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AMBIGUOUS NUMBERS UNDER THE ACTION OF THE GROUP <x, y: x’=y’=1>
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Abstract

We discuss here some basic properties of certain real quadratic irrational numbers « , called
ambiguous numbers, under the action of G= <y, y: X*=v'=/ >by using coset diagrams. We show
that if « is totally positive then y(a), _v" (w), .\" (w) are wtally negative, Also the lincar fractional
transformation x transforms totally positive number to a totally negative number and vice-versa,
and an ambiguous number into an ambiguous number. We show also that il" ais an ambiguous
number then one of y(w), v* (w)y' (u) is ambiguous and the other two are totally negative,, Finally,

we show that « G ¢ Q% (V). where Q* (Vi) = [‘_;;o_\"u: a, ceZb= ¢’-n (a.b.e)= | ] and the

¢

. . & . . ] . > .o
action ol G on the projective line over Q% (va) is always intransitive.
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1. Introduction

We are interested in - linear-Iractional
transformations v, y satisfying the relations
A o=y o= 1, with a view to studying an
action ol the group (x, ¥) on real quadratic
fields. Iy, az+b istoactonall
cotd
real quadratic fields then «,b.cd must be
rational numbers, and c¢an be taken o be
integers. Thus  (a+b)° is rational. Butif
ad - be
vz y(az + blis of order mone must have
Jaz-d
(@Dl w ' +2, where w is o
ad - be

e . s N
primitive m-th root ol unity. Now w + w

is rational, for a primitive m-th root w,
only if m = 1,2,3,4,6. So these are the only
possible orders of v. The group <., y > is
the modular group PSL (2, Z) and its
action on the real quadratic irrrational
numbers have been discussed in detail in
12), 131, and |5]. For some fixed non-
Square positive integer /i1, an element

a+ Vo , ,
= and its conjugate may

a= a- Vi have
c

difterent signs. 11 such is the case then we
shall call such ¢ an ambiguous number. If
o, and @ arc both positive ( negative), then
we shall call o a totally  positive
(negative) number,

There real quadratic irrational numbers o,
have been classified in [2] into the orbit of
a under PSL (2.2). In [3], it has been
shown that classilying o is almost the
same as - classifying indefinite - binary
quadratic forms and that under a certain
condition an indefinite binary quadratic
form s is equivalent (o - s,

There are  two  projections  from  the
projective line over the real quadratic field
to the projective line over a finite field. In
[5], certain necessary  and - sufTicient
conditions are determined for the existence
ol two orbits of M: one containing o along
with _I and the other containing « along
o
with_L_ .
o

In this short note we are interested in the
group <X, y > form = 4, that is, G =<\ »
X* = y' =1 acting on the real quadratic
irrational numbers, where x(z) = -1 and

.2:

CamScanner


https://v3.camscanner.com/user/download

M. Asam et al

Vi) e e e dinear - Tractional
‘ AP

tansformations, An action ol G on real
quadreatic arrational numbers has been
constdered e (4] Te has been shown thal
the set of ambipuous numbers is finite and
that part ol the coset diagram: containing
these numbers forms o single closed path,
which is the only closed path in the orbit
ol

We discuss here some basie properties of
the veal quadeatic irational numbers
under the action ol G by using cosel
cdingrams, We show that il e is totally
positive then v (), .\"?(4'1). v () are totally
negative.  Also  the  linear-fractional
transformation v transforms — totally
positive  number o a totally  negative
number and vice-verse; and an ambiguous
number into an ambiguous number, We
show also that i o is an ambiguous
number then one of y (), v* (), v s
ambiguous and the other two are totally
negative,  Finally, — we  show  that
a G ¢ O™ (Vi), and the action of G on the
projective line over Q% (Vi) = La+n:
o

@’ (a, b, ¢) = 1) is always

@

intransitive,

c€Zb=

2, Coset Diagrams

We use coset diagrams for the group G
and study its action ¢ the projective line
over real  quadratic  fields. The  coset
diagrams for the group G are delined as
[ollows.  The  four  cycles ol the
transformation y are denoted by four edges
ol a square permuted anti-clockwise by y
and  the  two vertices  which are
interchanged by x are jomed by an edge.
Fixed points of v and y, il they exist, are
denoted by heavy dots.

For instance, in the case of Gacting on the
projective line over the field Q* (V5) a
fragment ol the coset diagram will be

N

Consider a coset diagram for the action of

G on the projective line over a real

quadratic field, I k# Q,-1,-1, eois one of
0

a square in the coset diagram, then k and
X (k) are end points of an edge. Since v (k)
= -1 one ol kand x (& )is positive and the
2k
other is negative. Since y:= z =L |
202)+ 1)
(i) ifz<-1, then y(z) >0,

(i) iMz>0, then -1<y(z)<0,
)
(i) il <z<0, then -l <y(z)<-1,
2 2
(iv) il -1 < z<-1, then y(z)<- I
2
That is, il vertices k, y ( &), _\'3 (k), ,\"{ (k) of

asquare are not O, -1 -1, e then just
)

one ol them lies in each of the intervals:
(oo, 1), (-1o-1 ), (-1, 0)and (0,e0),
b b

Thus, in particular, ol the vertices &, v (k),
v (k) v (k) one is positive and three are
negative,

3. Main Results

[tis casy to see that a linear-fractional

transformation z — —————/has order n if

b

(
An = Al where A= L(. (/J. Here we prove

some easy but useful results for later use.
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Leemn 1

(0 A= AL and only if the trace ol
Ao (A)as 0,

iy A
=2 det (A),

= /;

Proof (1) IMA = “i (/‘ , then
2 -:l" + be ab + h(/h
A =lac+ ed be + '

IraA” = Al Ellcn @+ be = be + d* implies
that «* = " and ab + bd = ac + ¢d = (),
Henee a + d = 0 or the trace of A is equal
o 0,

(i) Let A= 1” /;J . then

(1

@ + be ab+ bd
ac+ cd be+d | A = AL

Then tr ( A® ) =0, and so, 2+ 20c+d =0
or (@ + d) =2 (ad -~ be) or { v (A))°
=2 det (A).

/\2 =

We will need the following lemmas from
[1]. We reproduce them here  without
prools.

Lemma 3.2

An Q= (u+\/ n), € OF(Vn),isaltotally
———

positive number if

ab,e >0 orab,e <),

and only il either

Lemma 3.3

Ana=(a+Nn) e QF (\/—I—I_) is a totally

(

negative number if and only if either oz < 0

= AL and only i { (A))°

Lemma 3.4

A= () e 0 fn) s oan
ambiguous number if and only if either
haOmnd e =0 orbeOund e,

Theorem 3.5

Let v=(u '_'_I‘L’L), be a totally positive

”
irrational quadratic number then the real
quadratic irrational numbers y ( ¢ ), ,\'Z((l).
v' () are totally negative,

Proof

Since y (z) = —L yherefore,

2024 1)
Y()= -1 =-a-c+ V)= Uy v
2a+l) 2Qa+b+c) ¢
wherea, =-a-¢, ¢y =2(2a+ b +c¢)and
0> =n = ¢ . Similarly we tabulate

the values of abe in the following
fashion,

v(a) —-U-C L 2 2a + b+ c¢)

.\v“'(a) 3a-2b -¢ 2a +b+ ¢ 4a+db+c

-«a-2b  da+db+c. 2b
2

4

_\" ()

Since ¢ is totally positive, therefore, either
abe> 0ora, b, ¢ <0 Ifa, b, ¢> 0 then
from the above table we can casily see that
y(a), y" (a),_v‘f (a) are totally negative; and
on the other hand if a, b, ¢ < 0 then
v a)._v“’( a), _\"‘( a) are totally negative.

Theorem 3.6

Leto = (\/_/T), € Q* (\/T). Then x

C

and b, ¢>0ora>0and b,c <0. transforms a totally positive number o into

a totally negative number and a totally
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negalive number o o o totully positive
nmber,

I"'rool

FURVAENTR (‘\’,u ) be atotally positive
o
number,

Then v ()= L= 4 (\f,n_)_.r-um-(\fn.
Ja 20 A
, )
where ay = =, ¢y = 2band = by a/~n=¢.
, o)
¢y 2

Since a is a totally positive number, cither
abe =0 or abe, < 0, Then ap < 0 and
hyep = Oand il ab, ¢ <0 then ay > and by,
< 0. Hence v (a) is totally negative in
cither case.

I e is o totally negative number then either
a>0and boe<Oora<0and be>0.11a
>Oand b, e <0 then apbper <0 M a<0
and b,¢ = O then anbyeq = 0. Henee x (a) is
a totally positive number.

Theorem 3.7

Leta= ot (Vi) € (N n)_bean
”
ambiguous number, Il'x (2) =1, where
nz
m € Z then v (a) is a tolally positive
number.

Proof

AS X (2) = \,' SoN(a)= 1 =-u +(\ln)
o nat -bm

D e S

-bm m

ambiguous number, therefore be < (), Thus

(=€) (-bn)= he < 0 implics that x (@) is an
nm

ambiguous number,

82

I, in theorem 3.7, we put m = -2 we

obtain — the  standard — linear-fractional

transtormation v (z) = -1 which is one of
2z

the generators of the group 6.

Theorem 3.8
et :*(_/_._i_(\_/ﬂ ) be an ambiguous
"
™ . 2 Rl
number, Thenone ol y (« ), v (@), ¥ (&)

is ambiguous and the other two are totally
negative.

Prool I @ is one of the four vertices of
a square in the coset diagram then because
of the argument given at the end of section
2.one ol @y (), _\”’{(X). v () is positive
and the other three are negative. Let «, f5,
¥, & be the vertices of a square in the coset
diagram, First we show thatil e 3y, Sare
the vertices ol a square then a. B, 7, & are
also vertices of @ square ina coset
diagram.

Wa= a+(vu) whereb= o -n
« «
hen &= a-Va) a+(Na)dd—n
¢ - -
= . 0, We tabulate the information as
follows.

¥4 (44 b «

y () < . 2020+ b+ )

2

,\"'(u) S0-2b-¢ 2004h+c A db+ o

,\“' () -«2b dodbh+c 20
-
—(—/. - -b «(*= (
_\‘(a) VRS ¢ 202+ b+ o)
9 ]

,\"7(&) 3u20+c¢ -QRotb+c) - (G + 4b + )

..-"4:\ cer h (Aceadhae 2N
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Hence "y (a) = v(a). ¥(a) = y(a), y'(a) = y'a).

Hence if c. ¥ (). y¥(a), v (@) are vertices
of a square then ",y = y(a), ' (a), y'(a)
are also vertices of a square in a coset
diagram. Since one of « and x (@) is
positive, therefore, without any loss of
generality. we  consider the ambiguous
number o as positive. So the only
possibilities for the signs of these
numbers are:

o B Yo (1,/7,}7,5

+ <+ - - -+ - -

Hence one of y (@), _y?(a). _\!3((1) is
ambiguous and the other (wo are totally
negative.

Theorem 3.9

Leta=(a+Vn), € Q%(Vn). Then G
2¢

c Q*(Vn).

Proof we can casily tabulate the following
information.,

(07 o b ¢
X (o) -t ¢ 20
y(Q) -0 -2¢ ¢ 20200+ b + 2¢)

_\"'1((2) Ba-20-2¢ 204b42¢ 2 (20420 + ¢)

?

yiey -a-2b 200+ 2b+c¢  2b

yx(o) o2 ¢ 20 +h+2¢ 2c
V(@) 3a+2b+2¢ 2a42bte 2 (200b+ 20)

.\"' x(o) a+2b b 2( 20t+b+2¢)

83

From the above table we see that all the
numbers in o G are of the form a+Vn, ,

_ 2m
where m € Z Hence they belong to Q*
(Vn)andso o G < Q* ( n).

Theorem 3.10
The action of G on the projective line over
QF (\//T) is intransitive.

Proof:
o= (o+ Vi ), € Q*(\/n)‘ Then we
2c
tabulate the action of X, y on & as follows.

o o b 2c
x(o) -0 ¢ 2b
v (o) -o-200 ¢ 220+ b + 2¢)

y (@) -30-2b-2¢ 200+b+2¢  2(20.+2b+c)

i) -o-2b 200+2b+c 2b

Hence all the elements in @ G are of the

form o+ Vn, where m € Z. Particularly,
2m

all the ambiguous numbers in « G are of

the form ¢ +Vn_.
2m

Let B = ot Vi, be an element of
2¢+1

o* (\/—;J Then the application of x, yon f8

yield the following information.

[ o b 2¢ +1
X(f) - c+l 2b

2
v(f) -a-2c¢-1 c+12  (2a+b+2c+1)

2
V(B -3a-2b-2¢ =1 204b+2c+1 do+db+2c+1

viB)  -a-2b

(3]

a+2b+ctl  2b
2
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Hence 3G contain only those clements of

Q% (Vn). which are of the form o+ Vn,

2¢+1
where ¢ € Z Since n is a non-square
positive integer, thercfore, n must be
greater than 1. Let k= | +Vn then o =1,
b=1-n.c=1.Therefore, ke Q* (\/n k
k=1 - n < 0 implies that £ is an
ambiguous number.,

Here two cases arise, we therefore deal
with them separately in the following
fashion.

a) Let n be even, that is, n = 2m. If we
take k = f\" n.soa=0b=0-n=
7

2 2
m,c = 2. Hence k € Q% (V n). Asbc=-n
<0, k is an ambiguous number.

b) Suppose now that nis odd, that is, n =
2m+ 1. Letk=1+Vn a,=1,b=
2
Ln w1
5 = SN C = L
Hence k€ Q% (V). Asbe=-2m<0,s0k
is an ambiguous number. Hence for every
non-square - there  exist  ambiguous
numbers ol the forma + ( L—_z) and
by
—(
o+ (N ) in Q% (N n), but they do not
2¢+ 1
lie in the same orbit. As Q# (\rn) has
more than two orbits, therefoe, the action
of G on the projective line over Q* (V )
is intransitive.

4. Conclusion

We conclude this paper with the following
observations. The situation here is very
different from the one in [3]. If ¢t is ol the
form @ + (¥ n), where ¢ € Z then we can
2¢
find a closed path in the coset diagram of
wG m which all the ambiguous numbers
are of the form «+ (N n). where m € Z,

2m

and they all belong to @ (¥ n).But if ais

not of the form &+ (N n).where k € Z,
2m

then we can find a closed path in the coset

diagram of o G in which not all the

ambiguous numbers belong to Q* (V).

For some value of n. there is more than
onc orbits containing numbers  of
discriminant n. For instance. the closed
paths associated with the transformations

3 2 2 3 . . .
AV and AVT Xy contain numbers of

discrininant 7.
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