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Abstract

If G is a finite p-group with Z (G) or order p, then (according to Hall-senior Jaines theorem) erther
G is extra-special or Z, (G) is abelian or G is centrally decomposable with G =AYB. where A 15
extra-special and Z, (B) is abelian. Here the central decompositions of these three cases separately
is discussed.
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Introduction

The concept of central decompositions of groups is a specialization of the notion o
generalized direct decompositions which was introduced by B. H. Neumann and H. Neumann
[10]. In general the central factors of a central decomposition of a given group are noi
determined upto isomorphism. The main object of this study is to draw attention to the
question of uniqueness of such decompositions and to find out to what extent Remak-Krull-
Schimd type of results can be obtained under suitable conditions.

The study of central decompositions of groups was initiated by Tang [11,12] from a more
general approach including the case of infinite groups. A quick glance through literature on
the given problem shows that the structure theorems involving central decompositions are
about p-groups (cf: structure of extra-special p-groups and P. Hall theorem (see [5] Theorems
54,9 & 5.,5,2)structure of p-groups with cyclic Frattini subgroups [4], Hall ~Senior-James
theorem [6,8] e.t.c ).

According to Hall-Senior-James theorem” if G is a finite P-group with center of order p,
then either (1) G is an extra-special or (2) Z, (G) is abelian or (3) G is centrally decomposable
with G = AYB, where A is an extra-special and Z, (B) is abelian.

These kind of results provide the foundation for the deeper consideration of the results of the
type Remak-Krull-Schimdt theorem for a special class of groups (as, in general, for ordinary
finite p-groups such type of results are not accessible); and that is why we consider the
classification of central decompositions of centrally decomposable finite P-groups with center
of order P,

To study such decompositions, naturally, one would like to answer the following two
question:

*Hall-Senior [6] (Theorem 4.2) proved this result for 2-groups of nil potency class 3. Jumes, in his Ph. D thesis
[8] (Theorem 2.7), proved that this result is true for an arbitrary prime groups and Pointed out that the restriction
on nil potency class does not exist.

(The detail version of this talk appear in [1],12] and [3])
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(1) What are the possible central decompositions of a given group G, namely, what is the

exact (formal Jnumber of such decompositions.”?

(1) Are all of them (pairwise) wsomorphic ?

Thus , it G is a finite-group with Z (G) of order p then (according to Hall-Senior James
theorem) cither G is extrasspecial or Zy (G) iy abelain or G is centrally decomposable with
G = AYB, where A s extra-special and 7, (B) is abelian, Here these three possibilities are
separately discussed. The detailed versions of these results appear in [I], [2]and [3]
respectvely.

§1 A finite set {Uy,....U} of proper subgroups of a group G is said to be a generalized
direct decomposition (in short g.d.d) if

(1) G. is generated by U, \Unle G < Uy ., U; >,

() For I #j, U and U; commute element wise ; i.e [U; Uj= {e}); and we write
G=gdd{ U U}

Such decomposition of G is aid to be a central decomposition (ink short c.d ) if Z (G) £ U, for
all i =1.....r, In that case each Uj is called central factor of G and we write G=U; Y... Y U,

If G possesses such decomposition , then G is said to be centrally decomposable, other wise
G is centrally indecomposable.

Note that a ¢.d G = U;y. y U, induces a direct decomposition of the factor group G/Z .i.e G//
(G)=U,7ZU) x..x U/ Z(U,).

AcdG=UY ... Yu, of Gis said to be unrefinable central decomposition ( in short u.c.d).
if each U, is centrally indecomposable.

Two ucd, say, G=U Y ... Yuand G=V, Y ... Y Viof a group G are said to be
isomorphic if r=s and for each i =1,...,r there exists j in {1,...,8} such that U; is isomorphic
toU;.

Let U and V be two subgroups of a group G Then U is said to be centrally isomorphic 1o
V , if there exists an isomorphism P:U — V such that (up) u! belongs to Z (G).

Note that if U is centrally isomorphic to V, then UZ (G) = VZ(G).
Proposition 1.1 (Remaak-Krull-Schmidt theorem (See, for example, [9], pp 120)). If a group

G has principal series, then any two direct decomposition of G with directly indecomposable
factors are centrally isomorphic.

If G is centrally decomposable, then, in general, the central factors o f a u.c.d of G are not
determined upto isomorphism and hence two u.c.d of G are not necessarily isomorphic. Even
more, tang (12] proved that two u.c.d of a group may not are equal number of central factors,
however, an immediate consequence of Remak-Krull-Schmidt theorem, proves that
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Proposition 1.2 IfG=UY .. YUandG=V, Y... YV,aretwo u.c.dof G such that
each Ui /Z (Uy) and each V; /Z (V) is directly indecomposable, then r =s.

Again, if G=U;Y, YU and G=V, Y. Y V, are two u.c.d of G such that r =5, even
then they need not to be isomorphic. For example if

D= <ab,a®™ =e=b"b'ab=a “hy

- 4 . . o
Q=<cd; ™ =e,d’ =" dled=c">

are dihedral and Generalized Quaternion, respectively, 2-groups of maximal class and order
2" where n 24, then G = DYD and G = QYQ are two u.c.d of G are not isomorphic.

However, in the following Lemma, if two c.d of a group G have a common central factor,
then the other central factors are determined by the common central factor.

Lemmal.3LetG=AYBandG=A Y Cbetwoc.d of G then B=Cg (A) =C.
§2. Unless other wise stated, all groups under consideration are finite P-groups with center of
order P.

A non abelian group G is aid to be an extra-special, if the derived subgroup G’ = Z (G) = «
(G) — the fatting subgroup of G, has order P. Itis a well known [5] theorem 5.5.1) that a non-
abelian group G of order P’ is extra-special and is isomorphic to one to the following group

M=<XY,2zxyl=zx" =y =f=e=[x,z]= [y, 2]>

N=<uv,up’=vP=e,v'uv=u"'>forp>3;and

D;= <x,y,x22=y2=e,y"xy=x'l >

3 -
Q= <u,v,u22 =e vV =viuv=u' >forp =2.

Further a nonabelian group of order p’ is centrally indecomposable and an extra-special

group G has a u.c.d into nonabelian subgroups each of order p’ and therefore, G has order

p¥*!, r 22 (see for example, [1]).

Theorem 2.1 [1] (Theorem 6). Let G be extra-special group of order p**'.r 22 ThenG
has exactly ( 1/el). p™* ' p* ' .(p' /(PP D) ued.

Proposition 2.2. ([5] Theorem 5.5.2). Let G be extra-special of order pz' *1r>2 If G has
exponent P then all of the u.c.d of G are , pair wise, isomorphic. In fact each of the u.c.d of G
is isomorphic to M" = M‘XYJA If G has not exponent pl then each of the u.c.d of G is

r

isomorphic to either N'M™ for p=3 or D' Qs"' , for p =2, where 1 <t <r. Moreover N'
M" is isomorphic, to NM"" if t > 1 and M" is not isomorphic to N M"! for p 2 3; and DY
Q"' =D4YQ: ", ift 2 1and Q= DY Q"' for p = 2. In particular, N? =NM and M’= NM ;
and D*= Q%, and Dy Qs = D%

Lemma 2.3 Let G be a group with Z; (G) of order p’ . Then G is centrally indecomposable
and K = Cg (Z-(G)) is a maximal subgroup of G.
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Now lets consider central decompositions of those groups G such that G = UjY...... YU,
where each Z, (Uy) has order p*, is a u.c.d of G so that Z>(G) = g.dud { Zo(Ui)i I = L,...or) i
abelian of order p'* ', r 2 2. because other wise there exist p - groups with Z (G) of ordu D,
Z> (G) abelian of ordLr p and Z;(G)=g.d.d {AB}, where both A and B has order p’ . yey
G is centrally indecomposable.

Example 2.4 Let -

sad < 1 0 0 a3
I a4 as 01 0 0
G=UTMp=< |0 1 a as:ae 2">then Z(G)=< [0 0 | 0] >has
0 0 1 a 00 0 1
0O 0 0 1
— - order p;andZ, (G) =<y
x». X2 > where
1 01 0 1 0 0 0 1 0 0 0
01 0 0 01 0 1 01 0 0
;=L 0 01 0 x2={0 0 I 0 x3=|0 0 I 0
0 0 0 1 0 0 O l 0 0 0 1

Note that Z> (G)/ Z (G) = < x; Z (G), x2 Z (G), >, where x; Z (G) N x2 Z (G) = Z (G): an
therefore, Z, (G) = g. d.d {< x|, X3>, < X3, Xx3> |, where each < x;, x3> and x;, x3 ha
order P°.

Suppose G = A Y B, where AB, both are nonabelian subgroups. Then eithe
G/IZ(G) = A//(A)x B/?(B)dnd Z(G/Z(G))—Z(A/Z((A)) XZ(B/Z(B)). Sine |G/Z(G) =P
either | A/Z(A) | = P’ and [B/Z(B)I P’ or vise versa. If | B/Z(B)) = Z(G/Z(B))l =P? then E
is extra-special of order P’ and B/Z(B) =Z(B/Z(B)) =Z(G/Z(G)) has order p‘ In that casc
Z(AJZ(A)) is trivial, which is not possible. Hence G is centrally indecomposable.

Lemma 2.5 (]2] Lemma 2). Let G=U, Y ... Y U, be a.u.cd of G with each Z>(U;) ol
order2. IfG=G=V, Y... YV,isa.uc.dof G with each Z; (V)) of order P' that

Dr=sandG=V; Y .. YV.isaucdofG,
i)Forl=1,...1, U Z(G)=V;Z,)G), where | <j<s.

i) M i« =Cy(Zy(Uy)) is a maximal subgroup in Vj for some 1 <j<s.

Lemma 2.6 ([2]Lemma?2). Let G=U, Y. Y U, be a u.c.d of G with each Z, (U;) of
order 2 p°. I = 1,...,r. Then G has exactly p(2)u.c.d; and if Z, (G) is elementary abelian (as it
is for p > 3, see [7], Theorem 3.7.7.), then all u.c.d. of G are pair wise isomorphic.

If p =2, then Z; (G) is not necessarily elementary abelian,. Examples of each groups are the
2-groups of maximal nil potency class, namely, D-the Dihedral group, Q- the Generalized
Quaternions and S-the Semidihedral group; each of order 2°, n < 4: Theorem all u.c.d of G
are nol necessarily isomorphic).
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Lemma 2.7 ([ 2] Theorem 3). Let G =U,; Y ... Y U, be aucd of G with each
Ug {S.D.Q }. Then each u.c.d. of G is isomorphic to either S " D', 0 <t <1 or QD ,,
Moreover

D Qifs = 0and q odd,
$*D4QY = { Q a0

S*DY+d otherwise.

§3. In this section we consider central decompositions of those groups G such that
G=UY....Y U= YU Yv Y..... Y v.is a.u.c.d of G, where each Z (U,) hus order P°
and each V; is extra-special of order P’. and, therefore, Z> (G) = gdd. { Z (U, V,}is upon
abelian. For detail, see [3].

Lemma3dl LetG=U; Y.. YU~.Yv, Y Yv, beaucdofG uith each Z; (U, ot
order P2, and each V, - non abelian of order P xf G=AY....A,YgB,.. 1s a.cdof G
such that each Z, (Ak) has order P* and each B, is non abelmn of order P th I

1) r=mand s =n; and, therefore, G=A, Y ....A, YB... Y50 ucdotG
i) Foreachi=1,..., U Z,(G)=A, Z; (G fork e { 1,... ,m |
iii)  M;=Cui (Z; (U,)))is a maximal subgroup in A, for I <k <m,

Lemmad.2 Letrs2>1 (J—L' Y... YU Yv, Y... Yv, beaucdot G, where
each Z, (U, has order P’ . and each V; is nonabelian ul mdgrl’ Then G has exactly
C(1/s1), P2+ oD (p —H...(p -0/ (p -1

« u.c.d.

Corollary 3.3. LetG=U, Y. . . YU, YV, Y...Yv beaucdofG,asin Theorem 3.2
Then, if p is odd, then all u.c.d of G are pairwise isomorphic. In particular, if Z, (G) is of
exonent p, then each u.c.d of G is isomorphict G= U; Y... YU, YM: Z,(G) has not
exponent P, then each u.c.d of G is isomorphic G=U, Y... YU, Yru™'

If p=2, then, of course, Z>(G) has not exponent p; and all of u.c.d of G are not necessarily
isomorphic. Examples of such groups are those 2 — groups G such that G=U, Y ... YU,
Yvi Y... Yviacdof G witheach U e { S.D. Q) and each V, € { D3,Q;5 }. In this case we
have the following result:

Theorem 3.5. G=U; Y. . YU, Yv, Y. ..Yv, beaucdof G, isaucof Gsuch
that each U; € {S.D.Q} and each V, € {D3,Qs ]. Then each u.c.d of G isomorphic to either
SD'Qy, 0 €t<sror D'Q=Q "Dy, or D' Dy Q Q5. Moreover

$DpQy {Qd DS ifs = 0
S*DY Dy= S°QY Qs = S°DY Dyl otherwise.

LRI
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