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Abstract
There exists an example of finitely generated aperiodic
nilpotent group which has the upper, middie and lower central
series distinct from each other. e

 Introduction

1,2 " .
and using the presentalion

We define the middle central chain following Bowers
4
_ We construct an exampie

'ifﬂ. - of finitely generated nilpotent groups in 3 and construction in
~ to show that the three series, that is, upper, middle and lower are distinct.

Preliminaries

In this section we deal with notation and some definition.

2.1 Definition
p G. Then the commutator of X; and

arbitrary elements of a grou
%] = [Xq 1o Xnl

e ih Let X4, X2, -+ Xn be
Xpisthe elements [ X1, X2 ] = x': "1 % %o Of G and forn> 2,[[Xq.X2 -+ Xn-1

2.2 Definition

d be the commutator sub-group function,

~ Let H and K be the sub-groups of G an
Hk € K) }s
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2.3 Definition
GryB @t 0 (

ies of sub-groups, G = Go = a1 2 pen ‘
A ser f G foralliand Gj/Gi.y = Z(G, 16

is called central series of G if G; is a normal subgroup o
or equivalently y( G,G ) < Gi + - The length of series isy and Gi/G; 4 1 Is called a facty

series (1).

2.4 Definition

The lower central series is defined by G = v1(G) and for all ordinals

@, 7.G = |7 (741 (Q)) ire-1 exis}s
N v9(G) otherwise

0 <a

2.5 Definition

The upper central series is defined by 1 = Z,(G) for all ordinals «, Z,,; (G)
{x€G;[xy] € Z,+1(G) and y € G } or equivalently Z,(G)/G+, (G) & Z(G/Z,,.; (G]
a—1 exists and Z,(G) = U Zg (G) otherwise. Thus Z4(G) = { xX€G, [xYy]€Z, (G) and y

G }. That is Z;(G) is center of G.

2.6 Definition

A group G is called nilpotent if and only if it has central series. A group with cen!
series of smallest length k is called nilpotent group of class k.

2.7 Definition

Let G be a group and N a normal subgroup of G. We define a subgroup f(N.G)
< X € G (there exists a positive integer m such that x™ € y (N,G) >. That Is, #(N.G) I& |
subgroup generated by those elements whose powers are in ¥(N,G).

2.8 Comment
The periodic part of G/y(N,G) is #(N,G)/y(N,G) and hence a subgroip of Gy (N.
2.9 Definition

Let 5,(G) = G and for all ordinals «.
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i 2.11 Definition
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§3 The middle central chain

3.1 Definition

A group G has middle central series if it has a middle central chain such that /3k(G)_= 1
where k Is a positive integer.

3.2 Comment

We shall now consider an example of an aperiodic nilpotent group having a middle
central series different from the lower central series and than an example, having all three

district series.
3.3 Example

Let G be a group having the following presentation
G=<ahbxdec[ab]=x[xa]=d[xb]=e¢e[da] =[db]=[da]

=[ac] =[bc] =1,[xa]=c'(VEP) >

As in the Construction [4], we calculate the upper and lower central series.
Consequently we have the upper central series,

1<<ec>=<<Xxec><<abxdec>=G

and the lower central series is
G=<abxdec>=2<xec' >=<ec'> >1

We shall now calculate the middle series. We have 8, (G) = G. By Comment 2.8
B4 (G) is the subgroup of G corresponding to the periodic part of G/y ( ﬂc (G),G ), under the
inverse of the natural hommorophism of G onto G/y ( 8, (G),G ). Because y( ,.(G),G ) =
2 (G), thepenodlcpartofG/yg(G) =<abc;[ac] =[bc]=[ab]=c"=1,(ve P)
Is < 66" =15, Consequently,B1(G) = < x,dec >.

Similarly f (G)/ y( 81 (G),G ) is the periodic part of G/ y (B1(G),G ), thatis
G/y (< xdec > ,G). Becausey( < x,d,e,c >, G), the periodic part is < ¢,c’ = 1 > and
so we have f, (G) = < de,c >. Lastly B85 (G)is the subgroup of G corresponding to the
periodic part of G/ y ( B, (G),G ) under the inverse of natural homomorphism of G onto
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Gly (32(G),G ). Because y(Ba(G),G) = 150p85(G) = 1.

Hence G has the middle central series.
<abxdec>=2<xdec>=2<dec>21.

which is identical with the upper central series but distinct from the lower central
series.

3.4 Example

We shall now construct a group G which has all three series distinct from each other,
Let H be the generalised direct product isomorphic to G of the construction®. Let B be an
infinite cyclic group generated by b. We form the direct product of H and B and call it G.
ThereforeifH = < Xy ..., Xn, Yo2 1 Yoto C [Xi1:Xi2] = Yoo (14 < 12) seves [Xi1s Xi2 1ove0 X Xik 4 1 ]
=1,y =C,(VEP) >andB = <b>.ThenG = HxB withH N B =1. Because H is
nilpotent of class k, so G as homomorphic image of the direct product of nilpotent groups
of class k, must be nilpotent class k.

The upper central series of G is the direct product of the corresponding upper central
terms of H and B. Thus again using the calculation as in the construction4, we have

Z;{(G) = Zy (H)xB = < yg.c,b >, since Bis the cyclic, the upper central series is
1 < < yO'k:cvb > =< YU,k-hyUkpC,b > <. =< HXB > =G.

We have the lower central series of G,
\'J
G =<HXB> 2y,.., YoC > 2... < Yo k-1 ,yok,cv > 2 < Yikoen Yot ko ¢ > >1.

The middle central chain can be calculated as in example.

2.9 Thus we have G = f, (G) = HxB. §; (G) = < y € G there exists m a positive
integer such that Y™ € y(B5 (G1.G) > = < Yo2, Yoz 1 Yorkets Y1k v Vo1 o€ >

Let us assume inductively that
Bt G) = < Yo21ees Yoket seens Vst o © >

Thus B,(G) can be calculated by taking the periodic part of G/ y(8,.1(G),G ). That Is,
the periodic part of Gfy (8,,.1(G),G ). Because y(8,..1(G),G ) = 7,(G), we have the periodic
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part = < c,c’ = 1 >. Consequently 5,(G) = < Yyn+1 1 Yik »n Ys-1,kC >. Thus by the
principle of Induction

BnB) = < Yon+1 e Yokt Yik e Vst € >

Therefore Si.1(G) = < Yik - Ys-1.k: € > to calculate By (G) we will have to calculats
the periodic part of Giy ( 8¢.1(G).G ). Because y(Sx1(G).G) =7 ( < yuC >,G) =
v - +{G) =1. And so the periodic part of G/y (fk.1(G),G ) = 1. Therefore we have S (G) =
1. Consaguantly G has the middle central series, that is

G2 < ¥p v Yokt Yik soon Ys-1k: C > = .. Z oo Z < Yok-15 Y1k »e-s Ys-1,60 © >
1eC> 21

—=mos the cantral series of G are all distinct.
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