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of a BCl-algebra X xX.
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Introduction

L.A.Zadeh [10], introduced the concept of
fuzzy sets in 1965. After that the
researchers applied this concept to other
mathematical disciplines such as groups
and topology [9],[3]. Now-a-days, the
theory of fuzzy sets has developed in many
directions and is finding applications in a
variety of fields. In 1991, X.Ougen [8],
applied it to BCK- algebras. In 1993,
B.Ahmed [1], and Y.B.Jun [5], applied it
to BCl-algebras. In this paper, we study
fuzzy relations, fuzzy sub algebras and
fuzzy H,S-subalgebras of a BCI- algebra.

Recall that an algebra. (X,*,0) of type (2,0)
is called a BCl-algebra, if it satisfies the
following conditions:

(1) (x % y) % (x®z)<z*y,
(2) x * (x®y)<y,

(3) x<x,

A x<yandy<ximply x =y,
(5) x<0and imply x =0,

where x £y mean x*= 0.

The following holds in a BCl-algebra
(6) x*0 =x, [4].
A BCl-algebra X is called associative if

for all xe X.

(7) O*x=x.

Preliminaries

We briefly review some definitions and
results. We recall [5],] 1] that a fuzzy set in
a BCl-algebra X is a mapping p from X
into [0,1]. For any fuzzy set |t in X and
te [0.1], the set w={xe X |pw
>t} is called a level subset of p. For any
fuzzy setspand o in X,u=oiff p(x) =0
(x) for all x €X, and p C o iff p (x) <o
(x), forall x € X, [7].

Let X be a BCl-algebra. A mapping pt : X
— [0,1] is called a fuzzy subalgebra, [1],
of X, if forall , x,y € X,

f(xay) 2 [ (X) A R(Y),
where A denotes for minimum

Itis easy to see that p (0) 2 p (x), for all
X € X.

Following Bhattacharya and Mukharjee
[2], Jun and Meng [6], defined and studied
the notions of fuzzy relations, strongest
fuzzy relations in a BCl-algebra. In (7],
H.M.Khalid and B. Ahmed studied some
further interesting properties.

Definition 1 [6]. Let X be a BCl-algebra.
A fuzzy relation p on X is a fuzzy subset
of X x X, that is, a mapping p: X x X —
[0,1].
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Defination 2 [6]. Let p be a fuzzy relation
on a BCl-algebra X and o fuzzy subset of
X. Then p is a fuzzy relation on o, if for
any X,y € X,

g (X,Y) =0 (X) A G (y),

Theorem 1 [6]. Lct o be a fuzzy subset of
a BCl-algebra X and pt a fuzzy relation on
o. Then level subset ., t € [ 0,1] is a
fuzzy relation on ..

Defination 3 [6]. If o is fuzzy subset of a
BCl-algebra X, then a fuzzy relation W on
o, denoted ug, given by

Us (X,y) =0 (X) A0 (y),
is called the strongest fuzzy relation.

The following theorem gives a complete
list of the level subsets of ug in terms of
level subsets of ©:

Theroem 2. For a given fuzzy subset 6 of
a BCl-algebra X, let jt o be the strongest
relation on X, then for t € [ 0,1], we have

(ug) = O X O
Proof. Let (x,y) € (us).. Then

ug (X,y) 24,te [0,1].This gives o (x) A 6 (y)
2 L€ 0,1. Obviously, (x,y) € 0, x O,.

Conversely, let (x,y) € o, X o,. Then ¢ (x)
21, 0 (y) 2 t, which imply o (x) A0 (y) 2 L.
This gives pg (x,y) 2 t or (X,y) € (Mol
This completes the proof.

Next, we define,

Defination 4. Let p be a fuzzy relation on
X. Then p is called a fuzzy subalgebra of
XxX, if for all (x5,y1), ( X2,y2) € X X X,we
have

WXy 1) * (X2,¥2) 2 XLy DAR (X2,Y2).
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Similarly, we have:

Defination 5. Let pt be a fuzzy relation on

a BCl-algebra X and ¢ a fuzzy subset of

X. Then the strongest fuzzy relation [, is
called a fuzzy subalgebra of X X X if for
all (x,y1), ( X2,y2) €X X X, o ((x1,y1)*
((x2,y2)) 2 Ho (X1,Y1) A Mo ( X2,¥2).

Put x; = xo,=x and y;=y2 =y, then for
all (x,y)eXxX.

Ug (0, 0) = g (X,Y) covremeresecresevssnsnnes (1)

Lemma 1. Let o be a fuzzy subset of a
BCl-algebra X. If i is a fuzzy subalgebra
of Xx X, theno (X) <06 (0), forall x € X.

Proof. From (1), Ug (0, 0) > s (X,y). This
gives 6 (0) A6 (0) 26 (x) A 0 (y). Puting
x =y, we have 0 (0) 2 ¢ (x). This
completes the proof.

Using lemma I, we characterize fuzzy
subalgebra Us in terms of a fuzzy
subalgebra o as:

Theorem 3. Let o be a fuzzy subset of a
BCl-algebra X. Then o is a fuzzy
subalgebra of X iff pe is a fuzzy
subalgebra of X x X.

Proof. Suppose o is a fuzzy subalgebra of

X. Then

o (X;%*X2) 20 (X)) A O (x2) and
o (yi1#y2) 20 (y1)) A O (y2)

Consequently, we have

0 (X1 %X2) AC (Y1 % ¥2) 2(0 (X1 A O (X))
A (G (Y1) A G (Y2)) e (2)

Now we assume that
O (X]) S0 (X2)eeruererenreemiearrressesvinnennnn. (3)

Here we discuss two cases:

|
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Case 1. Suppose 0 (yy) < & (yz). Then
from (2) and (3),

O (X % %) 20 (Y " y2) 26 (%) AG (Y1)
20 (%)) A (0 (X2) AT (y)) OF

O (X % X2) A0 (Y1 ya)z (0 (%) A (G (yy))
r (0 (x2) AO (y2) ) or

Ho (X1 % X2, Yi% y2 ) 2 HolXy, Y1) A
Mo (X2,Y2)

This shows that pg is a fuzzy subalgebra
Xz X.

Case 2. Suppose 0 (yy) > 6 (yz). Then
from (2) and (3),

O (X % %) A0 (Y " y)) 20 (X))~ (0 (y)).
......... (4)

But since

O )20 (x) Aoy and 2 o (x), we
have (0 (x) A0 (y; )= o (x) A0y or
Mo (X1, Y1) Po A (X y2)
CO(X)AO(Y2)nn (5)

Then from (4) and (5), we obtain

fla (X ®Xo, yiwys) = g (X1, Y1) A Ho
(x‘,_y;)nl‘

Mo (Xpy1) * (k2 y2) = Mo (X0 Yi) A
"(l (x.' -y.‘)-

This completes the necessity.

Conversely, assume that iy is o fuzzy
subalgebra of X«X, We shall prove that
forall x,y ¢ X,

ax*y) o) Aaoly) . (0)

SINCe pla 18 o fuzzy subalgebra of X x X,
we have

B (0 ® 00,y ® Y2) o palXg, Yi) * (hay2)
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Z o (X1, Y1) Mo (X2,Y2) =( 6 (X)) A G (y))
A (X2) A O (Y2)).

or 0 (X; # X2) AC (Y% y2) 2 (0 (X)) A
G (Y1) A(O(X2) AG(Y2) . e, (7)

Now we put x;=X2=Yy, yj= 0=y, in
(7), we get

G(x#y) 2(0(x)A0(0) A (O(y) A
o (0))....(8)

Using lemma 1, (8) becomes
o(x *#y)20(x)A0(y).

This proves that @ is a fuzzy subalgebra of
X. This completes the proof.

Next, we define :

Definition 6. Let o be a fuzzy subset of a
BCl-algebra X and p a fuzzy relation on
o. Then the fuzzy subset of X, denoted oy,
defined by

ap (x) =sup [pxy) v ey, x))
yeX

is called the weakest fuzzy subset of X,
where v stands for maximum,
Now, we define fuzzy H-subalgebra as:

Definition 7, Let o be a fuzzy subset of a
BCL-algebra X, Then the fuzzy subalgebra

jeol X x X is called fuzzy H-subalgebra of
X, il forall x,y € X,

J(X,2) < ey, 0).

Using the concept of fuzzy H-subalgebra,
we show that the weakest subset oy is a
fuzzy subalgebra in a BCl-algebra X,

Theorem 4. 1f puis a fuzzy H-subalgebra
of a BCl-algebra X x X, then the weakest
fuzzy subset o, of X is a fuzzy subalgebra
of a BCl-algebra X,
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Proof. Let be a BCLalgebra and x, y € X,
We prove that

(X * ) 200 (D) A O(Y) i (1)

Here we may assume that o, (x) < 6, (y).
Then (€) becomes o, (x * y) 2, (x), that
is, we show that

SURTUEN SR RRTH AR BO)
ye X

2sup { ) VIGX))
z€ X

Since Uis a fuzzy subalgebra, we have

H(X*y, 2) = JL(x,y,z *0)

=1 ((x.z) * (y,0)
2H(x,z)Ap(y0)

or L(x *y,z)2p(x, z) A 1(y0)

Since p is a fuzzy H-subalgebra, then we
have

p(x *y,z)2u(x, z).. (2)
Similarly, we can get
Wiz,y*z)2p(zx). ..(Q3)
(2) and (3) give

I(x *y,z) VR (zx, *y)2n (2X)
which gives

sup {| (x #*y,z)VH(zx, *y))
ye X
2sup {1 (x,2) VI (2,X))

z€ X

or Ou(x *y) 20y (X) 20y (x) ACy (y).

This proves that o, is a fuzzy subalgebra
of X, Hence the proof.
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Definition 8. Let o be a fuzzy subset of a
BCl-algebra X. Then the fuzzy subalgebra

jof Xx X is called fuzzy S-subalgebra of

X if, forall x,y,z € X,

j(x, z)<p(0y).

Definition 9. Let p be a relation on X and
x € X. Then we define fuzzy K- subset of

X.denoted oy, as:

o, (y) =p(xy), forally e X.

Finally, we show that the fuzzy K-subset
o, of X is a fuzzy subalgebra of X,
provided p is a fuzzy S-subalgebra of
XxX.

Theorem 5. Let X be an associative BCI-
algebra. If p is a fuzzy S-subalgebra
of a BCI algebra XX X, then for any x €
X, the fuzzy K-subset o, is a fuzzy
subalgebra of X.

Proof. Foryj,y; € X, we have

Ox (Y1 * y2) = (X,y1,y2), (def. 9)
=u(x *0,y, *y,)

21 (X, y1) *y2) AR (0, y).

or  Ox(y1*y2)2 pn(xyi) A (0,y2).

Since p is fuzzy S-subalgebra of X x X,
therefore we have

oy (Y1*y2) 2R (x.y1) = Oy (y), (def. 9)
or 0, (Yy1 *Y2) 20x(y1). Next, consider
Ox (y1 *y2) = (X.y1%y2)

= (0 *x,y*y) (Xisassociative)

=i (0,y1) * (xy2) 2P (0, y) A p(x.y2)

=p(x,y2) =0x(y2),
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which gives ox ((y1 * y,) 2 0, ( y2).
Consequently,

Oy (yi#%y2) 20x(y1)AOx(Yy2).

This proves that the fuzzy K-subset o is a
fuzzy subalgebra of X.
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