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Abstract

A right primitive d.g. near-ring R forms a topological d.g.
near-ring Rp having yp as a complete system of neighbourhoods of 0.

Introduction

It is well known that a primitive d.g. near-ring is a prime d.g. near-ring [Cf.
(7)]. In this note we shall show that a right primitive d.g. near-ring forms a

topological d.g. near-ring R, having 75, as a complete system of neighbourhoods of
0. We shall use some standard concepts without explicit definitions.

Preliminaries

It is assumed that the reader is familiar with the basic definitions and
elementary properties of near-rings presented in [(1) to (7)]. In (1) A. Frohlich
defined an abstract distributively generated (d.g.) near-ring R to be an abstract
near-ring which has a subset S of distributive elements generating (R,+). A
topological near-ring is an abstract near- ring which is also a Hausdorff toplogical
space such that the near-ring is said to be distributively generated if it has a subset
S of distributive elements which generated (R,+) topologically.

Throughout this note we shall assume (i) the term near-ring without furfr.\er
qualifications refers to a right near-ring with identity, (i) W denotes an additive
group not necessarily abelian, and (iii) if R is a near-ring then T(R) denote.s tr]e §et
of all distributive elements in R and To(R) denotes the set of all non-.zero distributive
elements in R. Now let R be a topological d.g. near-ring with identity 1, generated
by the distributive semigroup S.
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pefinition 1. A topological right R-group is a topological group w togeiber

wx of WxR ——»
with @ continuous map (Wv") —ee—F w such thay

(i) (wy+wWp) X=W1 x+wpx for all X of R and wy, wp of W

(i) wixy) = (wx)y for all x\y of R and w of W

(i) w.1 = W for all w of W,

Definition 2. An element d of the topelogical right R-group W is said to be
distributive it d(x+y) = dx + dy for all x,y of R.

we will denote the set of all distributive elements in W by V.

Definition 3. A topological d.g. right (R,S)-group is a group W such that
() Wis a topological right R-group,
(i) there exists @ subset V of Vg such that

VS C V U {0} and V generates W (as a group) topologically. If we wish to
specify the sets S and V we shall speak of the topological d.g. right (R,S)-group
(W,V); otherwise we shall use the term topological d.g. right R-group W.

Definition 4. A subgroup H of a topological d.g. right R-group W is said to be

(i) a right R-subgroup if HRCH,

(i) a normal right R-subgroup if H is a normal subgroup and HREH

(ii) a d.g. right R-subgroup if HRCH and VoNH generates H (as a group)
topologically.

A d.g. R-subgroup of the d.g. right R-group (R,+) will be called a d.g. figh!
R-module.

| A'right ideal of R which is also a d.g. right R-module will be called 2 dg
right ideal.

- Deﬁnﬂion 5. A continuous group homomorphism ¢ of a tOp0|OQica| right
R-gor:g W o a topological right R-group W' is called a continuous  right
morphism if ¢ (wx) = ¢ (w)x for all x of R and w of W.
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Definition 6. A d.g. R-group W

is said to be ireducible if (j) i
non-trivial closed normal right R-subgrou if () it has no

R.subgroups PS and (i) it has no non-trivial d.g, right
-Su .

Definition 8. A topological d.

: ; g. nearing R is said to be right primitive if
there exists a faithful, irreducible d.g. right R- group.

For the following we shall assume that () R is a right primitive d.g. near-ring
(i) W is a faithful, irreducible d.g. right R- group having 2 as a complete system of
neighbourhoods of 0 and Vo neighbourhoods the set of all distributive elements and
(i) K is a subset of Vo and r(K) = {xeR: Kx=0} with r ({v}) being written as r(v).

Definition 9. The centraliser S™M of W is the set of all right
R-endomorphisms of W.

Proposition 1.

For all non-zero elements v of Vo, r(v) is a closed right ideal. Also r(v) is a
maximal d.g. right R-module and a maximal closed right ideal of R.

Proof. Now VR is a non-zero d.g. right R-subgroup of W and W is
irreducible. Consequently vR=W. The mapping x

* )

» vy of (R,
» W is clearly a right R-homomorphism with kernel r(v). Thus

r(v) is a closed right ideal of R. Since W is irreducible, r(v) is a maximal d.g.
right R-module and a maximal closed right ideal.

From the proof of the above proposition it follows that for a given vq of Vq
there exists a continuous (1-1) right R- homomorphism tron'1 R-r(vg) onto W and
iti 9), R-r(vg) is a d.g. right R-group, we may
i roposition 1.4, Corollary of (9), : : _ : !
smcde d?; i‘:\trt‘))duce a topology into W such that W is a faithful, irreducible d.g. nghi '
Sn roup which is right R-isomorphic to R- r(vg) where V°_ is a fixed non_-zero eleme\rlmi
i We also note from the above proposition that smc?e tf\e map z'——d——: :
4 Vo.'ght R- isomorphism of R-r(v,) onto W, Z is distributive in R-r(v,) if and only
isarn 2
vZ is distributive in W.
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Now the proof of this proposition is very similar to the

5 in (8) and will be omitted.

Proof of
Proposition &

th

Proposition 2.

5™\ {0} 1s a group of regular automorphisms of W,

From now on we shall, for the sake of convenience, restrict ourselveg
case when R is a right primitive d.g near-ring having a discrete W. |n partic
may be discrete or have a neighbourhood system consisting of right idegls

t0 the
ular, R

Let I'p be the set of all non-empty finite subsets of V,, and T

the set of g
Ny={xeR: Kx=0}, KE Tp. Clearly Ny is a right ideal for each Ke I},

Proposition 3.

N, is an open set in R.

Proof. Let v be a variety of abstract (Ry,S;)-groups (Cf.(5)).

For each veK, there exists D,€v such that vD,=0. Let D = N Dy,

vVEK
Then KD = 0,i.e. DCN,. Thus Ny is an open set in R.

Proposition 4.

R forms a topological d.g. near-rin

: g R, having 7p @s a complete system of
neighbourhoods of 0,

Proof. (i) AN, =0,

(i) Given N, Enp, Ni+(-N)CN,

(i) Given N, €np and xeNy, N, +xCN,.

(V) Given N, €7p and xeR,, -a+N+aCN,

(v) Given Nk‘ and Nk? Enp Let K=K, UK,.
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Then Ny €hg and Ny C Nk,nNkz-

(vi) Let s€S and x,yeRy and Ny €5, be given
Choose Ky = KUK (Note KsCVy)

Then for v € K we have

v [-sy+(s+Ny) (y+Ng )]l € -vsy+vs(y+Ng ) = -vsy+vsy = 0

(s+Ni )y +Ny) S sy+N.

Suppose x4,%ER, such that given yER, and

Ng €np there exists Nk., €np with

Ny SN and (xi+Nki)(y+Nk) C xy+Ny, i=12

Now if K3 = K;UK; then

(g +%p+ Ny ) (y+Ni ) = (x4 +Ng )y +Nie) + (k2 +Ni )y +Nie)
c (x1+Nk‘)(y+Nk1)+(x2+Nk2)(y+Nk?)

C (xqy+Ng+xy+Ng = (xq+x2)y +Nj.

Now since (x;+Ny) (Y+N, )Sxqy+Ny we have on multiplying both sides on
the left by (-€)

—(¢+ Ny )y +Ni ) S-Ni ~X1y=(%1)y+Ng
(g + N )y + N ) & (x1)y +Ni

Thus if R’ is the subgroup of Ry generated by S then map (x,y)—> xy
of RxR, — R, is continuous.
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By proposition (3ol (8), B 1 Y "

Now let xy € Ry and Ny €y,

be given. Then there oxists X'C R such that x x" € N,
Choose Ny €1 such that x' (yINk') C Xy 4+ N,
since Ny (y+Ny) & Ny wo have (xx')(y+Ny ) € N,

Lo, x(y+Ny ) © Ny + X" (y+Ng) & Xy + Ny

il

Xy - xy + xy + N
C Ng + xy + Ng = xy + N

The map (xy) ———» xy of R, X Rp—- » R, is continuous and hence

Ry is a d.g. near-ring.
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