectively,

CXpected
ars “\illl!

(b S. E's of Quantile Estimates (Table -1y and
IV B).

(a) Pearson (3)

S. E's by MOM are larger than by MIL.M (% to 4%)
MOM is less efficient than MILM.

(b) Log-Pearson (3)

S.E’s by MOM are larger than by MLM (49, to
8), i.e. MLM is more efficient than MOM.

© P@3).Vs.LP @3

The difference is up to 1% for MOM and up to 7 %
for MLM. The S. E’s by LP (3) are smaller than by
P (3).

Thus LP (3) is better than P (3) is better tha P (3),
specially for MLM.

Fig. Il and Fig TV are the plots of P (3) and (3)
distribution curves by MLM with confidence bands
of 95%. Both the curves show that computed
quantiles of P (3) and LP (3) distributions by MLM,
give a better fit by passing in a straight line through
its mean point (T= 33, X = 622.87 000 cusecs) and
within the confidence bands of X1 (95%) and X,
(95%), but LP (3) is superior than P (3) for MLM
Fig. V is the plot for P (3) and LP (3) quwitite ond
both the curves pass through the straight linc at
mean point.

(IV) Teats of Goodness of Fit

Both the distributions are rejected on the basis

of S-K test, but are accepted using y test, PPCC and
RMSE.

LP (3) is better than P (3 the basis of PPCC and
RMSE T than P (3) on the basis o

WV c, Cyand L-moment Ratios:

Above (aple ¢

hows that both the distributions are
Aeceptable o, t :

he basis of , t, and C,. More over,
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LP (3) is better than P (3) on the basis of C,and C;.
Note: ty and C, for LP (3) are calculated using log of
actual observations.

4. Findings

The data is +ly skewed, i. e. floods of high
magnitude have occurred less frequently.

Quantile estimates by MLM are smallest for both the

dislrihutions, and are smaller for LP (3) than for
P (3).

MLM is more efficient than MOM for P (3). LP (3).
specially by MLLM.Both the distributions are rejecied
by Cy and S-K test but accepted on the basis of e
test, PPCC, RMSE, C, and L-moment ratios.

LP (3) is better than P (3) by PPCC, RMSE and
values of C, and G

1.23 million cusecs flood is expected at Sukkur
barrage during next 100 years, by fitting LP (3),
using MLM.

Table- v v

o s
Suggested
Observed gﬁ)r App. Ample value
for LP (3)
P@3)

Ty 0.228 0.228 0.220
\\\\--

Ta 0.181 0.140 0.139

i 3¢ 1.120 1.100
et ] = e

Gy 3.680 4.880 4815

alues of Cs, Ck and L-Moment Ratios (Sukkur) 1901-1999.

S.  Suggestion

It is suggested to fit LP (3) distribution using
MLM for prediction of occurrence of individual
peak flood on the Indus river t Sukkur barrage. The
Predicted flood by LP (3) using MLM 1 1.3 million
cusecs which T much higher than the 0.9 million
cusecs designed capacity of the Sukkur barrage.
Thus there is urgent need to take the appropriate
measures to save the structure of barrage form
occurrences of ny possible damage due to the above
predicted flow which can occur t any time as
environment changes.




A.G. Memon and N. M. Shaikh 58

Table (V) Model of P (3) and LI (3) Distribution

Model
Distribution Barge Method olld

MOM "

———

xr=(115.1x3.19) + (255.8) + Ky ¥ (115.1)* x 3.19

MLM B

Sukkur Kleghs LHL TN

xr = (11514 x 3.09) + (267.6) + Ky V (115.14) x 3.09

PWM ”

———

xr = (1428 x 2.11) + (321.0) + Ky v (142.8)*x 2.11

MOM A

xr = exp [ (0.057 x29x35) + (-4.71) + Ky v (0.057)° x29.35]

A
LP (3) Sukkur M

xr = exp [ (0.157 x382.5) + (0.43) + K¢ ¥ (0.157)° x382.5)

PWM A
xr = exp [ (0.158 x380.0) + (0.33) + Ky V (0.158)” x380.0]

Appendix

An Example of Fitting P (3) Distribution by PWM to Annual Peak Flood Discharges Data
at Sukkur Barrage (1901-1999)

a. Station Description

River: Indus

Barrage:  Sukkur

Period of records:  99years
Data: See Fig-1

a. Computational Procedure

Step 1: /, = 622.879. I, = 100.302, C, = 1.120, C,=0.330, t; = 0.28 and 1 = 0.177
Step 2: Parameters estimation by PWM method

Since t; = 0.228 is less then 1/3

tw=3 7l’;

=3(22/7) (0.228)* = 0.490

7 (14 0.2906 1,,)
B=

(1, +0.1882 7, +0.0442 ,)

(+0.2906 x 0.490)

(0.490 + 0.1882 (0.490)° + 0.0442 (0.490)’




Relative Accuracy of P

=2.114
. A
[l:‘l_.l) ——A(B) —
F'(B +W)
A

I (B) = T@.114) = 1055
A
r (B+l/2):l’(l.()55+'/z)=r(2.()l4)=.444

i e -
a=\r (110302)x 1055
1.444

a=142.799
N A &
},= /| " a /}
=022.879 - (14.799) (1.055) = 321.002

The fitted quantiles by p (3) are obtained by

A A N N A 5y x
Xr =@ f+y+ K N ap
where

3

C;
S et e L] CLES )

6

and zis given in Table VI

Step 3: Computation of design flood estimate

A
For T=5, K,= 0.703, x = 768.953
A
For T =50, K;=2.694,x 50 = 1182.166

A
For T =100, K;=3.265,.x 100 = 1300.87

Table-V1 Values of the standard normal variate

carson (1) and Log-Pearson (3) Distributions 59

T 2 5 10 20 50 100
(Year)
i 0 0.842 1.282 1645 2054 3326
T ¥4
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