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Abstract

In lhl§ paper, a class of parallel matrix multisplitting algorithms is set up to

approximate  the unique solution of weakly non-linear algebraic system of
Ations — N: ; :

equations A u = G(u), where A e L(R") is an H-matrix & G(u) : R" > R,

n .
ue R, G(u) being a nonlincar mapping.
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1. Introduction
Consider the weakly nonlincar algebraic system of equations:
Au=G(), Ae LRM, nonsingular, G(u) : R" > R" ue R" (1.1

Iterative methods for approximation the unique solution of (1.1) arc based on
multisplitting of the coefficient matrix A, Multisplitting method first proposed
by O’Leary and White [1] where several basic convergence results may be
found, Neumann and Plemmons [2] developed some more refined convergence
results for onc of the cases considered in [1]. It has already been seen in [1]
that the introduction of a relaxation parameler may considerably improve the
multisplitting methods, but recently Formmer A. and G.Mayer in [3]
published convergence results for these modifications of multisplitting
methods as well as Wang Deren in [4], presented the convergence of the
parallel multisplitting AOR method. In the present paper we sct up the
convergence of a class of parallel weakly nonlincar relaxation algorithms

under certain restrictions provided A € L(R"), is an H-mauwrix is also
discussed.,
2 Preliminaries
Some definitions, notations and lemmas are standard we frequently borrow
from the Language of O'Leary and White in (1], Formmer A. and G.Mayer in
[3] and Wang Deren in [4], as used in their papers 1985, 1989 and 1991
respectively.
Definition 2. 1:
n : : - nxn

Let A € L(R"Y), nonsingular, matrix & (Bk, Ck’ bk) € R k=1 a,

verifying

((u)A:B -C

k™ “k
(b) det(B, ) # 0, B, is nonsingular,

(c) B, is a nonnegative diagonal matrix, (E; 20, Y E, =le L(R")
k=1

Identity matrix for k = 1(1) &
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Then the collection of ordered triples (Bk. (‘k‘ Ek)‘ K =1(1) @ is called a

multisplitting of A.
Definition 2, 2:

Letue R™ we cansay u >0 (>0 ) if its components u; 20(>0),1=1(1)n.
Let A,Be L(R")\ wecanwrite A < Bl L i < hi iholds for all entries of
A= i) and B = (lsi i). calling A € L(R") non-negative if A 20, By |A] = ( |lli il ), we

can define the absolute value of A€ LR™), it is a non-negative matrix satistying
|A B < |A|[B].
We can denote by < A> = (<, i>) the comparison matrix (Ostrowski matrix) of
A€ L(RY), where,
a. . ifi=]
I 51 j
<d: >= >
1)
b. . | ifi#]
1) ’

we can call A = (;1i j)e L(R") is a M-matrix if itis nonsingular  with a i <0

fori#jand with A'l >0, we can call it an H-matrix if <A> is an M-matrix , we can
call A = (aij)e L(Rn) is an L-matrix if aij >0 (I = I()n) and a i <0, 1T#j,
(i, j = 1(1)n). The splitting of A € LR") into:

A=B-C,det(B)#0 (2.3)
IfC>0and B™' >0, then (2.3) iscalled a regular splitting while if BlC>0 and if

Bl >0, then (2.3) is called weak regular splitting. If B is an M-matrix and C > 0 then
(2.3) is called an M-splitting (P-splitting). For more detail background and non-negative
matrices , monotone matrices and related topics in [S], [6] and [7].

LEMMA24: LetA € L(Rn) be an H-matrix  diag(A) :D:diag(Bk), k =1(1)a and

<A>=[D|-[B| if det(|D|) #0. Let J = D'} |B| then <A> = [D| (I-1J) and
s =q-1ytprt.

PROOF: [3]

LEMMA 2.5: Let A € L(R“) be a non-negative irreducible matrix. Then the spectral

radius of A (p(A)) is an eigenvalue and eigenvector u corresponding p(A) satisfies u > 0.
PROOF: (7]

LEMMA 2.6: Let A,B e L(Rn) be M-matrices diag(A)=D = diag(Bk), k=1(1) & and

C € R™™ then
(a) Det(D)#0, D, D'l are nonsingular matrices with positive diagonal entries

®)A<B=Bl< Al
(c) A £C<D =Cis an M-matrix.
PROOF: ([8],2.4.8 and 2.4.9).
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LEMMA 2.7: Let A, B € L (R™) such that |A] < B, then p (A) < p(B).

PROOF: [3].

LEMMA 2.8: Let A € L(R™) be an H-matrix diag (A) = D = diag (B,),k=1(1) & and
<A> = |D| - |B|, then

(a) A isnonsingular (det (A)#0),

o |Al<<ast,

(c) |D]is nonsingular ( det (|D]) #0).
PrROOF:  [3].

3 Establishment of parallel algorithms:
Recall definition (2.1), the multisplitting method to solve (1.1) is defined by the
iteration

m+l - mk
u = Eu™, m=0,1, ...
?:, ¢ (3.1)
m, k -1 m _ n-1l m _
u =Bk Cku +B " G@u), k=1(1) «
The iteration (3.1) can be written in the form
o g™ 4 QGu™), m=0,1,...
(3.2)

H= ZEI; B,'C,, Q= EEk B,
k=1 k=1

The calculation um'k for various k are independent and can therefore be performed in
parallel. Morcover, considerable savings in computational work may be possible, since a

component of um’k needs not be computed if the corresponding diagonal entry of Ek is
zero. The role of the matrices Ek may be regarded as determining the distribution of the

computational work to the individual processors. For details in [1]. Note that the above
idea of breaking up a problem into several parallel parts has meanwhile given rise to
multisplitting methods for system of nonlinear equations [5, 9] and for system of linear
equations [3].

In [1] and in [3] also considered a relaxed multisplitting method in which a positive
relaxation parameter is used in the same manner as in the relaxed Jacobi method. This
method is thus given by the iteration.

20 F @™+ (1-0)u™

m=0,1, ...
F, @™ =Hu™ +Q Gu™) (3.3)
Another possibility to introduce a relaxation parameter arises if all the matrices

Bk’ k = 1(1) @ are of a particular lower triangular form. It is convenient to use a different

notation in this case, suppose that we have,
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r

D = diag(A) = diag(B,), o
B(A) By for k = 1(1)

Ly is strictly lower triangular,

\Uk is in general not upper triangular.

We consider the collection of triples (D - Lk. Uk' Ek)’ k=1(l)x in the

multisplitting of A. Then the calculation of the intermediate results u™ will be
done by solving the lower triangular system:

3

D-L)u™ = [(1-0)D+(@-1L +0U]u™+0Gu"

{ r>0,w0>0,k=1(1)
The iteration can be written in this form

m+l EE u™  m=0,1, ..

The convergence of the above methods will prove in the later section.

Existence Uniqueness and Equivalence of the problem.
THEOREM 3.5: Let A € L(R") be an H-matrix and (B, C, E,), k = (1) @
be multisplitting of A with diag(A) =D = diag(Bk). fork = 1(1) e« and let
<A>=<B;> |Ck|, fork = 1(1) o Let

(a) H=20,

(b) L A=I-H, Then L™} existif p(H]) < I.

PROOF: We will only show that p( [H| ) < 1, where H, is the matrix given by (3.2)

Hl=| Y E B/ C.l
k=1

IA

;‘1 E, |B;'“Ck|

B, [B|(B,)~(A)

By lemmas (2.4) and ( (2.6)c), <A> = |D| (I - J) and [D"!| < <B, > inequality
holds

Y E, 07| |p] (1)
k=1

Let ¢ denote thee = (1, 1, ..., l)T S Rk. Since J is non-negative (J = O
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the matrix J+ € ¢ ¢’ has only positive entries and is ivreducible of any ¢ » (),
By the theorem of Perron and Frobenins [8], for any & = 0, (here is n veetor

"

Ng > O such that (J + ¢ e cl ) Xp = Py X where Py = Pt eoe ! ),

we have g < dn

Al

meg - SE Y a-gseeeh
(-

=]-14+( +l~lt~.cl)
Multiplying X, (0 both sides

H|x, € J+ee e X
H] xg = pg X,
since Pe < |
(JH] x);
(Xg)

< I, fori=1(1)n

i

([H| x€)i 2
(xg)

Hence 1, fori=1(1)n &ex. 2 in [10, P.47] guarantees p(|H]) < |
i
# . . . i o o . o
Let x - be the unique solution of (1.1) which satisfies A x = G(x ) and

x is also the unique solution ol

x=Hx +Q G(x) (3.5)
which satisfies the

H 3
x =Hx +Q G(x*) (3.6)

since x = H x + Q G(x), (I - H) x = L. G(x), since Q~I exists,
consequently A x = G(x).

. * . . .
Hence A x = G(X) is equivalent to (3.7) therefore x is also unique solution
of (3.7).
Subtract (3.8) from (3.2) and theorem (3.18(b)), we oblain

ok

< (U] 1QI Py |x™M=x 1)) (3.7)
x* e R"is the unique solution of
x=m(Hx +Q G(x)) + (1l —w)x (3.8)
which satisfly

£ o % £
x4 =wm(H xl +Q G(xl)) + (1 -m)x (3.9)
subtract (3.11) from (3.3) and theorem (3.18(b)), we get
B3 £

K™ < @ (R QI # 1 - o D XM =X (3.10)
= ([H|l |QIP)+]|l-wl (3.11)

*
x & R"is the unique solution of
x=(D-r Lk)'l ([(-mD+@-1L +0U]x+0G6x) (3.12)



Riaz Ahmed Memon and Sirajuddin Memon 42
which satisfy
B s
X =@-rL) " {[-0)D+@-NL +0U]x +0Gx)} (.13
subtract (3.15) from (3.4) and theorem (3.18(b)), we get
+1 ¥ §
T ;}E‘ |D-rL) | [1-0f DI+ (@-0)L,]o[U]+oP]

s
|xm -x | (3.14)

¢= YE|D-rL)|[|1-0| D||©@-1) Lo U]+ P] (3.15)

k=]

The two multisplitting methods (3.3) and (3.4) are the methods will deal with
in the present paper convergence of (3.3) and (3.4) equivalent to p(g) < |
where the matrix ¢ is defined by (3.13) and (3.15) respectively.

THEOREM 3.18: Let A € L(R™ be an H-matrix and (B, C, E), k= I(1) «
multisplitting of A with diag(A) =D = diag(Bk). k=1(l) a. Let

(a) <A> = <Bk> - <Ck> =|D|- |B|, k=I(l) a

(b) |G(x) - G(y)| £ P |x -y, 0 <P e LR™, x, y e R"

) pAl Py <1
Then the method (3.2) converges to the unique solution to ,\#t'or starting point
x0 e r"

PROOF: We only need to prove p( |H|+|Q| P) < |

T —
(|H|+|Q|P)=(|g;l:‘B Cyl+| ZE B [P)

o : —I -l
< MEBT|IC + ZE[B|P

k=1
since, <Ck> = <Bk> - <A>
< Y E B «B>-<as)+ YE [BlP

k=1 &=l

By lemma (2.8(b)) |B'1| < <Bk>'l inequality holds

<3 BB (B- s im )t p

< 1= Y B (B,)'(A) (1-(A)" P)
k=1
By lemma (2.4) and (2.6(c))
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| . o R
<A> = D] (1= 1), <A>" = (=)™t I and ot s <B, > inequatity

holds respectively.
e1. % g inl e
-2 B Pla-na-a-ntprte
k=1

=l-(-D+a-na-ntprte
(IH] + Q| P) = CRERE, |l)|'l P
By lemma (2.4) J = ||)|.l |B]
<ot B+ oIt e
= ol (B + P)
p( [H] +|Q] P) < p( |D|'I (|B]+P) <1

Therefore,

pCH| + Q| P) <1

4 Convergence results:

THEOREM 4.1: Let A € L(R™) be an H-matrix and (B Cpo Ep, k=1(1) «
multisplitting of A with diag(A) = D = diug(Bk), k = I(1) a, satisfy

following:
(a) <A>=<B,>-<C>= ID| - [B], k= 1(1)

(b) |G(x)-G(y)|<P|x-y.,0<Pe LR",x,yeR"
© pA TP <1
(d) wme (0,2/(1+p)),p:=p (A'l P)

* .
Then, the method (3.12) converges to the unique solution x  for starting

xO € Rn.

PROOF: We only need to prove that

[mp(A'l P)+|l-w|]<l

[|l-(:)|I+0){ ZEAB'H C\l + gEle'llP H

Lt S {eger)]

since, <Ck> = <Bk> - <A>

IN

le]

<[p-o1+0 ZEAB'H { <Bk>-<A>+P}]

By lemma (2.8(b)) |B-l| < <Bk>'l inequality holds
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o
-3 [ll ol l+o ¥ K <B & { <B; > - <A> + l’}]
il Kk Kk -

[n-atrot-o ¥ Eamst as] 1w o} ]
il

N
By lemma (2.4) and (2.6(¢)),
<A>=|D| (-1, <A>) = (1- ! |D|'l and |D|"l < -:Bk>'l. incquulity holds

respectively
<[{in-oivo} -0 Suwrtpra-na-a-mtprte]
k=1

<ll-ol+0-0d-D+od-a-n"prle
=|l-o/+0-0+0]+0 |D|'l P
By lemma (2.4) ] = |D|'l |B|
<-oll+o |D|’1 IB| + ® |D|'l
=|1- 0T+ (D[ (|B]+P)

p(gh) < (1 - @] T+ o p(D|™" (B|+P)
<l-ol+op<l

p(gh) < 1

THEOREM 4.2: Let A € L(R" be an H-matrix and (D-Ly, U, E),
k = 1(1)a multisplitting of A with diag(A) =D = diug(Bk), k=1(1)a, satisfy
the following:

() A= D] - [L| - [U,] = D] - ([Ly| + [Uy]) = D] - [B], k = 1(1) e

(b)|G(x) - G(y)| <P |x -y, 0<Pe LRM, x,y € R"

(©)p(A” Py <1

(d)we (0,2/(1 +p)), p:=pA P) 0Sr>w
Then, the 1cla>\cd mulmpllumo AOR method (3.4) converges to the unique

solution x for starting point x"e R".

PROOF: We only need to prove p(g) < 1
©< ZE (D-rL)) [|l-(u||D|+((u-r)|Ll\|+(0|Uk|+0)P]
Then the D -1 Lk‘ k = l(l)a. are H-matrices, Hence the incquality,

l

ID-rL|s<D-rL> -(|D-—rLk|) s k=1(1)a,

< ;h (ID| - r ILkI)‘l [|1 -0 D] + (@- 1) [Ly] + 0 [U ]+ p]
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[¢3 . ) I
S 2 bk (IDI - T ILI\I) [(I] - (,)I - ])lDI o+ (lDl - r Il‘kl) + (')(|Lk| +
k=1

|le|) + 0 P]

By theorem (4.2()) [Ly| + U, | = [B

N
<3 E (D] - L [ (1 o] - DD+ (D] - 1 Ly ]+ o [B]) + 0]
k=1

'

=1+ 2 E (D] -r |Lk|)'l [ (1 - | - D|D| + o (|B]| + ml’)]
k=1

<1+ Y E (|- L b PI[(1- ol - DI+ o DI 8]+ P)] @.3)
k=1

Let ¢ defined by the cT= els L wens 1)TE R". Since J is nonncgative (J = 0)
the matrix J + € ¢ eT has only positive entries and is irreducible for any € > 0.
By the thcorem of Perron and Frobenius [8], for any € > 0 there is vector Xe >
O such that (J + ¢ eT) Xg = Pg X where P, = pJ+eec eT) have P We have
Pe < 1. By continuity of the spectral radius we also obtain
[1-ol+wp, <1 (4.4)
If € > 0 is sufficiently small. In this case we get from (4.3)

c : i T
<1+ E (|-t h DA -of - D1+ o (DBl +p) +ecen)]
k=1
and then, multiplying by Xe»

« _ -1
Lixe € 53 +E (0] -1 Iy Ip[1-of- D1+ (DBl +p) +ee

cT))] Xe (4.5)
(ID| - I‘Lk) < ]Dl
(D|-rLy" D] 21
Then from (4.5) we get
LI xg < X+ I_(|l - 0 - l)x8+(op£xe]
=Xg + |1 - 0] x, + @pg X,
|L| Xe S (|1 - o -o Pe) Xg < Xg
Therefore, (|L| xe)i / (xa)i < 1, for i = 1(1)n and Ex. 2 in [p 47] guarantce
p(IL| x) < 1.

Hence, under the assumption of the theorem, this completes the proof theorem
(4.2).
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5 Monotone convergence:
Obviously we have
-1 . -1 A
B "A=1-B (.k (5.1)
and from

=YEw'c, Q= Yun!

Il =
we gel,
QA=1-H (5.2)
The fact that the spectral radius of H, is less than one, p(H) < I. existence of
.~\'l imply that Q s invertible and satisfying
Ql=Aaq-mw!
a=Q'-Q'u (5.3)
As @ =20, @YV Q! H=H20. We can casily sce that the single
spliting (5.3), induced by the multisplitting A = Bk - Ck' fork = (1) weak

regular. Here we should note that the splitting (5.3) is not usual regular.

The above discussion shows that the multisplitting iteration met (3.2) is
convergent under the condition, which we have given. Now, we first prove
that the iteration (3.2) has monotone convergence property under the
condition.

THEOREM 5.4: Let A € L(R™)), A
multisplitting of A with A = Bk - Ck’ for k = 1(1) o being weak regular.

Y20, 8, Cp B fork = 1(1)a by

G : R™ > R" is isotone mapping, i.e. x 2y, G(x) 2 G(y). Let xo, y0 €1

xo < yO be initial points satisfying

a x% < 6% (5.4)
Ay 26040 (5.5)
Then, the sequence [xm} and {ym} generated by the multisplitting iteration
P = g™+ Q 6™ (5.6)
y" o Hy™ 4 Q Gy™) (5.7)

*
converges to the unique solution x  of the system of non-lincar equation (1.1)
respectively and satisfying
#
0 I m+] m+lS m ¢ 1_.0 (5.10)

x'<x" S, SxM <X <£x Sy y %, ...,y <y
PROOF: We have known that the sequences (x™} and {ym] converges to the unique

#*
solution x of the system of non-lincar equations (1.1) we now prove that (5.10) is true.
We only need to test,

(1) For all m, there hold x™ < x

(2) For all m, there hold x™ < x* < ym

+1 mo . m+l
My 2y
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Flere we will e imlm Cion o prove () for m s O the (4.4) hecomes;
(
ul w K I(Hi(\ )

()
subtenet & 1o both sides,

( & 1® 2 ( . :
U»xt-gh,n coal a2 G
. Yy . | . () BN l ()
‘)1/., R (e U P AR L R

Yo, et v aay) 20

Wk 0y (5.0) and Q 2 0,

™
x“r.x

Now, assume that the result (1) in

M e x4 Q Go™)

x" =14 ®) (i(x"‘ |)

we gel,

By (5.5) and (1), H =0 and Q =0, We get,

xno-l L
x" < xn-o-l

n+ | :
we can conclude that 1" < x hold for all m,
. . . m
Similarly we can test the mono tonicity of the sequence {y ).

El iy ) .
For (2) we need to prove (i) x , y arce the unique solution of the system non-
lincar cquation (1.1)

Wi w

(1l)yx =y
for (i) x* ¢ R"is the unique solution of (1.1) and G is continuous satisfy.
x"=Hx +QG(x) (5.11)
Similarly we get,

¥ #t H
y =Hy +QG(y) (5.12)
for (ii)
S‘uI)lr.u,l (5.12) fmm (5.11), we oblain,
=y s -y T Rl G - Gyl (5.13)
By theorem [3.18(b)], we may write Eq. No. (5.13) in this form

" i * o
o=y s (k) -y | (5.14)

under the condition of theorem (3.18) we already proven that
[)(III| + |Q| p) < 1, then (‘5 14) give us

e

h *YI => X -y =0
‘“Y
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Now Subtract (5.11) from (5.8) we get,
* * *
\m+l X ll(\m -x )+Q ( (J(\m - Gi(x ))
Here we use H 2 0 Q 2 () by (5.5) and the mduumn assumption. There
identically hold A" \ .m=0,1,.

" m ;
Similarly v 2 \ .m=0,1, ... can be obtained.

THEOREM 5.15: Let condition of Theorem (5.4) be satisfied and Q° -1 H =

Then.
A x‘ (\m) m=0,I,
g G(y Hym=0,1, ..

The sequences (x™) and [ym} arc defined by (5.8) and (5.9) respectively.

PROOF: This inequality (5.17) can be casily obtained by making the induction. We
only need to plO\’C:

- 5 m+l _ (Q Q'IH)xm“
=Q (1-H) xm+l
=Q ! (Hx™+ Qo™ - g xM
=@l @ x™ - x™) 4 6™ < 6x™)
By (5.16) and x™ - x™! <0
A J(m+l SG(xm)

m m+1
X <X

and G is isotone

6™ < 6™
Then (5.19) can be written as,

A xm+l < G(xm+1).

Similarly, we can also get the incquality (5.18) immediately A ym+l > G(y Y
And '

A ym+l > G(ym"'l).

5. Comparison theorem:

In this section, by applying the comparability of the multisplitting iterative
sequence, we describe the different convergence rate of the multisplitting
iterative methods constructed by different multisplittings.

THEOREM 6.1: Let A € LR™), A™' 20,
A=Bkl —Cklsz —Ck
For k = 1(1)=, be two dlffercnl weak, regular splittings of A and Ek,

(6.2)

diagonal weighting matrix. Assume that the sequence (x™} and {y } are
defined by:
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xn1+1 - Hl Xm + Ql G(xm)’ Hl - zEk BI;.I CA,‘ Ql - Z l’.‘, Bk,l (()3)
k= [
y™H 2y x4 Q, G(x™), Hy = Y E By €y, Q) = XK, B (6.4)
k=1 k=1
Where
H, = 3 E, B ckl,Qi= By Blalmly 2uss (6.5)
k=1 k=1
And take
0_.0 o0 rx*l
X _y,Thcn1leH120 (6.6)
Bl > B fork=101)e 6.7)
By ¥
There hold
R ym, m=0,1,.., asA xO < G(xm) (6.8)
xM<y™ m=0,1,..., asAx’<ca™
PROOF: (6.8) and (6.9) can be proved similarly as sum in theorem we only need to

verify (6.8). As

E, 20fork=1(1)e

By (6.7) we get,
Ql = Q2 20
From (6.8)
Ax’ <60

We know that there exists a non-negative vector Uy 2 0 such that:

Axl+ Uy = 6(x")

From (6.2) we also obtain

0 _ 0 | T =
Bkix +UO _Ckix +G(x),1=1,2, k=1(1)a
From (6.3) we have,

1 _ 0 0
X —Hlx +QIG(x )

ZEkBlzl C, X+ EEk Bk'l G(xo)
k=1 1 | k=1 1

« -1 0 _ a . "
gEkBkl (Cklx+0(x ) gEkBKI( .

0
+ UO)

YE 0+ YE B,
k=]

k=l

=xY+Q, U02x0+Q2U0
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& ol 0 & ol 0, (0
=§EkBk1(Bk7x +U0)=§EkBkl(Ck7x +G(x))

0
+Q, G
— y
which shows that (6.8) is true for m = 0. Now, we assume that (6.8) hold

m = n, thatis x™ > ym, m = 0(0)n. By theorem (5.15), we know A x" < G(x“),
Thus there exists Un 2 0, such that:

Ax"+ U = G (6.9)
From (6 2) we also get,
Bk " +U -Ck +G(\ ),i=1,2, n=1(l)a (6.10)

i
From (6.3), we have

=B ") G

Ck X"+ 32 EkBk G(x )

1(c x+G(x) EEBk(B X"+ U )

=) E Bk
k=1
= Y EB
k=1

=x"+ ZEk Bl'(ll 9]
k=1

=x“+QlUn2xn+Q2U

< -1 n O -l n n
- VEeBI® "su)= YEBI(C x"+6::™)

g‘kl(kz S ;Ll‘l Ky
=H, y" +Q, G(x")

n+1
=¥

Thus by induction for all value of m, - ym inequality hold.

THEOREM 6.15: Let A € LR™, A 20, A~ B, - C, fork = 1(1)a, regular
splitting of A and Ek fork = 1(1) a, be weighting matrix

A =B - C =B - C be two Regular splittings of A, satisfying

B <BkSB fork=1(1)o.

Assume that the sequences {xm], {ym] and {zm} are defined by:

XM g™ QGE™, m=0,1,..
y™ =g leoymeBGE™), m=0,1,...
=B1Cz"+BG:x™), m=0,1,..
and take x¥ = yO = zO. Then

m+1
Z
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If ym > xM> zm‘ m=20,1, ..., we have A xk < G(xo)
If ym <xM<zM™ m=0,1, .., wehave A xk > G(xo)
We can get the proof of this thcorem by taking
A =Bkl —Ckl =B-C, k=1«
A = Bk - Ck =B - C in thcorem (6.1).

1 1

7 Applications:

In this section, we apply the theory of § 6 to secveral multisplitting proposed

in [2] for this purpose, we assume that A € L(R ) an M-matrix and not loss
generality, we take diag(A) = I, consider following multisplittings:
A=(I—Lk)—(U+L—Lk),k= 1(1) o

A=(0-L)(I-U)-(U+L+L, U -L -U).k=1(1) &

Where L, U are strictly Lower, Upper triangular matrices respectively, and
0<Lk<L 0<U}\_U k=1(1) x

obviously, we see that
(I-L)<(I-LY<Lk=1(a

(I—L)(I—U)S(I—Lk) (I—Uk)SI,kzl(l) o

and the corresponding single Jacobi, Gauss Seidel as well as symmetric Seidel
splitting of A are all regular, we know that iteration methods:

m+l _ MG m)xm+1_L m (m )

X =L, _..X X 5 +
MGS MGS "ygs  MGS ““\ygs = msgs MSGS MSGS MSGS™ \isGs

m+l _ m+l
X, =L;x J +GJ(~< My x . =Lgg GS+ GGS(\
m+l _ x ) with

tos = Lsas Xsust Osas e, .
MGs = 2 E (=L bu+L- Lk) Gyasmas) = & B -1y Lo
MGs = Z E (-Up) i L) (U+L+Ll\Uk L, - Up.

MSGs*msgs) = = Ep (1-Uy) b= L) LG
1 =L+ U Gyxp =GK)

| S 2

&

- -1
Lgs =(-Ly' U, Ggglxgg) = - 1) G()

Legs = (1= Uy -1y LU, Gggg (Rgge) = - W a-1)! G
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Corresponding to the above splitting satisfy the following relations,
(i) when A x° < G(x?), n=MGS, MSGS, I, GS, SGS, there hold

m m m .m m m
X_.2 22X ,X 2 X 2x,m=01, ..

X y
GS MGS 1 SGS  MSGS ]

i) when A x0 > G(xY), n = MGS, MSGS, J, GS, SGS, there hold

xMexM ¢xM M oM o xM m=0,1,..
Mgs 1 SGS MmsGs )
0 0
when x0 = x =x0=x0 =x

MGS MsGs ) GS  TsGS’
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