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Abstract

Consider a repairable CIMS (Computer Integrated Manufacturing System) transfer line consisting
of two un reliable machines and a single storage buffer. A new model is taken where two general
distributions are discussed. Having deliberated on the entire processing time of particular CIMS
transfer line it is found that the model discussed in this paper is equivalent to a queuing system
C2/ G/ 1/N from the view point of the performance measures.
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Introduction

A repairable CIMS transfer line consists of
a series of machines separated by buffers.
Parts (or work pieces) flow from outside the
system to the first machine, than to the first
buffer, then to the second machine, then to
the second buffer, and so forth until the last
machine, after which they exist the system.
Each part is required to be processed on
each machine during a random amount of
time called processing time. If a machine
fails when a part is being processed on the
machine, the part must wait for counting
processing till the failed machine is
repaired. The processing time, lifetime and
reaper times of any machine are all random
variables. This CIMS transfer line has been
discussed by many authors, such as
references [1], [2], [3], [4] etc. In those
papers, the authors obtained the various
approximating results when the random
variables dealt with are all exponentially
distributed.

In this paper, we consider a repairable
CIMS transfer line consisting of two
unreliable machines and a single storage
buffer. There are many papers dealing with
this model Gershwin & Berman and Zhang
reviewed many works of this model in
references [1] and [S5] , respectively Here,
we discus a new model where two general

distributions are considered. By considering
the complete processing time of a special
CIMS transfer line; we find that the model
discussed in the section is equivalent to a
queuing system, denoted by C2/ G/ 1 /N,
from the viewpoint of performance
measures, such as production rate, blocked
probability and starved probability. In
Section 3, we first analyze the exact
solutions of C2/ G/ | / N when N = (), o,
and [<N< oo, respectively. In section 4, we
connect the queuing system C,, G/ 1 /N
with the CIMS transfer line, and obtain the
explicit results of production rate, blocked
probability and starved probability. We find
that the results are no relevant to

general  distributions; in  fact, they
only depend on the expectations of
corresponding  random variables. When

N = o0 and when | < N <o, the results are
closely related to the general distributions.

2. Assumptions of CIMS Transfer Line

In this section, we describe the CIMS
transfer line discussed as following

(a). The system consists of two machines
that are separated by a storage buffer. Work
pieces (or parts) enter machine 1 from the
outside. Each work pieces is operated upon
in machine 1, then passes to the buffer and
then processed to machine 2. After being
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operated on machine 2, the work piece
leaves the system.

(b). The processing time, lifetime and repair
time of machine I have constant rates
u,, o, and B respectively. The processing
time and repair time of machine 2 have
general density functions f (¥)andr (*)

with expectations 1/ w; and 1/ Sy
respectively. And the lifetime of machine 2

has constant rate @, .

(c). The amount of material in storage is
represented by the integer n, 0< n< N +1.
This is the number of workpieces in the
buffer plus the number (that is O or 1) of
workpieces in machine 2. There are no
workpieces in machine 2 if the buffer
becomes empty and machine 2 completes
the last remaining workpiece.

(d). Even if a machine is operative, it cannot
process workpieces if non are available to it
or if there is N +1 workpieces in the storage
containing one on machine 2. In the former
condition, the machine 2 is said to be
starved, in the latter machine 1 is called
blocked. It is also assumed that the first
machine is never starved and the second is
never blocked.

(e). Blocked or starved machines, because
they are not operating, are not vulnerable to
failure.

(f). Each machine has a repairable facility.
When a machine fails, it can be repaired
immediately and the workpieces currently
being processed must wait for the
continuing processing. As soon as the repair
of the failed machine is completed, the
machine continues to process the work piece
that just stoped. The processing time of the
work piece is cumulative.

38

(g). All above random variables are
mutually independent.

3. The Solution of Queuing System
C2/G/1/N

For researching the model of CIMS transfer
line described above, we first consider the
queueing systtm C, / G / 1 / N, the
descriptions of which are as following.

(a). The inter arrival times of successive
customers are 1ii.d., their common
distribution is a Cox-distribution, i.e., a
customer need one or two phases, denoted
by 1 and 2, to come to the server. For
passing phase 1, he will spend a random
time, which is exponentially distributed with
rate A;. After passing the phase 1, he can
directly enter the server with probability p.
or go to the phase 2 with probability q =1 —
p. On phase 2, he will spend a random time
which is exponentially distributed with rate
Aa. After passing the phase 2, he directly
enters the server.

(b). The amount of queuing length at most is
N+1, which containing a customer who just
being served on the server. When the
queuing length is N+I, the customer who
has passed the arrival process cannot enter
the system because there is no room to stay.
In this case, there is no other customer in the
inter arrival process. Only when the queuing
length is smaller than N+1, a customer can
come to the system in accordance with a
Cox- distribution described as (a).

(c). The service times of successive
customers are iid., their common
distribution is a general continue:
distribution with mean 1 / & and th

distribution function of which is denoted b
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G@)= Tg(x)(lx =1—exp{—T,u(x)dx} , t=0.
0

0

Define some states as following

(0, 1), i =1, 2, represent that there is no customer in the system and the customer who is

coming to the server is in i —th phase of the interracial processes.

(n,i),i=1,2,n=1, 2,...,N+l1, represent that the customer who is coming to the server is in °

i — th phase of the interracial processes and there are n customer in the system where a

customer is being served while the others n—1 customer are waiting for service.

N+2, represents that there are N+ 1 customer in the system where a customer is being served
while the others N customers are waiting for service. And a customer has passed the arrival
process, but he cannot enter the system because there is no room to stay. In this case, there is

no other customer in the interracial processes.

Letting S(t) be the system state at time t, and X (t) mean the elapsed service time of the
customer currently being served at time t, we know that {S (1), (X (t)} forms a vector Markov

process. Denoting by

Poi (1) = piS() = 0,1}

P, (t,x)dx = p{S(l) =(n,1), x<X<x+ dx} E

P2 X)dx =pfS=N+2, x<X<x+dx}.
and

Poi =lmpy (1),  p.)=limp,(t,x), Py..(x)=limp,,, (¢ x),

where n =1, 2,..., N+I and i =1, 2, then we can get the following equations and the

results (1). N=0.

In this case, we only have five states (0,1), (0,2), (1,1), (1,2), and state 2. The probabilities
governing the system will satisfy.
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MPor = _[I)”(X),U(X)dx
0
AP = Adpg, + .[Ihg(x)/-l(x)dx
0

-
L3 + A, + ,u(.\')]p“(x) =(
| dx

[ d
OR ﬁ; +A, + /,t(x)]p,z(x) =g, p,,(x)

{
L((L_\ + :u(-")jll’z (x) = pApyy (%) + Ay Py (%)

Pi(0)= pA py, + A, pgy + f(x)#(x)dx
0
P (0) = p,(0)=0
From these equations, we can readily know

pL(x)=e " G(x)C

MG s i
1’12(-"):%%[8 bt _ g™h ]C
py(x) = AGEx) [(4 =2+ Ay = pAye™ —gAe™]c
| 2
g (h)
po =57=C
01 A,]

=— 9 De)-Ag M)l
Poz /11(/11—2'2)[ 18 (A)— A8 ( 1)]

where g (*) represents Lap lace transform of a function g (*), and constant C

can be gotten by normalizing condition as following.

c! =_l_+ ’11‘]8‘(}'2) +(PA'| "Az)g'al)
U A(A=4,) Ay =4,)
(2).]<N<eo

In this general case, the equationsare

<1
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MPor = [ Pu(B(x)dx (3.1)
0
APar = PPy + [ P () (32)
0
% +A + /.t(x)}p,” (X) = pA P (X)+A,p,0(x) 1SN+l  (33)
_(-’.
[ d
r +A, + u(x)]p,l2 (x) =qA,p,, (%) I1£n<N+1 (34
[ d
I + :u(x):lpmz (%) = PA Pyt (X) + A3 Prn (X) (3.5)
pu(0)= p;{’lPOl + Az Pox (X)u(x)dx (3.6)
Pu(0) = [ Py (O(x)dx 2<n<N+1  (37)
0
P2 0) = [ Py (X ()l 1Sn<N  (38)
0

Pnen () = py(0)and py,.,(0) = py,, (0) = py, (x) = p,(x) =0 (3.9)
Denoting

_ Al +pAl, Al
pnl (x) . G('\.)flll (“-) (n = 1’2" "’N + 1, L= 1,2’) ’ A B quI - 121
f,(x) = (f”(X),le(x)»-'-’fmn(x))l L, (x) = (f,(x), 5y (x)5 e T yra (X))

from equations (3.3) and (3.4), we shall have

[quq =A[ﬂuq
f;(x) f,(x)
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Since [sI-A|=0 implies (s+4,)"" (s+4,)"" =0, we know that there exist polynomial

function a_ (x)and b . (x) (i=12,n=12,...,N+1), which powers at most are N, such that

ni ni

pnl (X) = E(x)[anl (x)e-&-\' + bnl (x)e"‘e-‘"]
1)nz ('\') =i 5(/\')[(1"2 (x)e—llx + bnl (x)e‘)vz-‘]

and then

P (x) = E(x){je'*v" [pA @y, 1)+ Ayay o (D)t +Ie')1' [pA Dy () + Asbysrs (t)]dt}
0 0

1[5 % i
Poi =71[£€ & f’n(X)g(x)dxﬂ([e i bn(x)g(X)dx+}

PRt

P = L{J‘e—;ﬂ't [qan (x) + alz(x)]g (x)dx +T€_w [‘]bn (x)+ Dy, (x)lg(x)dx}
0

where the coefficients of polynomial function a;(x) and b;(x) can be obtained recursively
by using equation (1.6)-(1.9), the normalizing conditions and the recurrence equations

ni

a, (x)=pAa, ,(x)+2,a,.,(x)

b, (x) = (A = Ay, (X) + pAD, . (x) + A,b, 1, (X)
a,(x) = Aa,,(x)+qAa, (x)

b, (x) = Ay, (x) + gA b, (x)

where 1<n<N+1 and a,,(X) =ag, (X)bg, = by, (X) =by, (x) = 0.

Remark 3.1 Since a;(x) and b, (x) are all polynomial functions, then

oo

f P, () (x)dx, j P (U, and py (i =1,2,...,N +1)can be expressed by
0

0
using g’ (*). This resultis very usefulin section 1.4.

In this case, the equations are

Apo = J.pn () u(x)dx (3.10)
0

AsPos = APy + [ Pra ()R(x)dx (3.11)
0
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l
I:_(I—T-Hl' + ,u(.\')}p”l(.\') = pA P () AP, (X) n=12,..., (3.12)

[1 +4, +,u(\)ilp" (X) = qA P () + A, p, ., (1) n=12..., (3.13)

P1(0) = pA, po, + 4, po, "'Il’zl () (x)ddx (3.14)
0
Pa O Pt (L) n=23,.., (3.15)
0
pn'.‘ (O)_[ pn-&ll("\.)/'l'(-\.)d-\' n= ],2,-.-, (316)
0
Po (x) = Po(x)=0 (3.17)

For discussing convenience, we introduce some notations as following

P (z,x =2 P (%), pz(z,x)=22"p,,z(x), p(z,x) = (p,(2,%x), p,y(z,x))

n=1

=
5(2) =§b.,(pz—l)—/12 +\/(/1, + A, = A, pz)’ +4/1,lz(z—l)]

5,(z2) :%L’L,(pz—l)—/l2 —\/(/1I +A, A, pz)’ +4/1,/12(z—1)]

- [/13 +5,(2) A, +s2(z)} 7 = 1 [ Aq =4, —s:(z)i‘
A’I(] /11(/ (/’ll (5,(2) = 5,(2)) "/11(1 /‘Lz +5,(2)

Lemma 1.1

s,()=lims,(z2)=0 , s,()= [inll 5,(2) ==A, —¢A,.

Ky (l) —lzm S (z) = A Aq-/l , ,‘-;(1) =lni—Ts;(Z) - q)»,;j’ilq;?z-)

Proof: This is straightforward from the definitions of s, (z) and s, (z).

According to the equations (3.12) and (3.13), by using the notations above,
we can get

_ [ n(ox 0 ]
pex)=Gar|© e
0
_ e.\‘,(l).r 0 7]
p(z.x)=G)T o p(zx) (3.18)
0 Bt
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Substituting (3.18) into (3. 15) and (3.16), noting (3.10), (3.11), and
(3.14), we have

p(e0) = 2T - g (=5, @)]" o }1,_. .[/1. (zp —1) %Z] l:l’m:\
| 0 k- g (=5, (2))] M = llPa

and then from (3.18), we get

. — es,(:).\’ [Z - g‘(_s (Z))]_l 0 -1

p(z,x) = ZG(A)TI: 0 l esz(z)x[z —g" (-5, (z))]_l :IT

. I:A'l (zp-1) A,z :' I:pm:l (3.19)
/1,(] —lz Po2

By using Lemma 3.1, we have

py(z,%) = if[ml () + P (= py (L) + P, (L) = ep(l, )

n=19
_E_(_l M(zp=1) Az || Po
= Ag llmsl[ -8 (Z)T (hg,—A sz(z))[ Agq —/12} [Poz]
A2, G(x)

= = 1 (Pm + Poz) (3.20)
byt gk =2,

Therefore by using normalizing condition, we have

Ao+ ==l

Po k., Po = Az + (1;: (p0| + po?_) (321)
and then from (3.20), we have
T A A,G
3 [ [ () + P (M =p, (1, x) + p, (1, 2) = ep(l,x) = 2225 (3.22)
n=1 o /12 *+ qa’l

4. Performance Measures of the Transfer Line

In this section, we shall discuss the performance measures of the CIMS transfer line
described in section 2.

Let X; represent the processing completion time of a work piece on machine i (i=1, 2), that is
actual processing time plus the delay time because of machine failure, we have
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Theo d. ‘
corem 4.1. Denote C(t) = P(X <t), G(t) = P(X,<t), then

. g'(s)=¢" .
M. g ()=t [S+062‘062r )], and Ex, =L =14 %
1 H B."

2. C
(2) (t)/lz—/l

I [(AZ - ‘u'_)e_M -4, - M, )e_lw]
where

1
A "ELX‘ B+t + (0 + B, + ) ~4ﬁlul]

l
}‘2 =§Lxl +ﬁl +:u'1 +'\/(a1 +ﬁ1 +,Ll])2 _4ﬁ1""1]

Proof: A i :
ccording to reference [6], result (1) is straightforward. And then by using the result

(1), we can readil . o ot
distributed. y get result (2) when the corresponding distributions are exponentially

Next, V\_/e 09n51del° a special CIMS transfer line consisting of two reliable machines, the
processing time of_a work piece on machine i is exponentially distributed with rate A (=
1,'2). After processing by machine 1, a work piece will directly exist the CIMS transfer line
with probability p, and otherwise go to machine 2 for continuing processing with probability
q =1-p. After being processed by machine 2, a work piece exist the CIMS transfer line. For
this special CIMS transfer line, if we denote by Y the complete processing time of a work
piece on the CIMS transfer line, we have

Theorem 4.2
|

) [(l: —Hy )e—lll - (/11 - )e_)q']

2 1

Y =
p(Y >1) 7

i (i=12) the case when a work piece is being processed on
he case when the work piece exit the CIMS transfer line is an
t a Markov process with absorbing state, and the states

Proof: If we denote by state
machine i at time t, and that t
absorbing state, we shall ge
probabilities P, (t) and P2(t) satisfy

i |mw=0
Ldt

y -
——+/12j|p2(t) =qA P, (1)

L dt
p (=1 p(0)=0

From these, we easily obtain
qh

Yy N e B Aot _ A
p,)y=e™ p.() /11-/13[8 ¢ ]
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Therefore
pY =10 =p )+ p,1)

pY > 1) = =, = pA))e ™™ = qAe ‘A"]

2T /11
According to the theorem 4.1 and 4.2, we know that if we define P-g; / Ay, the CIMS transfer
line described in section 2, is equivalent to queuing system Ca/ G/ 1/ N described in section
3, from the viewpoint of performance measures such as production rate, blocked probability
and starved probability. And then by using the results in section 3, we can obtain the
performance measures of CIMS transfer line as following

(a). By using the general formula [7], we know that the production rate of the CIMS transfer
line, denoted by Wy . is given by

Nel® L
W, = zﬂpm (X)+ P, (.\')lu(.\')dx +I Pz (X)+ 1(x)dx
n=l 0

(b). According to the definitions of the blocked probability and the starved probability
described in section 2, we have

Py = _[Pm: (x) +dx Ps =P T Por
0
Expressing clearly, we get

(1). WhenN=0

Wy = [P+ pa(0) + p, () ()
0

—+

. -1
I Agg ), rh-4, .
- + (A)
li/i /11 _Az A 4 _/12)8 l

r I Gy=pAli-g" )] a4, [l—g'a»]}
B = ()dx| — - W
P ‘([Pz(/‘-) i:/-l + /11 (/1, _/12) lz

Ps =Pyt Py ={gﬂ;{l + ahg [l—g (j’z)—/lZg 4 )]}W,
1 2

(2).when1 <N <o,

N+l = w

Wi = 20 [ (2w )+ pa )+ p, (1) + 10
0

n=l o

Pu = [ Paa(0)+ u(x)dx Ps = Dot P
0



Some performance of a repairable cimy

where P (X), Py (X), Poi(i=1,2, n=1,2,...,N+1), are given by (2) in section 1.3.

(3). When N = oo

MQ=N"‘JMCD+ NE: “'=mllv- (1, X)(xX)dx= i
I[ ,,21[1 0+ P () () l/)( X) + p, (1, x)p(x)dx T ah
Ay

A+ g ———=
U
A, +gh

Py =0, Ps =Pyt Dy =

47

where A, A,, 1/ andg” () are given by theorem 4.1.

Conclusion

According to the results above, we know
that when N = oo, the performance measures
are only relevant to the expectations of
corresponding random variables, and are no
related to the general distributions.
However, when I< N < oo the results

depend closely on the general distributions.

According to the idea, of this section, we
know that if processing times and repair
times of two machines are all general
distributions, and the lifetimes of which are
all still exponentially distributed, then by
using theorem 1 the CIMS transfer line is
equivalent to a queuing system GI/ G/ 1/
N from the viewpoint of production rate,
blocked probability and starved probability.
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