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Abstract

A non-zero regular d.g. near-ring R is isomorphic to a subdirect
sum of division d.g. near-rings if and only if every distributive idempotent
of R is multiplicatively central.

Introduction

The theory of subdirect sum representation of rings carries over almost word for
word to near-ringss. The result for near-rings which is analogous to Birkeff's’ fundamental
result for rings can be stated as follows: ‘Every near-rings is isomorphic to a subdirect sum
of subdirectly irreducible near-rings®. By using the technique of subdirect sum repre-
sentation, it was shown? that every d.g. boolean near-ring is a boolean ring, and hence, is
isomorphic to a subdirect sum of fields /(2). Ligh® has shown that-a regular near-ring R =0
is isomorphic to a subdirect sum of near-fields if and only if every idempotent of R is central.
In this hote we shall extend this result to a regular d.g. near-ring and we shall show that a
non-zero regular d.g. near-ring Ris isomorphic to a subdirect sum of divisiond.g. near-rings
if and only if every distributive idempotent of R is multiplicatively central. We shall use some
standard concepts without explicit definitions.

Preliminaries

It is assumed that reader is familiar with the basic definitions and properties of regular

ncear-rings.5

Definition 1

Frehlich? defined an abstract distributively generated (d.g.) near-rings R to be an

abstract near-ring which has a subset S of distributive elements generating (R, +).
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Definition 2

A topological near-ring is an abstract near-ring which is also a Hauslerff topolagig
Cal

space such that the near-ring operations are continuous.

Definition 3

A topological near-ring is said to be d.g. if it has a subset S of distributive elements
which generated (R, +) topologically.

Throughout this note we shall assume that the term near-ring without further
qualifications refers to a right near-ring with identity.

Definition 4

A topological d.g. near-ring with more than one element is said to be a divisiond.g.

near-ring if:
(i) R has no non-trivial closed right ideals, .
(ii) The set T, (R) of all non-zero distributive elements in R forms a multiplicative

group.

Clearly every division ring is a division d.g. near-ring and any division d.g. near-ring
which is a ring is a division ring.The near-ring generated by the inner automorphisms of a
fintite non-abelian simple group is a division d.g. near-ring.

Definition 5

An element x of a near-ring R is called central if xy = yx for all y of R.

Definition 6

A near-ring R is regular if for each element x of R there exists an element y of R such
that X = xyx.

Definition 7

A topological d.g. near-ring R is said to be a regular d.g. near-ring if
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(i) every closed right ideal of R is a d.g. right ideal

(i) givent & T (R) which d
3 enotes the set of all distributive el i i
s.€ TAR}Sushiabat o 44 elements in R, there exists

Now let R be atopologi i Hh 3 :
Serbigroup s, pological d.g. near-ring with identity 1, generated by the distributive

Proposition 1

. . lf- R Is a regular d.g. near-ring whose only non-zero distributive idempotent is 1 then
R is a division d.g. near-ring.

Proof

Givent € T, (R) there exists s € T, (R) suchthat t = tst. Letf = ts and g = st. Then
fand g are non-zero distributive idempotents and hence f = 1 and g = 1. Thus t is invertible
and T, (R) forms a multiplicative group. Clearly R has no non-trivial closed right ideals.

Proposition 2

If R is regular d.g. near-ring and ¢ is a continous homomorphism of R onto the
near-ring R’ then R’ is a regular d.g. near-ring.

Proof
Let o’ be a closed right ideal in R'. Then ¢'1 (p') is a closed right ideal in R and

hence is a d.g. right ideal. Thus p" is a d.g. right ideal in R".

Now let t € T(R')and t € T(R) suchthat ¢ (t) = t’. Since Ris a regular d.g. near-ring,

there exists s € T(R) such thatt = tst. Lets’ = ¢ (s). Thens’ € T(R)) and t' = U's'V". Thus

R’ is a regular d.g. near-ring.

Proposition 3

If R is a regular d.g. near-ring whose distributive idempotents are multiplicatively
central and ¢ is a continuous homomorphism of R onto the near-ring R’ then R’ is a regular
. d.g. near-ring whose distributive idempotents are multiplicatively central.

Fm(\::’e have only to prove that the distributive idempotents of R’ are multiplicatively
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4
central. Let e’ be adistributive idempotent of R'. Thenthere existst € T(R) suchthate(t) <

Since R is a regular d.g. near-ring, there exists s € T(R) such that t = tst. Now tg lsé
licatively central and so t = t’s. But ¢ (tz) -

distributive idempotent and hence multip
6 ()2 = e?=e'= ¢ (t). Hence ¢ (ts) = ¢ @) ()= ¢ () =e Newgivenx cp
\here exists x € R suchthat ¢ (\)=x andsoe’x’ = ¢ (ts) ¢ (x) = ¢ (tsX) = ¢ (xts) <

¢ (x) ¢ (ts) = x'e’. Thus e’ is central.

Proposition 4
If R is a non-zero subdirectly irreducible regular d.g. near-ring whose distributive

idempotents are central then R is a division d.g. near-ring.

Proof
Let e #0,1 be a distributive idempotent of R. Let A = {y € R: ey = 0}. Then since

e is central, A, is closed ideal of R. Since e =1, Ae # 0. Let A = N As as f ranges over all

distributive idempo tents not equal to 0 or 1. Since R is subdirectly irreducible, we have A = Q.

Let t be a non-zero distributive element in A. Then et = te = 0. Since R is regular there exists

s € T(R) such that t = tst and ts is a distributive idempotent. If A;; = O thents = 1 and so
0 = 0s = (et)s = 0. If Aig # 0, thent = tst = 0. Thus in either case we get a contradiction

and so the only distributive idempotents of R are 0 and 1. Thus by Proposition 1, R is adivision

d.g. near-ring.
Proposition 5

A non-zero regular d.g. near-ring R is isomorphic to a subdirect sum of division d.g.
near-rings if and only if every distributive idempotent of R is multiplicatively central.

Proof
The necessity of the condition follows from the fact that the only distributive

idempotents of a division d.g. near-ring are 0 and 1. Now suppose that R is a regular d.g.
near-ring whose distributive idempotents are central. Now every d.g. near-ring is isomorphic
to a subdirect sum of subdirectly irreducible d.g. near-rings and so R is isomorphic to a
subdirect sum of subdirectly irreducible d.g. near-rings R; . By Propositicn 2,3 and 4 we have
that the R; are division d.g. near-rings and the result follows.

References

1. G.Birkhoff, 1944: Subdirect unions in universal algebra, Bull. Amer. Math. Soc.. 50 764-768

(8 CamScanner


https://v3.camscanner.com/user/download

Distributively Generated Near-Rings 5

2. A Frehlich, 1958: Distributively generated near-rings, |, Proc. London Math. Soc. (3) 8, 76-94.
3. C.G. Fain, 1988: Some structure theorems for near-rings, Doctoral Dissertation, University of

Oklahoma.
4. Steve Ligh, 1969: On boolean near-rings, Bull. Australian Math. Soc. 1, 375-380.
5. ___ 1870: On regular near-rings, Mathematica Japonicae, 15,7-13.

(&Y CamScanner


https://v3.camscanner.com/user/download

