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Abstract

In this paper we presentasynchronous paralle) algorithms for the solution of nonlinear systems
of special form using the principles of system decomposition and matrix splitting . which are
suitable for MIMD parallel processors. The convergence proof of the algorithms are viven and
some special cases discussed,
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Introduction

The finite difference or finite element discretisation of  many nonlicar differential equations

usually results in solving a system of nonlincar algebraic equations with the special form,,

BT (x)+AH(x)=Db, (1.1)

Where,

n N

n n N n
T(x)=(Ti(x1)) €ER,Ti:R —=R,and HxX)=(H,(x;) € R, H: R— R,

n ]
are diagonal continuous mapping, A = (a ;) € L (R )isan M-matrix, B =(b,; )€ L. 'R ) 1s
n n
anonnegative matrix, X € R is an unknown vector, b € R is a known vector.

There are many papers [1-7] which discuss methods for solving (1.1) (including its special
cases). The most relevant to (1.1) is R. E. white [7] designed parallel algorithms based on
the Gauss seidel splitting which are applicable to SIMD systems and which provide an

efhcient reform to previous sequential algorithms as demonstiated by numerical tests.

However, this approach introduces a class of synchronous parallel algorithms and it is
important to determine how to design asynchronous parallel algorithms for the rapidly

developing multiprocessor ( MIMD) systems of today.

In this paper, with the aid of Tarazi s general definition of asynchronous algorithms
combined with the characteristics of problem (1.1) we design a class of asynchronous

parallel algorithms with a certain generality which are applicable to MIMD SYSTEM, using
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the approach of system decomposition and matrix splitting and under the same conditions as
that of [7], we prove the existence and uniqueness of the solution of (1.1) and the

: , . .n -
convergence of asynchronous paratlel algorithms in R . We prove that this class of

asynchronous  parallel algorithmy is theoretically reliable. Furthermore, under several

particular matrix splittings, we discuss the convergence of the corresponding asynehronous

algorithms for the purpose of practical applications.

2. Establishment of asynchronous algorithms

consider the product space,
n x n, n; n
R=[1 RYR CR ,nm+ns+..+ng=n.
i=1 0
Itis clear that for each x € R, it can be expressed as.

nj

T xieR ,i=1,2,... a.

%= Ry, X, ov Xall

Let the number set S = {1,2, ..., n} be divided into ¢ nonempty and disjointed subsets.
denoted s, Sa,..., Sq respectively, i.e.,

S ={s1,82,--,8¢} ={ 1,2, ..., a}

Thus , matrices A, B and vectors T, H can correspondingly be djvided as,
A =(Akt)s Ayt =(aij)n xn(,i € Sk,j €Sy

k
B = (Bk(), Bit, = (bjj) Nk xnt, 1 €Sk, j E s

T T
Tx)=| Ti(x1), Ta(x2), ..., Ta(X &) H(x) = | H, (x)), Hz (x2), ... Hy (X &)

Though the above division, we can express the system of equations (1.1) as the form
submatrices in which each subsystem is of the form,

Aw He (Xi) + B Ty (Xa) = b= X AkCHt(X()_EBHTt(X O.Vkes 1)
C#k L #k '

In order to construct an asynchronous parallel algorithm with certain generality, we assume
that the submatrices Ay are of regular splittings, that is,

Akk = My — Ry,

Where,

M_lkk >0, Rk = 0.

Moreover, the splitting of submatrices By are,
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B = U + Vi, U 20, Vik 2 0.

Replacing Ay, By in (2.1) by (2.2)and (2. 3), we obtain,

M Hy (X}\)'*‘U}\L Ty (X)) = by = 2 Ay cHpx () “Z By T X 0+ R H (X3)
(#k (#£k

Vu T (x). VkeS (2.4)

Thus, we can establish an asynchronous parallel algorithm based on (2.4). For this purpose,
we need to introduce the following symbols:

(1) VpeNo=1{0,1,...}, denote J = {J(p)}ron, as the nonempty subset of
theset {1, 2, ..., o},

(ii) denote S = { s1(p), ..., S« (P)} vox, as infinite sequences.
The sets J and S have the following properties:

(a) Vke={1,2, ....,a},theset { p€ No| ke J(p)}is infinite.
by Vke ={1,2, ...,0a}, VpeNo,sk(p)<p.

(¢) Vke={12, ...,a}, lim sy(p)=oo
p—oee &

n
let x° € R be any initial approximation of the solution of (1.1) and assume that we have

obtained,

| 1 5 3 .
tat e Lik= Ity , by any algorithm, then the ( p + 1)th approximation X" can be
calculated by the following formula,

/
Mix Hi P+ Ui T (" ) = b =X A Heixo SRy
(#k
(l)=< s¢®) S g P) s )
fzk BieTexe D+ RuHuGe ) = Ve T (x Lk el(p)
Copl P i
\ \: = Xy k €J(p)

where S; (p) is defined by (ii) . J (p) i (1) embodies the definite part. It implies the index set
of corrections at pth step. Then (I) is an asynchronous parallel algorithm to (1.1) this is an
implicit algorithm because the left side of (I) 1s nonlinear mapping with a particular form for
which the right side is known. Hence, we need to solve a system of nonlinear equations in

order 1o obtain x‘;". At this moment, in order to improve the efficiency, we can make use of
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various methods which are applicable to the corresponding subsystem. Therefore, this class
of algorithms is of great flexibility.

Particularly, when,

JE={1,2 ....a),¥peNo
Si(p)=p, Vi €J(p)VpeNo

Algorithm (I) becomes

P

Mo He (8 ) + U T ™ )= b2 A (HEX ) X By (Tre )
C#k bR
(1= +Rkka(Xf )—kaTk(ka),VKEJ(p)

This is a synchronous parallel algorithm. The nonlinear parallel algorithm presented in [4]
a special case of algorithm (II).

The working principle of algorithm (I), (II) is shown in the following  fig:

(figure. 1, figure. 2).

. 0—60—0—0—0—0-—0—0-0—0—0

2. 0—0—0—0—0—0 00000
3. 0—0—0—0—0—0—0—0—0-0-0
4, O—0—0—0—0—0—0—0—0—0-0

o 1 2 3 4 5 6 7 8 9 10
X X X X X X X X X X X

Figure .1

Suppose the problem is divided into four subsystems, and they are calculated in four

processors, respectively. “.” denotes the correct values and “0” denote the translation

values, then by the definition of J (p) we have ,

JO={1LI1M={2L12D)={3}LJ@)=(1},]4)={2},
JO={1LIO=03LTMN={2},LI1@)={1},](9) = {4}.
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From above we know that at the 10" iteration the four subsystems all produce now

information, that is, the four subsystems have been corrected at least once. At this moment.

we have,
Ul =1(1,2,3,4,}

For algorithm (ii), we have,

To o0 0 °

1

xv?@??

Figure. 2

Where the dotted lines denote the waiting time. Figure 1 and 2 reflect the different effect of
the two algorithms.

According to the working principle in Figure 1, in order to guarantee the convergence of
algorithm (I), we need to make the following assumptions to algorithm (1):

{m¢} (€~ is an infinite number sequence. It is generated by the following rule:
(6]

m is the least positive integer such that
o

u J(=(12,...,a}
O<s(p)s p<mg+
In general , mg is the least positive integer such that
u J3(m=1{12,..,0}
me<s (p) < p<m ¢ +'1

where S (p) = min S; (p).
i

The actual significance of the number sequence {m¢} L€nis that when the times of
0

correction of every subsystem reaches some predetermined number, the iterative index goes

to mg,; from my. For instance, as shown in Figure 1, we can suppose that every subsystem

is corrected at least once, the iterative index goes to mg+ from mg and mes - me= 1 for all L.
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3. Convergence of the algorithm

Let A be an M-matrix and Ay = My —R i be the regular splitting of Ak - Define the matrix,

M= M), xq

(04 a
Where ,

0, k=#¢
Mk( =

My, k =

It is clear that M is a block diagonal matrix. These matrices contain all the diagonals of A.

we also define,

R=Rkl), xn
o o
Where ,
-Agl,  C#k
Rkﬁ =
Rkk, =k

It is clear that R is a nonnegative matrix.
From the above two definitions, we readily establish the following lemmas.

Lemma 1: Let A be an M-matrix and Ay, = Myx R  be the regular splitting of A then A =

M — R is also the regular splitting of A, and

M, k=1
The proof is direct from the definitions of M, R and the multiple role of matrices.
Lemma 2: Let A = M — R be the regular splitting of A, the A™'> 0 if and only
ifp (M"'R) < 1. This is a known conclusion see [2].

nn
Lemma 3. Let P € L (R ) be a nonnegative matrix and p (P) < 1, then for any € > 0 there

exists a monotone norm ” X ” e such that,

[Plle<p P +€

Proof: we only need to prove that there exists a nonsingular diagonal and nonnegative
matrix E such that,

JE'PE[. < p (P) + €,
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that is,
E'PEe<p(P)+€)e,e =[1,....1]

Note the equation,
P

(p(P)+€)e-E'PEe=(p(P)+€)E' (1——) Ee.
pP)+e
. P
>
SmceP_O,p(p(P)+€)<1,‘v’e>0,lhcn,
D
- eyee ) 20

Let E be a nonsingular diagonal matrix such that,

Ee=(I- ~

e=(1I p(P)+e) e,Ee>0,

then,

(P(P)+€)E' (1-—L—)Ee=(p(P)+€)E'e>0
p(P)+e

Therefore

(p(P)+€)e>E'PEe

55

n
Lemma4: Let Ay € L (R ) be an M-Maitrix, A, = D, + By, where the diagonals of B) arc

zero. Suppose that D, B> are any matrices such that,
D,2>20,0< B,<B,

Then,

A =D, +D>-(B;-B»),

is an M-Matrix.

Proof: see [1].

We now introduce the definition of norm.

n

Let E be a positive diagonal matrix, then for all x € R we define
Al = ! .
xfle = JE"x || o0
nj
Foranyxl €R , i=1,2,..,a, wedefine,

” X ”i=”E}li Xi “ R, ”x”E:nimx " Xi“i-

We first prove the existence and the uniqueness of the solution of (1.1).
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* Theorem 1: Suppose that (1.1) satisfies:

L. A is an M-matrix, B is a nonnegative matrix and b;; > 0, ¥V 1,
n n
I1. H: R—p R s adiagonal, isotone and continuous mapping

n n n

. T: R—p R jsadiagonal and continuous mapping and any X,y € R satisfy,

6. 0
T(x)-T(y)2€(x-y)>0,€= e |20

0 €,
where X, y are comparable,

IV. bii Iai-LI L.
by £ az U0k

n
Then for any b, (1.1) exists a unique solution x * € R

Proof : First of all, we decompose the matrix A, B as follows:
A=D-L-W,B=D-L-W,

where D, D are diagonal matrices, L, L are strictly lower triangular matrices,

W, W are strictly upper triangular matrices. Let

F(x)=DHX)+DTx),Gx)=(L+W)Hx)+(L+W)T(x).
For any comparable x, y € R", calculate,

F(x)-F(y) =D [Hx)-H(y)]+D [T(x) -T(y)]
G(x) = G(y) = (L+W) [Hx) -H (y) 1+ (L +W) [T(x) -T(y)].

We have,

16 -G l< | L+wW | [H®-H |+ IL+W | [T -T () 3.1)

form 'zlssumptions (i), (iii) , we have,

sign [H (0)- H (y) ] = sign [T () =T (0 -T(y) ],

then,

|Fx)-F(y)|=D [H@-H)-Hy |+ DIT@-Tw,

[HX)-H ) |=D"|F x)-F@) | + D' DITx)-T(yl.
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Combining the above equations and (3. 1), we have,
G -GS (Law) D E 0= Ey) = arw) 17D e -1y

LW [T - ()| 3.2
Form assumptions (iv) we have ,
(LAWY D' 24 [Lew D!
Then from (3.2),
|G -Gl (L+w)D'F (-F@) | (3.3)
~ . R . n
Moreover from assumptions (1) - (iii), for any given z € R ,the system of nonlinear
equation, F(x)=G(z)
n
Always possesses a unique solution because F (x) is an M —function in R
n
From the above fact, for any initial point x'€ R | the iterative process,
Fx ") =G(x"),k=0,1,2,... (3.4)
Is well defined.
Hence, for any iterative index k, from (3 . 3) we have,
GaMY-HEH < (L+w)D! F (x*Y-F( |

that is,
|Fx ) - F < (Law) D IE (M) - RO
it follows that,
D Fx ™) - Fx Y| <D (L+W) D! [E (x* ) -F (") | (3.5)

Since A=D —( L+ W) isaregular splitting of A, then the spectral radius of
P=D"'(L+W)islessthen I, i.e,

p(P), <l

Thus, from Lemma 3, there exists a monotone norm “ “r such that,

P fle<t.

Taking norm on both sides of ( 3. 5) we have,

1D 1R )= F ] el P llell D (M=o e P le™
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(D' 1Fx "y -Fxl e

. k § s n >
Hence, the sequence { D UE (x*)) ken i 2 cauchy sequence. Since,
0

IFx)-Fpl 2D T =T | 2Del x-y |,

Then

(0Dl x 2~ x = o] P | DI (O-F®) | e,

n
Thus sequence {x* } ey is also a Cauchy sequence. Hence, there exists X*€R such that,
0

Lim x=x*
k-——»ff.)

By the continuity of F and G, we have
fi(x*) = G (x*),
From the definitions of F and G, it fo]lgws that x* satisfies (1. 1).

Finally, it is easy to prove that x* € R is a unique solution of (1.1) from (3.3). =

This theorem proved that under the conditions (I) — (iv), the solution of (1.1) exists and is
n

unique in R . such conditions are satisfied for many practical problems, particularly, for

systems of discrete equations of nonlinear differential equations.

Now we prove the convergence of the algorithm. For this purpose we introduce the
following symbols.

D = diag (A), D = diag (B),

The corresponding block forms are

D=(Dw)n xn . D= diag (Aw),

a

D=Du)n xn» Du=diag (B,
o o
For convenience, we also intrduce the following symbols,

A, Lk
CG=(Cd), =(Cl), =
Rix, =k
-Bil, €#k

Ci= (G, = (GO, =
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Theorem 2: suppose the assumptions (1) - (iv) of Theorem 1 are satisficd.
Moreover ,

(v) Fork=1,...,a, there holds,

(D= Aw) 2R 120, (By-Dyy)2Viy 20

Rix D ™' 2 Vi D™, (Uie= D) D < ( Dy = Myy) Dy
0 n
Then for any X € R the asynchronous parallel algorithm defined in (1)

Section 2 is well posed and the sequence { x * }pen generated by algorithm (1)
0

n
converges to the unique solution x* € R of ( 1.1).

Proof : For k € J (p), by Theorem 1, the corresponding subsystem,
n

Fi (xk) = Gk (), Xk, ZKER
n

Where zi is any given vector, there exists a unique solution x;*, zx* € R
because Fy is an M-Function from the assumptions of the theorem. Hence , algorithm (1) is

well posed.

Since A =M —R is a regular splitting of A, A is an M-matrix and

D= diag (A), then,

AD' =MD" -RD"

Is also a regular splitting of A D™, From Lemma 2 and 3, we have that for any € > 0 there

exists a diagonal matrix E > 0 and the corresponding norm || . || E , such that.
q=[|DM'RD" & < 1.

Let,

F(x)=DHX)+DT (x),

and x"is any given initial approximation such that,

“F(x”)—F( X¥) "E=r.

Then we can verify that for any Pe N

3.6)
"F (x?)-F(x%) “ESr.

In fact, for k € J (p), algorithm (1) can be expressed as,

59
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My He () + U Te ™) = ik el H V) = GUT (v), (3.7)

Where

] Si(p) Salp)
\/1=[\1 \---wx(l ]’

n
Since x¥ € R is a unique solution of (1.1), then

Mg Hic (x%3) + Usi Ti (%) = b+ o H (x%) = C T (x%),
From (3.7) and (3.8), we obtain,
M [ Hx (xx p+l) + Hy (x*y) | + Uk [ Tk (Xk PH) Ty (x*) 1= e[ H (v) - H (x*)] —Ek

[TMV)-T(x*)]
By definition of F, we have,
Fi (™) - Fe (%) 1= C [H (v) -H (x%)] = Gy [ T() - T(x) ]+ (D~ My)
Hy (%P =Hy (%) 1+ (D= U [ Tk (% P T ()]
Then

|y (™) - Fe () 1Ce | Hw) =B )| = | T =TOx) |+ 1Dy =My |
| He (i P = Hie (0 | + | D= Ul | T (™) - T | (3.9)

- n
By the assumption Dy — My 2 0, Dy ~Uyx € 0 and the fact for any x, y € R

It holds,
IF)-F(y)l = DIHE)- H(y)l+ DIT(0-T )],

lHx)-H(y)| = D' Fe)- F(y)l+ D'DI T(x)-Ty)l,
(3.9) becomes,

|Fy (™) - B ) 1$CD | F@)-F (9] -G, DI T - T(x9) [+ G |
TW)=T (%) [+ Du~My) D =B (57" = Fi (x|
- (D - Mkk)Dkl{lBkk I Te (™) - T (x*%) |+ T)k}. - Uk
IT o P T (x| (3.10)
By the conditions,
El\ <CD' D, (U —Bkk)_l—)k{l < (Dyc~ My Dy,
(3.10) can be simplified as,

60
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[P (™) - Fi (1) 1 <G D | F ) -FxH)| + Ow-Mw) D' | B () =
By (x|
or,
| F (xx PHF (x%) 1 €D M CoD F(v) - F (x|
since the matrix Dy My C D™ is a submatrix of DM R D™, then,
[Ec (P - Fe %0 lesq || F vy = F e (3.11)
Thus, we can prove the inequality (3.6) by induction. In fact for P=0 the conclusion is

obviously true. Suppose that for 0 < i <P, there holds,
[F') - Ex®) [le<r.

Wheni=p+1,fork€J (p), from (3. 11) we have,
|| Fi x - Fe (k%) [[e<q || F(v) = F x| e.
since forany Le{1,2...,0}S C(p)<P,then,

st(p)
| Fetee )-Fo(x¥)| c<r

Since,
sk(p)
[P ) =F (%) [lp=max | Fu(xe ) =Fex® [lusr,

then,

| Ex (x = Fu(x®) [x<qr (3.12)

p+l

Moreover, for k €J (p), xi*" = x’, then,

[Fe ™) - Fe (x5 o= [|Fu e - B e [l

Thus from (3.12), (3.13) for all P € Ny, we have,

| F ") -F @) |esr

From the above conclusion and assumption (iii), we have that for any X, y € R

IF0)-Fo)l 2d| T@) -T2 deol x-yl,

n

Where d = min b; , € g = min €

1 1
Thus, for any P € N,
1 —
i\x"-x* llgé e r=r
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Now, by induction, we can prove that for PP m |

- fusq e

First, for =0, by the definition of my, for ¥V p = mq and V Kk € (1) ¢, there exints ¢p O = ¢
(@) < q = p.such that, x"= x, "', k € J(qg), where x, s obtained from algoritom 1 then,

| Fy-Fxm|esr,

- si(q) $2(q)  sa(q)
\ = X] L) x2 [N Xll

and,

| B = Fe x4 [l <q,

| ' -x* |k<qT,Vke{ 1,2, ....,al,

Thus

%" —x* fle<q

By the induction assumption for all p2m .

| —x* le<q™' T,

We want to prove that for all p 2 mg,,, the conclusion is true.
From the definition of me4y, forany p=2my, VKE{ 1,2, ..., 0}
there exists ¢: mg < s (q) £q < p, such that,

xiP =5, ke J(p).

Where xy 4! s obtained from algorithm (I). Thus , by the inductive assumption, it is also
valid for x,"*' that,

| Fe () - Fi (x%0) =1 B = Fe et |l < gl F vy = F x|

. s1(q) So (q)
(X 5.0 Xa)

Since forallk € {1, 2, ... a}, S(q) S (q), then m; < s;.(q) thus

s1(q)
IFe o ) -Fe (x%) ”k <q"'y

or,

[¥F () -Fx*) ||le <q"'r
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Combining (3.15) and the above inequality we obtain,
[l E (xk") - Fu (x*%)) “l\ <q“r

Thus from ( 3.14) we have,

2

s - < e <37

and the inductive process is completed. Therefore, under the assumption of the theorem, the

sequence {x" }peNOgenerated by algorithm (I) satisfies,

Lim  x? =x*
P“ P o]

The proof of the convergence of algorithm (I) is complete. |

It is easy to see from the proof that the convergence rate is atleast linear.

Under the same conditions as theorem 2, the conclusion is also true for algorithm (II). The

proof is implicit in the proof of Theorem 2 and we omit it here.

4. Special cases

Not the subsystem (2.1). if we take the splitting of Ay as follows:

Axk = Dk — Lk — Ry = My = Ry 4.1)

Where Dy = diag (Aw), Ly is a strictly lower triangular matrix, Ry is a strictly upper
triangular matrix. Since A is an M-matrix, then Ay is also an M-matrix.

In (4.1), Ry 2 0 and for My = Dy — Lk M2 0. Thus, (4.1) is a regular splitting of A It

we take the corresponding splitting of By as, Buc= (Dik- Lix) = Rk = Uk + Vik 4.2)
Then the corresponding algorithm (1) becomes,
[ (L (p)
N s o dEl R Y (A (Hexo )
(Di - Lix) Hx x l ) + (D - L) Tx (\: )= bk+l,:k K
(11 = . Sk (p) *k (p) _
° , Ry Tk ( Xk ) kel (p)
ﬁ +2 ('Bk[)Tl(xtup))‘*‘RkkHL(-\k ) 4 B Tl K
L#k
prl _ P kel(p)
X, =X,
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Algorithm (11) iy obtained when the special sphitting are fakesi for Ay, Byy and 15 5p

. . aree ety b o } ¢
case of algorthim (1) - since Dy s b, Ry g o By Doy are castly known, then it
convenient for practical appheations
Morcover, under assumptions (1) - (i) of ‘Theorem 1, lor the sphitting (4.1, (4.7, the

assumption (v) in Theorem 2 iy superfluous, Thus, from Theorem 20 the converpen

theorem of algorithm (H1) s direct.

Theorem 3: suppose that assumptions (i) ~ (iv) of Theorem I arc satishied, then o

asynchronous parallel  algorithm (1) is well posed, and the sequence {x"} o en generated
()

by algorithm (1) converges to the unique solution of (1.1).

The proof is the same as that of Theorem 2,

In section 2, we have discussed the decomposition of the system and the formation of
subsystems without any rigid roles. Thus, in practical applications, we can make use o
particular problems and make the best decomposition. In general, the quadrant interlocking
splitting presented in [10] by Evans and Haghighi is valid to the theorems and algorithms of

this paper. Certainly, we can take other decompositions. However, the decomposition (4.1

is the basic one, and it is easy to apply.

Here, we also give a synchronous from of algorithm (III).

(Dys - L) He (xP%) + (Dyk- L) T (x ") = by

1 (p) e k()
—Z(AHH](XI P) 'Z (’Bkl)Tﬂ(xl )+ Ry H y (xx )
{ £k t#k Sk (p)
+ Rk Th ( xx )

(D~ Ry ) Hy (xP*1) + (Dyi- Ri) T (x Py = by

‘ S1(p)
.S —
{ < X AxiHicy T®) BBy T )+ L Hie(xe™™ ) + L T (™ )
#k {4k
kel (p)
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it is casily seen that algorithm (IV) is a modification of algorithm (1) and is a generalized
version of the asynchronous parallelization of algorithm NSSSI presented in {91 by Shearer
and Wofe. Under the conditions of Theorem 3, we have proved that algovithm (1V) is well
posed and convergent.

Finally, it is safe to predict that the computational efficiency of these algorithms is certainly
better than algorithms which are applicable to single processors for solving corresponding

problems.
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