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In this paper, we set up an asynchronous parallel
nonlinear multisplitting relaxation methods for solv-
ing system of nonlinear equation. With special choices
of the relaxed parameters in the new methods, not only
can the convergence properties of them be improved, but
alsomany applicable and efficient asynchronous parallel
nonlinear multisplitting iteration methods; such as the
Jacobi, Gauss-Seidel, SOR as well as the asynchronous
parallel nonlinear multisplitting AOR-Newton, -Cord and -
Steffensen programs, etc., can be obtained Under proper
conditions, we build convergence theories about these
asynchronous methods, and estimate their asymptotic con-
vergence rates in detailed manner.

Introducation

Consider the large-scale system of nonlinear equations:

F(x =0 F:DcR" -~ > R° (1.1)
Given a (o < n, an integer) nonempty subsets J (i =i, 2, ..., @)
of the set {1, 2, ..., n} with
Vi
¥ 4= {1, 3 ...,
where J,, J,, ..., J, may overlap among them, for each i e {1, 2,
o}, we assume that
(a) f@: D x D <« R* x R" ------ > R" satisfies
T
pxx) = (L9060, 1L006x), o 10(xx)) = F(), ¥ x € D;

(% CamScanner


https://v3.camscanner.com/user/download

146 An Asynchronous Parallel Nonlinear

(i) (i)

{1 T Lo
(b) E = diag (e,,, £ .y e) e L(R") satisfies

n

[ e! >0, for meJ, M=1(1n

v/

0 otherwise.

a
LE =1( €L is an identity matrix)
i=1

\

Then, the collection of pairs (f, E), i =1, 2, ..., «, is called a

nonlinear multisplitting of the mapping F: D ¢ R ----- = B

Based on this concept, Frommer first proposed [1] the parallel nonlinear
multisplitting iteration methods for getting the solution of the system of nonlinear

equation (1.1) in 1989, these methods are convenient for computing and
are of much strong function of parallel computation. Therefore, they afford
basis for designing synchronous parallel iterative methods in the sense of
nonlinear multisplitting for solving nonlinear problem (1.1).

In order to overcome the intrinsic shortcomings of the synchronous
algorithms and make the practical computing efficiency of the multiprocessor
systems yield well in this paper, aiming at the concrete characteristics of
the MIMD-systems, we set up an asynchronous parallel nonlinear multisplitting
relaxation methods for solving system of nonlinear equation (1.1). These
methods are of the properties of conveniently computing and freely and
flexibley communicating, thus, they are much suitable to execute in the
asynchronous parallel environments. With special choices of the relaxed
parameters, not only can the convergence properties of the new asynchronous
parallel methods be improved, but also many applicable and efficient
asynchronous parallel nonlinear multisplitting iteration methods such as the
jacobi, Gauss-Seidel, SOR and so on can be obtained. In addition, the
asynchronous parallel nonlinear multisplitting AOR- Newton, -Chord and -
Steffensen programs, being of highly practical value, are given, too, and
the effectiveness, applicability and flexibility of the new methods are therefore
further strengthened. Under proper conditions, we build convergence theories
about the asynchronous parallel nonlinear multisplitting accelerated
overrelaxation methods, and estimate their asymptotic convergence rates
in a detailed manner. This work is also further generalization of those
of [10] to system of nonlinear equation.

2. Nonlinear Multisplitting Relaxation Methods

Suppose the multiprocessor system discussed in made up of o CPU's,
we initially introduce the following notations.
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() YpeN ={0 1,2 .} J= {J(p)}peN:s used to denote

a nonempty subset of the set {1, 2, ..., a};

2 5 = {s,(p) s,(P), - sa(p)}peNoare o infinite sequences. The

sets J and S have the following properties:

(@ vie{l 2 .. a)theset{peN /icdp)]is infinite:

(b) Viefl,2 .. a0, Vpe N there holds s(p) < p;

(c) Vie{l, 2 .. o} there holds lim s(p) =

If V. p e N, we define
s(p) = min sp),

there obviously hold

s(p) < p, m s(p) = ®
preseeee> 0O

Now, for the system of nonlinear equation (1.1), we consider the
following asynchronous parallel nonlinear multisplitting AOR methou:

Method-I

Suppose that we have got approximations x°, x', ..., x* of the solution

x* of (1.1), then the (p + 1)-th approximation xP*' = (x,”*‘, I s xnp”y
e R" of x* can be calculated by:

o

' = E E w0 (2.1)
with x'P = (xi,:p, XP ., x"™)T (i =1,2 ., o being

o X + (1 -a0) 5P forie Jip) (2.2)
%P = r r

x*, for i ¢ J(p)
where §
50 ( xS P yxs®) oy (o)) i=1,2 .. 0
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while

syt ~ ~fp ~ ip ¥ .

‘L L xn') =12 ., 0
is defined to be

i .
rxy + (1- 1) x?,',(p)’ for medi o gy (2:3)

4P
m
SiP) for m g J
m I
Qir;}p (m e Ji’ m=1(1)n, i =1, 2, ..., &) are successively determined

by the nonlinear equations,

f
i ! Aj N Aj
£ (xs‘ (), %P X xR S(P) S (P) ) = o,
i 1 m-1  m  m+ n

m € Ji, m = 1(1) n. (2.4)

Here, r e (0, +) is called relaxation factor while ® € (o, + ™)
acceleration factor.
Making use of (2.3), x"P defined by (2.2) can be equivalently expressed

as
o XP + (1 - o) x5, for med,, ied(p) (2.5)
m m
xP = | x5P) for m e J, i e dp), m=1(1)n
m m '
X(p), for i ¢ J(p), = 1 2 o @

so Method-l is practically proceeded with the formulas (2.1), (2.3)-
(2.5), too.

From (2.1)-(2.4) we can easily see that when

{J(p) ={1,2 .,0, VPe N0
si(p) =p, Viedp), VP ¢ NO

Method-I becomes the known synchronous parallel nonlinear
multisplitting AOR method [5, 10], while

Jp) < {1, 2, ..., a}
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it really describes anasynchronous parallel nonlinear multisplitting AOR method.
Moreover, by (2.1) and (2.3)-(2.5) we know that by specially taking the
relaxed parameter pair (r,w) to be (0,1) (0, ), (1, 1), (1, @) and (o,
w) in Method-l, the practical and efficient asynchronous parallel nonlinear
multisplitting Jacobi, extrapolated jacobi, Gauss-Seidel, extrapolated Gauss-
Seidel and SOR methods can be correspondingly generated.

In fact, the exact solution of the implicit nonlinear equation (2.4)
is much difficult to obtain, so in concrete applications, we usually make
use of known procedures to get an approximate soluation of (2.4).

Method-Il

Suppose that we have got approximations x°, X', ..., x° of the soluation
x* of (1.1) then the (p + 1)-th approximation x**' is determined by (2.1)-
(2.3) and

fr(;)( KS(P). ui,p)
o U R S, ol TR (2.6)
m m R (x30); yip) ’
mm m
respectively. Where
. o b A T
u:;‘p =( x;'p, xrm XP, 0 L R/ )

i=1,2 .., & m= 1(1)n

and HU (x;y) denotes the m-th diagonal element of an approximate
mm ’

matrix H“)(x;y) of the matrix azf(')(x;y), while azf“)(x;y), a1f(')(x;y) are the

first order derivatives of f(')(x;y)about its variables y,x, respectively. In Method-
I, if we particularly take:

(1) H:')n( x (P, ur';lp):a“;’f"zr( P u'P) moe J, i e Jip),

the asynchronous parallel nonlinear multisplitting AOR-Newton pro-
gram can be obtained, as the nonlinear equation (2.4) is solved approximately

by the Newton procedure. Here, a‘(m)f(')(x;y) and aé”‘)f(i)(x;y)represent the
m-th diagonal elements of 81f(')(x;y) and Ozf(')(x;y) individually for m = 1(1)n,
} = 1, 2, saii ks
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med, iedp)
the asynchronous parallel nonlinear multisplitting AOR-Chord program is got,

since the nonlinear equation (2.4) is approximately solved by the Chord
procedure. Here, r'ig] (m e Ji, i € J(p)) are given difference step sizes,

while e e R" in the m-th unit vector.
,uir,rp])+fi si (p). lxgx)en) f(l(xs,.

med, iedJdp),

the asynchronous parallel nonlinear multisplitting AOR-Steffensen program
can be obtained, because the nonlinear equation (2.4) is now approximately
solved by the Steffensen procedure.

Simiarly, corresponding different choices of the parameter pair
(r, w) in Method-Il, we can also get an extensive sequence of asynchronous
parallel nonlinear multisplitting accel~rated over relaxation methods.
For the length of the paper, we will n t enumerate them here one

by one.

For the requirement of establishing convergence theories of the above

two methods, we introduce an infinite sequence {mk}ke% according to the
following rule:

m, is the least positive inteper such that

U Jip) = {1, 2, ..., o},
OCs(p)fpcmO

in general, m; . is the least positive integer sucri that,

U
m, <s(p)sp<m o JP) = {1, 2, .., ), 1 =0, 1, 2, ...
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3. Prelimnary Knowledge

In the subsequent discussion, we will adopt the notations, concepts
and basic facts used in [3-7]. Particularly, €(.) and <.> are used to denote
the spectral radius and comparison matrix of the corresponding matrix, respectively,
while LI represents the absolute value of either a vector or a matrix.

. . . , (1 ' )
Define nonnegative diagonal matrix sequences {Ip }peNo and {Ip }peNoE
L(R™) to be

(M

; =EE 1U-FTE p=6§12

ied(p) P ieJ(p)

then in the light of [9] we know that the following conclusions hold.

Lemma 1: Let x € R" be a positive vector. If sequence {ép}peN eL(R")
o]

satisfies
4
1241 < l(p)x + fi) I, p =0 1, 2 ..

then for any nonnegative integer g < p - 1, there holds:

p p
12 < (-1 1@) x + 1@ | @9

j=p-g-1 j=p-q-1
Lemma 2: Let
mg-1 Y q
1© - g1 ®@ I(L N ogi1®@Arog 1, 2 ..,
p=o P p=my, P

then for any positive vector x e R", there exists {YM}LEN < [0,1), such
o]

that
m Wy

4. Convergence Analysis of Method-|

Assume that x* € D is a soluation of system of nonlinear equation (1.1),
and for eachie {1, 2, .., a}, " DX D c R" x R" -----> R" is differentiable
in a neighbourhood of (x*; x*). We again introduce the following signs
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(x; x) = by C; = - 2,100c; %) = (c) (4.1)

B, = 0, D
D, = diagB), i = 1, 2, . @

i

i

() e L(R") satisfy:

mj

il

While L, = @%), U,

. ) ; .
Koy = { Oy for m > Jand €% = g

0, otherwise
and
B =D -1L- Up (4.2)
respectively.

Evidently, F : D ¢ R" - > R" is also differentiable in neighbourhood
of x* e D at this time, and there holds:

{F'(x*) = 81f(i)(x*; X*) + 82f(i)(x*; x*)
=D -L-(U+C)=D-Bi=12 .,a (43

where,

D = diag(F'(x*), B = D - F'(x").

Therefore, while det(Di) #0{i=1 2 ..; %) (Di- Li, Ui + Ci, E|)
2, ..., 0) is naturally resulted in a multisplitting of the matrix F'(x*)

Presently, we begin to set up local convergence theory of
Method-I

Theorem 1: Let x* € D be a solution of system of nonlinear equation
(1.1), (", E) (i =1, 2, .., @) be a nonlinear multisplitting of F: D c R"
------ > R" and {': pXD c R" X R" --> R" be continuously differentiable
in a neighbourhood of (x*; x*) for each i € {1, 2, ..., o}. Suppose F'(x’)
¢ L R") be an H-martix and (D, - L, U + C, E) (i=1,2 .., @) be
a multisplitting of A.

{<F'(x‘):- - Ip| - Il - lu +c| (4.4)
- ol - |Bl, i= 1 2 a, d
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Wl = }:E|§f(') ) 1 IxSO -x*|+2E|x-x|+):E
igd(t) ied(p) igJ(p)’

IRO (xS
zelsé‘ |5X+ZEl|x-x*|+--552Ex
ied(p) igJ(p) i) ¢
ZE05x+ZE|x-x*|,

i) igJ(p)’
that is
K - 2l g It“) o, dx, It(z) Ix' - x| (4.23)

which implies

|xt+1 _

or in other words, x'*1¢ N(x*, d). In the light of the induction, we accomplish
our test.

Part Il: Suppose x{© e N(x*, &), then

P - xfl 2 A % .
L e

VYPz2m, L=201, 2 .. (4.24)

where,

= (cr€+ (1"75) y(o)) o Ay = (O‘E+ (1- o) y““)) Aytk=8 1.2 .

As a matter of fact, when L = 0, as p > m;, by (4.23) and Lemma
1, 2 we can get

IxPH _ 1] < 1(1) o, Sx, + 1(2) IxP - x*I

B @) @ 1O . 5
( JJ(I)IJ ) o, 5x +le!£)1l -l

e 2
(a{l + (1 - G’)leolj ) (ng

IN

IA

<o 1+0-0) 19 s5x,

< (ag +(-0) y(o)) 6%, =0, X,
Assume that when p = m,, (4.24) have been proved. Then, when p 2

M, .4 again, by making use of (4.16), (4.18), (4.20), (4.22), Lemma 1 as
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well as Lemma 2, we have the estimation

IxPHlxl < 2 E 1900, @) TSP 'l 4+ 5 B 1P . oo
ed(p) iy X X

*Jio B IRV 5P

(i) p "
<z E 12, ) | 4 X, Jrigﬁ:(p) E P - x4+ >y

T igdp) !
igd(p)

<X E o a x+2 E I -xl

T igdp) ! igd(p) '

=1p(1)a AL X, + 10 IxP .y
p
[I- 1(2] o, & X, +HI(2 IX™ - x*l
j= mk I=m

<[o1+ (- O’E)I_Il(z)] A X,

[0,1+ (- 0) I(Lﬂ] A X,

IA

IN

[0, + 1 -0) Y%] a x 8, =x,
Now, According to the induction, (4.24) is proved.
Part Ill: Suppose x° € N (x*, 9), thenpl_im_,>Oo # =
Let |
g = o, + (- 0) W =0 1,2 .
Clearly, {B(”} ety ¢ [0,1). By the definition of {A‘»}LENO we know that

B, = pd, A = H B(j ----- >0 (& - % )

Take limits on both sides of (4.24), we immediately obtain

Up to now, the demonstration of theorem 1 is accomplished.
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5. Convergence Analysis of Method-ll
For each i e {1, 2, ..., o}, we define,
[ 0 lmie)
g(r'r)](X) " Xm T ¥ el , for me Jl m=1 (1)n (5 1)
HO (s ¥™i)
\' xm,for m g Ji
with
YH(x) = X
m,i i) (i) F = 1(1
Y (x) = (31(X), o Geedlkh X o xn) 7. SRhP (5.2)
and let

V) = (9(1‘) ), ..., dgﬂ(x), T xn),

Method-Il can also be expressed in the following equivalent form:

P ZE (S o) + (1 - L)) + T ExP 5.3
;i '@(p)"g(')( F) ) iedip) e

Based on this, we can set up the local convergence theory about Method-
11

Theorem 2: Under the conditons of theorem 1, we additionally suppose

that H(i)(x;y) is continuously differentiable in a neighbourhood of (x*; x*)
and satisfies

(x;y) lm._, (x*x*) H(nizm(x;y) = ar: f(:T)] (x*; x*), m = 1(1)n (5.4)

for each i € {1, 2, ..., «}. Then, there exists a neighbourhood N(x*, &)
of x* € D such that the sequence {xp}pENcgenerated by Method-1l starting

from any initial approximation x° € N(x*, 8) converges to the solutoin x*
of the system of nonlinear equation (1.1).
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Proof: Define ¢ , 0. Jr and Xr as (4.17)-(4,19), and we use the
same notations as (4.1)-4.3) and (4.14). For sufficiently small G 0, let
N(x*, ) := {x : Ix - x*l <& x } < D such that { and H" are continuously

differentiable on N(x*, 8) x N(x, }‘i) for each i ¢ {1, 2, ..., ¢}
Write,
r(i)(x;y) = f{(:]) (x;y) - fr(‘? (x‘,x*) - (('Lfg}) (x*;x*) (x - x") + é)ifr(r? (x‘,x-)

m

y-X9], m=1tni=12 .., 0« (5.5)
making use of the induction, we can conclude that there exist ' (0,
8) and positive numbers ar(r?| bflf, C,(TI,) m=1(ni=12 ., o) such
that

[ | rﬁq)(x; Y™ (x)) l < 6(21 Ihx - x 1l

i Dl ) ‘ « g
I g'(x) - 9(,?,(x )|s o I x - x ML, ¥ xe Nie, 60) (55

m

\ ™ - Y o) Tl < I x - xe I
hold for m = 1(1)n, i = 1, 2, .., o.
In fact, from (5.1) - (5.2) we know that

g(i) X)) = X*m’ form=11)n, i =1, 2, ., o (5.7)

r O y™(x) + 81f,:) (x*x*) (x-x*) + azfr(r? (x*x*) (y™(x)-x*)
[ mmm e e e e e e e e e e e e e e e e e m e .
Hr(r'])m(x, Y™(x)), me J,
0, me (5.8)

Considering the continuous differentiability of f(r2 and Hg)m (m = 1(1)n; i

(:5 ;; 2, .., u) in N (x*, §) x N(x*, §), by direct derivation we can get
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Then, there exists a neighbourhood N (x*, 8) of x* € D such that the
sequence {xP}peN0 generated by Mehod-I starting from any initial approximation

x° eN (x*, &) converges to the solution x* of the system of nonlinear
equation (1.1) provided the relaxed parameters r and o satisfy

o<r<o, 0<o <2/ + e D'l I8l
(4.5)

* * *

Proof: Because x* = (x1, S xn)T e D is a solution of system of
nonlinear equation (1.1), there clearly have

(9 x) =0, m=1ni=12 .., a
Noticing
o™t (s x) 20, m=1n, i =1, 2 .«

in the light of the implicit function theorem, there exist two neighbourhoods
N(x*, ), N(x*, 5, ) of x* such that for any x € N(x*, § ), the functions
TW () (med,i=12 .., a and

¥ ¢ NG, 8) > N, B,

2 it -~ g vE

yD(x) = (y&')(x), y(z')(x), wo V) 1= 4,8 v @

are Successively determined by

fr(':) (x; ~yf”(x), 37:])1 (x), ir(ril)(x), Kais 450 xn) =0, meJ
i=12 ..., o

and
9-“’()4) = {r T(')(x) + (1 - 1) x, for j J
i J ]v ’i € i

xj, for | e Ji, | = ¥, 2. e @ (4.6)

respectively, uniquely exist and are continuously differentiable in N (x*, 6,) with

Tr_(I;) (X*) * My ME Jl' &1 2 on O b
7(x) = x°
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as well as
ayV(x*) aT(x*) 0, forj<m (4.8
T b(i) ) él) b(i) for i
ey b X mm Tk Tmp ) ik
mij=12 .,n
Making use of (4.6), we can get
r T ()
_ ro----- R + (1 -71), forj=m
M xy ) )
| = =] ot (x1) (4.9)
I \r axj ------ ,  forj#EM
j=18 ..u N i=1 2 oy G
!

0, forj<m

( = 4
yix) oy (x*) , .
| F By, by e T + bn?m ------- Taben. 4} é&f (1-n) bl for j=m
i .
- (i) .
ji=12 .,n;i=12 ., ¢ r b, for j>m
\
or equivalently,
1) gk
y(x*)
o7 (o -ry gt v+ -0-9D) =0
m e J', | = 1, 2, veny, s (410)
Considering
1, forj=m me}J
ay'g) (x*) = j=11)n, i=1 2 .. « (4.11)
Z;)xj 0, forj;em,mr:’Ji
we have
ay"oe)
O -1l g U C) (19D =2 e
Hence,

..... s (0, - 1 L) [ (U +C)-(1-1 Di], i=1,2 ., a (412
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From(2.1) - (2.4) and (4.8), by direct manipulation, Method-I can be equivalently
expressed as the following simple form:

P TEJ%)) E ( o (xsi(p)) + (4 ‘"(;")‘) P 4 iEJ(pE)ixp (4.13)

Define;

Q(i)(r, 0)) . (D| _ rLi)-1 ((1 b (l)) Di $ ((D 2 r) |_i + ® (U' + Ci))'

i=1,2 .., a (4.14)
and

i i (i O
RO = 2 (0 - §Ory - XX (x - x4), i

(4.15)
by using (4.12)-(4.13) we can conclude that
1 * i
sk 2R E A, o) (xsi(p) - x*) + R E -+ & E
i2J(p) igJ(p) igJ(p)"
RO(xs®)  (4.18)
Since F'(x*) € L(R" is an H-matrix, e(IDI''IBl) < 1. For any & > 0, write
J=IDI'IBl + cee,e=(1,1 ., 1) R (4.17)

By continuity of the spectral radius of matrix and (4.5), we know that

e{:=(?(J£)<1.a£:=9r-)e+l1-w|+mee<1_ (4.18)

provided.E is taken to be sufficiently small. Making use of Perron-Frobinus
theorem in the nonnegative matrix theory, we see that there exists a positive

n A "
vector x_, € R" satisfying

X, =g R (4.19)
For this g in accordance with the continuous differentiability of Ny(‘): N (x*,
50) ----- > N(x*, 51) for each i € {1, 2, ..., g}, there exists § € (0, 60),

such that for any x € N(x*, §): = {x : Il x - x* 1 £ § X, } o NIX', &),
it holds that,
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o YW 0 ) M<celx-xli=1 2

) - yUXT) - gt (x - x)l < g Ix L i=1, 2 .. a
Hence

RO < @ elx - x], V xeN (9, i

I
-—
no
QR
_
Lo
no
o
v

can be concluded.
Noticing (Di - Li) (i=1,2, .. a) are H-matrices, so
{ o, - r 'l < (D) - r Iy

O] - r Il < (), IDf" < (D] - r L)

i=1,2 ., o(4.21)

Now, by making use of (4.2) - (4.5) and (4.17), from (4.14) we have

14, o)l

IN

ID. -

r Lil'1 (|1 -ol ID] + (@ -0 IL] + o lU + Cil)

IN

o) - r iyt (11 - ol D] + @ - 1) 1L
+o lu + Cil)

<1+ (o) - Iy 1o) (01 - of - 1) 1+ o I I81)

IA

L+ (o) -r bl (11 -0l - D 1+0d)

i=1, 2, ..., a

Applying (4.18)-(4.19) and (4.21), we obtain
|.S[(i)(r, o)l X, < N - ol + wE) x,i=1,2 ., ¢ (4.22)
We continue to fulfill our proof within three parts.

Part I: Suppose x° € N(x*, d), then x° € N(x*, 9), ¥ p

m
.

3]

Obviously, p = 0 is a trivial case. Assume that for all p
€ N(x*, & hold. Because of s|(t) 2t =1, & ... &),

IN

X

U e N(x*, & (i=1,2 ... «. When p =1 + 1, from (4.16), (4.18),
(4.20) and (4.22), the following estimation can be conducted,
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§ i : ‘
The estimation (5.6) shows that y™(x) and g(rl(x) are continuous in N(x*,
§) form = 1(n; i =1, 2 ., a). With respect to each i € 1, 2, ...,
o}, we now define the sets,

o = {x e N(e, 39) : 019 (x v™0) £ 0}, m = 1. (59

~

The continuity of a‘g fg? in N(x*, S) x N (x*, 8) and ym'i in N(x', ~25) as
well as
Y™} = wh BS) fS\) (x; x*) #0, m = 1(1)n.

then implies that each D(:T)] is open. Using the continuous differentiability
of H(i), again, we easily see that corresponding to each Dsni), there exists
a neighbourhood D'([g & [S‘r)n of x* such that

HO (6 1™00) £ 0, ¥ x & D0

let

s0= 0,0, 0= 8%, N0 m = 1,
Obviously,

s = pll s ¢ 50 pi) m=10)n.

m m-1 m

By (5.1) (5.2), gg,? are well-defined in S(r?1 for m = 1(1)n. Since each D'n(ni)

is open, so each ng is open, too. Take & € (0, min 8(1)), a neighbourhood
1<i<a

X0
* p I - *_ nS
N(x*, ) {x 1 Ix XI(SXJCHn

of x* is therefore determined, which makes each g(i) (i=1,2, ., o), and
then Method-Il is well-defined in N(x*, o).

Write,
(H,g',’m(x; T™(x) - a(g‘)ffg(x'; x*)) (gﬁf(x)- g,(ri,)(x')

%00 = (x - x) + 1 P(x M) me y, (5.10)
crel ) (- x), me d,m=1n =12 ..,
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noticing (5.8) we can obtain

a0 (xs x) (9800 - o)) = & 10c) (e %)

m
- (ag”" f(ml)(x*; x) (x - x*) + az‘”‘)fr:kx*; ) (Y™x) - x*))-
qf,?(X).

‘ . : m-1 ; ;
(37 100 %)) (g 0 - o) =) + 2 % " (5 x)

(gJ(I)(X) - gj(l)(xt))
! (x*; x*) (x - @)=t afi)fm(i) (x*; X*) (X - X*)

m
1E)Z(i)\‘m(i)(x**; x*) (xj - xl.*)) - qrr(]i)(x), m e J, (5.11)
U m=11)n, i =1, 2, ., «

By making use of (4.1) - (4.3) and (5.10), (5.11) can be equivalently
expressed as

(Di S Li) (gm(x) - g(i)(x*)) = ((1 - D+ (Ui + Ci)) (x - x*)
p q(i)(x)

V) = q1(i)(x), (SZ(X), . qgi)(x))T, i=12 ., a

Thus, we have

+i§

g9 - ¢%c) =@ -r L) (1 -0D +r1 U +C) (x-x)
+ Ri), i=1,2 ., « (5.12)
with

ROx) = - (D, -

rLt %, =12 .« (5.13)
According to (5.6), there hold

ROl < & Ix - x*l, ¥ x € N(x*, &), i = 1, 2,
for & sufficiently small.

., o (5.14)
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By using (5.3) and (5.12) - (5.13), we can conclude

o= 2 B Al oe) 0GP - x) + 2 E (X - x
iedp) i ST ) ied(p) )

+ I E 2 RO (5.15)
iedp) ' T
based on (5.14)- (5.15) similar to the proof of theorem 1, we can fulfull
the proof of theorem 2, too.

We end this section with the following two remarks.

Remark I: The convergence theoiies of the asynchronous parallel
nonlinear multisplitting AOR-Newton, -Chord, -Steffensen methods can be
obtained as special cases of theorem 2.

Remark II: The varying intervals of the parameters r and o in theorems
1 and 2 can be enlarged to

o<r<w 0<o<2/(+ e(Iol Isl.
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