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While working with linear modecls in
cxperimental  designs  one  has to deal
frequently with scveral “nuisance™ parameters.
This 1s cspecially the case with “block™
designs where the block cffect arc usually of
no interest. For example, in an experiment
with two matched samples (Y, . Yi) with
expected values (n, . n, + B), i= 1,2.....,m, the
only parameter of interest is . The “natural”
way to simplify the problem is to work with a
variables Z, = Y, - Y, with expected valuc f3
for 1=1.2...... n, in place of the original n-2m
variables.

More generally, consider a random vector Y, =
(Y. Y, ... Y) with E (Y)=g, cov (Y)=6" v.
where v is assumed to bc known positive-
definite matrix. and the linear model.

Ap=Xp

Where A, X are mxn and mxr known matrics
of ranks m and r, respectively, r < m < n. the
classical ~ Gauss-Markoff  linear ~ model
considers the case m=n with A=l (or any
matrix). We are interested in cstimating and
also in testing linear hypotheses concerning .
Onc way of dealing with this problem is to
work directly in terms of Y.

An alternative way is to work n terms of the
“natural” random vector Z-AY. Then

S*(B)=(Z-XB) (AVA’)" (X-XP) @)

is the gencralized sum of squares (and
product) of residuals in terms of Z, the normal
cquations are

X' (AVA")' XB = X" (AVA’)'z, (3)
and is the solution is

B=[X (AVA)'X]' X' (AVA')'Z (4)

Least Square estimation, linear models.

B will be ermed the GLS castimator of 3
Observe that

E(B)=B : Cov (B)=0"[X" (AVA)'X|" (5)

Now under the model (1), m independent
functions of p are expressed in terms of f3 ;
thus there are still n-m “nuisance™ parameters
from p besides r parameters B if we work
directly in term of Y. the alternative way in
term of Z appears simpler since it deals with
only , which contains thes {aramctcrs of'
interest.

The cquivalence in some sense of these two
approaches is discussed in this paper. The
main interest behind this paper is to present
explicitly some results which are possibly in
usc by statisticians in the area of lincar
models, but are not adequately documented in
the literature.

Estimation:

The basic result concerning the equivalence of
the two methods of cstimation is the
following:

Theorem:- 3 minimizes Sz([}) if any only
if it minimizes (Y-)' V' subject to the
restriction Ap=Xp. Also if $? is the classical
crror sum of squares, based on Y under the
model (1), then S* (B)=S"

Proof: Let L™ = (A’,B’) be nonsingular such
that AVB’=0 if U-LY=[Z/K]; n-Lp then
(Y-p)’ V' (Y-p) = (U-n)" (LVL)"™" (U-n)

(Z-xB)’ (AVA'Y' (Z-xPB) + (K-Bp)’
(BVB")" (K-Bp)

Where the model Ap = XP. the left hand side
will attain (at p= p¥) its minimum value cqual
to that of the first term on the right (at 3=0),
since the second term on the right is non-
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ncgative and can auan the value zcro by
takmg A p*=xp and B p*=K. this proves the
theorem '

In the theorem 1t is not necessary to assume
that x 1s of full rank r. if rank (x)=r" <r, the
modification m scction 1 would be as in the
Gauss-Markoft casc. [sec Rao. (1973)]. For
cxample the GLS cstimate would not be
unique and not all a linear functions of P
would be estimable. Thus the two procedures
to esimate (csumable) hincar functions of
lead to 1dentical results. Similarly, to estime o”
if we use the Gauss-Markoff estimators.

R P L
o= -3 (P)o = -§°
m-=r m-=r

based on Z and Y respectively, then o=o'.
Thus. cstmators  of  (estimable)  linear
functions of B and of o are preserved under
the of data from Y to Z=AY cven when m<n.

Testing of Hypothesis: ‘

Assumc for simplicity that X is of full rank r.
if we further assume a normal distribution so
that Y is Ny(p. @ V), it will follow that B is N,
. oIx° (AVAY' x]"} and S’ is
distributed as a chi-squared variable with m-r
degrees of freedom under the model Ap = xp.
then, if o 1s known, the test rejects the
hy pothesis

H,:Ap=xp

it $* (B) / 0> Yo 14 provides a “natural”
goodness-of-fit test, confining the attention
only to Z.

Alternatively, the “natural” test of Ho in terms
of the ongmnal variable Y is to reject Ho if
S/6” > Y™ m-r, 1 Indeed, this test is known to
be optimal [see Lehmann (1959)]. In view of
the result in the previous section that $°=S°
(B). 1t is scen that we are led to Z-AY. This
result corresponds to the analogous result
proved i scection 2 for estimation of B without
making  the  normality  assumptions.
Furthermore, af this fit of the model Ho is
acceptable, a test of

[
H] . BIS =D
Where B 1s and sxr known matrix of rank s
and b 1s a given vector, under the model Ho. 1s
available from the statistic,

T? = (BB-b)’ [B{x'(AVA')'x}"'B’] (BB-b)B

which is distributed as Y°o* with s degrees o
freedom. If o is known, the test rejecting HI if
T /o > Y2s,, is optimal while, with
unknown, the classical F-test rejecting H, if

1s optimal [see Lehmann (1959)]. Thus. we arc
again led to optimal tests even 1if we confine
attention to Z-AY. This would be seen to be
true cven in the general case r'< r with obvious
modifications.
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Asymptotic Normal Case

Supposc now we have a sequence of n-
dimensional random vectors Y],
N=1,2,......., such that

1.c.Ys have a limiting normal distribution as
N-->"_ Suppose also that Vy is consisitent

csimator of the positive definitc matrix V.
1

N2, - )= > N, 1)

Denote by (Bn), (S°x) and (T?y) the scquences
corresponding to N, of statistics in section 3
with o=1 and V replaced by Vy.
corresponding to the optimality of the Guss-
markoff estimators and test statistics S* and T*
in scction 3 for testing H, and H,, respectively.
We have . corresponding optimality in the
asymptotic sense [wald (1943)] for estimator
By and test-statistics S*y and Ty, as N-->o0.
As in the carlier scctions these statistics can be
produced by the GLS technique using Z, =
Ayn. Onc important arca of application of this
GLS technique in the asymptotic case on the
analysis of contingency tables, or, more.
Generally, data arising from one or more
multinomial  distributions  [Grizzle, etat
(1961)].
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